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ABSTRACT

The Double Quantum Dot system in Gallium Arsenide is a promising hardware for quantum information processing. In this thesis, I
will present a measurement scheme to probe the dynamics of nuclear spins in Gallium Arsenide quantum dots. The nuclear spins in
this system are used for qubit control, but they are also an important source of noise. Subsequently, it is shown that nuclear spin dynamics can be probed by measuring the temporal correlations of single Landau-Zener sweeps across the S-T+ transition. A semi-classical
model of the nuclear spins is sufficient to understand these dynamics.
The dynamics are due to the relative Lamor precession of the nuclear
spin species in GaAs in the external magnetic field. In the presence of
spin orbit coupling, oscillations with the absolute Lamor frequencies
are expected. Observations of the latter could be useful to quantify
spin orbit coupling.
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M O T I VAT I O N A N D O V E R V I E W

In this thesis, I will present a measurement scheme to probe the dynamics of nuclear spins in Gallium Arsenide quantum dots. These
dynamics also allow separating nuclear spin and spin-orbit effects,
which is otherwise complicated, because both effects act as effective
magnetic fields. The physical system studied here is not something
found in nature, but it is a device deliberately fabricated to have certain properties. Every part of the physical system is studied with the
goal of constructing a controllable two level quantum system, a qubit,
with the long term goal of building a quantum computer out of these
qubits. Therefore, I will give a brief introduction to quantum information in chapter 2. Then I will introduce the specific system studied
here in chapter 3. In chapter 4.1, I will explain Landau Zener physics,
a necessary premise for the measurement scheme and finally explain
the scheme and present proof of principle experimental results.
fundamental physics with a vision
Most probably our increasing ability to juggle with atoms,
molecules, photons (and mesoscopic artificial atoms) will
lead to applications. . . Even more probably, these applications will not be the ones we dream about today. . . 1
— Serge Haroche
During my year as an exchange student in Brussels in 2010, it so
happened that Serge Haroche gave a series of lectures on cavity QED
where I first encountered the concept of Quantum Information. Now,
in the year of my master’s thesis, Haroche shared the 2012 Nobel
Prize in Physics with David Wineland for their "ground-breaking experimental methods that enable measuring and manipulation of individual quantum systems". Haroche has been skeptical of a quantum
computer at first [1] and it is only fitting that he was the first to quantitatively measure the decoherence of a quantum superposition [2],
which is the main reason for skepticism. Still, his lectures inspired
me to focus on quantum information, which was greatly facilitated
by David DiVincenzo and Hendrik Bluhm joining the RWTH Aachen
University staff in 2011. I was drawn to the subject for two different
1 Inaugural Solvay Lecture, Brussels 2010
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reasons: The fundamental physics of controlling quantum systems
and the vision of quantum information processing.
I was warned from the start, that I should not get my hopes up for a
quantum computer. But the field of quantum information would not
be the same without the vision of applications. I think of the vision
of the quantum computer as an interface, where engineers, computer
scientists and physicists meet. We compete in a race to reach milestones on the way to a quantum computer. Still, it is important not
to overlook what has already been achieved. Advances in technology
have taken us from the conception of quantum mechanics to controllable quantum systems. The strife for more complex controllable
quantum systems will give rise to new technologies. Many exciting
fundamental problems have been discovered and solved. This is a
unique superposition of pure and applied science. It is a privilege
that we can perform the thought experiments of the 1920s in the lab
today.

2

I N T R O D U C T I O N T O Q U A N T U M I N F O R M AT I O N

2.1

the qubit

To understand the difference between classical and quantum information, one has to understand the qubit. The word qubit was apparently first used in jest, because it sounds like cubit, an antique
unit of length, but by now people are serious when they talk about
qubits. The qubit is the basic unit of quantum information in the same
way that bits are the basic units of classical information. A qubit is
a quantum mechanical two-level system with two basis states, generally called |0i and |1i. In contrast to a classical bit that can only take
two values, for a qubit any complex linear combination of the two
states is a valid state.

|ψi = α |0i + β |1i with |α|2 + | β|2 = 1
The normalization condition ensures that the probabilities of measurement outcomes, that are related to the absolute values of the coefficients, add up to one.
Measurements on a qubit are mathematically written in the form
b | ψ i, A
b being a hermitian operator that can be expressed as a
hψ| A
real linear combination of the Pauli Matrices X, Y and Z:
X=

0 1
1 0

!
,Y=

0 −i
i

0

!
,Z=

1

0

0 −1

!
(2.1)

With this condition, a general pure state1 of the qubit can be written
in the form
|ψi = cos (θ/2) |0i + eiφ sin (θ/2) |1i ,
which leads to the visual Bloch sphere representation, seen in figure 2.1. The two angles are the angles of spherical coordinates on
the sphere. In the quantum information community the Bloch Sphere
plays a unifying role, because all qubits can be represented this way,
no matter how they are practically realized. The most well known
two-level system is the spin-1/2 particle and other systems are frequently mapped on the spin-1/2 for better intuition. A spin-1/2 couples to magnetic fields. The general Hamiltonian for a spin-1/2 is
given by
1 As opposed to mixed states, pure states do not include additional classical uncertainty.
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z

θ
y
φ
x

Figure 2.1: The Bloch sphere representation of a qubit. Pure states
are vectors on the sphere’s surface. Measurements are projections of these states on the respective axis. Rotations around
the axis are generated by the Pauli Matrices.

b = Bx X + By Y + Bz Z.
H
The time evolution in quantum mechanics is given by the Schrödinger
Equation
∂
b |ψi .
ih̄ |ψi = H
∂t
This can be integrated to yield


|ψ (t)i = T exp −i
|

Z t0 =t g
t 0 =0

{z

U ( H (t))


 0
0
b
H t dt |ψ (0)i
}

with a unitary matrix U, which
is a rotation
on the Bloch sphere,


parametrized by an axis n = n x ny nz and an angle θ. T is the
time ordering operator which makes it easier to write this down in a
closed form. In case of a constant magnetic field, the spin precesses
around that field with an angular frequency ω = gµ B | B| given by the
strength of the magnetic field. Time dependent magnetic fields can be
used to generate any desired rotation, for example a bit-flip, which is
a rotation by π around the x-axis.
Universal single qubit control consists of reliably realizing arbitrary
rotations on the Bloch sphere. This does not require arbitrary rotation
axes, in fact two distinct axes can be used to generate arbitrary rotations. A spin-1/2 can be controlled with a constant magnetic field Bz
in z-direction and a tunable field in the x-direction Bx (t). It is even

2.2 multiple qubits

Control

H

Target

CNOT
Figure 2.2: More Qubit
Representation?

Figure 2.3: Circuit Diagram of the
CNOT Gate.

possible to approximate any rotation to arbitrary accuracy by concatenating fixed rotations from a finite set. This was proven by Solovay
and Kitaev, a pedagogical introduction to this can be found in [3].
Which of these approaches to quantum control will be optimal depends on the details of a given qubit system.
Not only the manipulation of a qubit is important, any experimental qubit must be initialized and read out. The readout fidelity is
ultimately important for the overall qubit fidelity. It is practical to
have different readout axes, but usually there is only one. This means
that gates need to be performed to map the other axes on the measurement axis and read out. Initialization can in principle be done
via projective readout, but alternate faster ways to initialize the qubit
with high accuracy are desirable.
2.2

multiple qubits

The Bloch sphere is a useful visualization for one qubit, but there is
no generalization for more qubits and this goes to the heart of the
complexity of quantum mechanics. A two qubit system cannot be
represented by two Bloch spheres. For product states such as |00i,
it works, but there is no way to display entangled states such as
|00i+|11i, because the Hilbert space of a two qubit system is four dimensional. There are four complex parameters, thus eight real ones,
and the normalization condition and the irrelevance of a global phase
only reduce that number to six real parameters. Accordingly, a two
qubit system could be represented by three Bloch spheres, but this
representation would not necessarily be intuitive.
The additional parameters contain entanglement of the two qubits.
An entangled state has perfect correlations between the measurement
outcomes of the two qubit, independent of the basis the qubits are
measured in. This has no classical analogon. As the complexity scales
exponentially with the number of qubits, classical computers fail to
simulate large quantum systems.
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Figure 2.4: Generic Qubit System.

The quantum gates operating on a complete qubit register can be reduced to two qubit gates and one qubit gates, similar to the way gates
are decomposed for classical computers. It was shown that arbitrary
gates on a quantum register can be efficiently composed from arbitrary single qubit gates and the controlled NOT (CNOT) two qubit
gate. A circuit diagram for this gate is found in figure 2.3. This two
qubit gate flips the target qubit if and only if the control qubit is in
the |1i state. In figure 2.3, the qubits start out in the |00i state, the control qubit is put into an equal superposition by a Hadamard Gate and
then the CNOT is applied. The final state is an entangled state, that
cannot be factored into a product of states of each qubit. At present,
single qubit control has been achieved in many qubit prototype systems, while high fidelity two qubit gates for several qubits remain as
a challenge. However, this thesis is only about single qubit physics.
2.3

noise and decoherence

The transition from fragile quantum information to classical information is a fascinating subject in itself. The CNOT from the previous
chapter is a good way to illustrate this. Any environment of a qubit
can be modeled by a large number of qubits. The interaction can
for example be a CNOT. Thus, the qubit will be entangled with environment qubits. But those qubits may not be measurable for the
experimenter. The entangled state after the CNOT in figure 2.3 is a
well defined state on the two-qubit system, but looking only at one of
the qubits it appears to be a completely mixed state - in any basis, an
experimenter measures both basis states with equal probability. Now
it is more complicated, because there are a lot of environment qubits
with different, even time dependent interactions. In addition the environment qubits interact with each other. Classical behavior emerges

2.3 noise and decoherence

from quantum theory in the limit of many particles and high temperatures - this is related to size and temperature of the environment.
The results of measurements are classical, because the measurement apparatus is a classical system. Individual quantum systems
that make up the measurement apparatus cannot be read out, only a
collective classical state. During a measurement, apparatus and qubit
interact until they are entangled, but this entanglement decays due
to the classical nature of the measurement apparatus. The outcome
will be a definite state of the qubit and the corresponding signal as a
measurement outcome. This is a projective measurement.
2.3.1

Relaxation

Over time, the qubit will end up in thermal equilibrium with the
environment. It can exchange energy with the environment, changing the polar angle θ in the Bloch sphere representation. Any uncontrolled change in energy will cause the loss of quantum information.
This can be measured by preparing the qubit in the excited state and
measuring the time it takes to go to thermal equilibrium. The decay
constant is generally called T1 .
2.3.2

Dephasing

Information in the azimuthal angle φ on the Bloch sphere can also
be lost to the environment, without energy dissipation. This is called
dephasing. There is no classical equivalent for this. The loss of phase
can be measured by so called Ramsey Interferometry. The qubit is
initialized in the |0i state and brought to the equator of the Bloch
sphere by a π/2 pulse. After a time delay, a second π/2 pulse along
the same axis is applied and the qubit is measured along the z-Axis.
During the delay time, the qubit undergoes Lamor precession in the
energy subspace. The oscillations decay because of noise. The decay
constant of these oscillations is called T2∗ .
If the noise causing this dephasing is slow compared to qubit evolution time, more elaborate sequences of pulses can be used to extend the lifetime of the phase information. This goes by the name
of spin-echo sequences and was developed in the context of nuclear
magnetic resonance physics. Hence, the dephasing time dependends
on the pulse sequence. The upper limit is called T2 .
2.3.3

Leakage

If the qubit is encoded in a larger Hilbert space, there can be leakage
out of the qubit space. Leakage can be correctable, if the two logical

7

8

introduction to quantum information

states leak into two different states, but if the original state cannot be
reconstructed, the leakage results in a loss of quantum information.
2.3.4

Quantum Error Correction

Contrary to bit errors in classical computing, quantum errors can be
arbitrarily small differences in the angles on single qubits or in the
relative phases, that would still at a certain point affect the entire register. Intuitively one would assume, that a larger quantum computer
is impossible, yet it was shown that a quantum computer can be realized in the presence of initialization, manipulation and readout errors, by introducing redundancy. The additional Qubits and number
of operations needed scale polynomially. Any quantum error correction theme has a threshold value for the noise it can correct. During
the correction of one qubit, the others should remain coherent, which
leads to an estimated threshold of ∼ 105 operations within the coherence time.
2.4

the divincenzo criteria

The requirements for a physical system to be a good hardware for a
quantum computer were summarized by David DiVincenzo [4] to be:
• scalability
• initialization
• universal set of gates
• readout
• coherence time much longer than gate operations
• fidelities above the Quantum Error Correction Threshold
For quantum communication it is additionally useful to have a quantum computing hardware that can couple to optical photons, which
can be reliably transmitted over large distances.
2.5

quantum dots as qubits

In 1997 Daniel Loss and David DiVincenzo proposed gate defined
semiconductor quantum dots as quantum computers [5]. Quantum
dots are slots for particles - mostly electrons - that are confined in all
three directions, so that there are only discrete energy levels. This is
why they are sometimes compared to atoms.
The Loss-DiVincenzo proposal is to use the electron spins of electrons in coupled quantum dots as qubits. They give some first ideas

2.5 quantum dots as qubits

as to how they could be manipulated and read out. The primary argument for such dots is, that they are very small and based on semiconductor technology that is well developed as the hardware for classical
computers.
Using the spin state of a single electron as a qubit is elegant insofar, as it is truly a two level system. In the next years, many of the
requirements for the Loss-DiVincenzo proposal were met. Initially
GaAs heterostructures were the preferred hardware for electrically
manipulated quantum dots, but by now there is progress for dots
in silicon and silicon-germanium heterostructures. But in addition to
the single-electron-spin qubit, the double quantum dot singlet-triplet
qubit and the exchange qubit in triple quantum dots have been introduced. The triple quantum dot qubit could in principle work without
an external magnetic field [6, 7], while the double quantum dot qubit
that I will describe in detail in chapter 3 can be manipulated solely
by using voltage pulses.
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Figure 3.1: Visual Overview of the Double Quantum Dot System:
This figure contains four figures in one - illustrating the complexity of the system. A (modified) scanning electron microscope picture of the electric gates ties the picture together. RF
gates are colored in orange and DC gates in blue. Below this, a
scheme of the heterostructure with the conduction band edge
as a function of depth z, electrons in the triangular potential
well at the interface form the 2DEG. On the lower right a cut
through the electrostatic potential in x-direction is displayed.
Above, there is an abstract depiction of the dots and leads for
the DQD system and the sensing dot. Each of these parts will
be explained in the following.

Why is the title of this section in plural? The level diagram of a double quantum dot containing two electrons is big enough for different
qubit encodings, but this will be explained at the end of the section.
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I will first briefly explain the physical realization of lateral Quantum
Dots in a GaAs-AlGaAs heterostructure. In this context, I will also
explain charge sensing with a sensing dot, that is necessary for the
readout of these dots. Then, I will explain the theoretical Hamiltonian
of the Double Quantum Dot (DQD) System along with hyperfine and
spin-orbit interaction. Gate design and tuning form the bridge between a concrete device and the abstract target Hamiltonian. In the
end, the S-T0 qubit will be explained.
3.1

lateral quantum dots in gallium arsenide

Fermi Level

There are different ways to realize the three dimenGaAs Cap
sional confinement of electrons. In semiconductors, there
z
are self assembled dots due to island growth, that are
+ + + + + + + + + + + + + + + + + Si Doping Layer
usually manipulated optically and gate defined dots
in heterostructures, which are the subject of this theAl0.3Ga0.7As
sis. Additionally there are gate defined and etched
2DEG
graphene quantum dots and gate defined quantum dots
confined electrons
occupy lowest
in nanowires.
subband
In this thesis I will focus on gate defined quantum dots.
E
GaAs
Gate defined quantum dots begin with a two dimensional electron gas (2DEG) that provides confinement in
Figure 3.2: GaAs-AlGaAs
one dimension. GaAs and AlGaAs have very similar latheterostructure
tice constants and can be epitaxially grown with atomTDD
ically smooth interfaces. But AlGaAs has a larger band
gap. A Silicon doping layer or a metallic top gate curve
EL
ER
the conduction band edge so that it drops below the
Fermi level at the AlGaAs-GaAs interface. At the interTLL
TRL
face, electrons from the dopands or the top gate accumulate. The triagonal potential well at this point needs to
left
right
be sufficiently small, so that only the lowest energy sub
Lead
Lead
band is occupied. This forms the 2DEG.
Above a GaAs cap layer, electrical gates are written
Figure 3.3: DQD Parameter
Scheme
with electron beam lithography. These gates are used to
confine the electrons in the other two dimensions in a controllable
manner. The 2DEG split in different regions by these gates, so that
certain parts of the 2DEG can be contacted to form controllable leads
to the quantum dots. The shadows in figure 3.1 indicate the regions
where the 2DEG is not depleted.
The DQD System consists of two quantum dots, each coupled to a
lead. Only the DC Gates are used for tuning. There are six DC gates,
that are supposed to tune five parameters visualized in figure 3.3:
The two energies of the dot ground states, the two tunnel couplings
to the leads and the tunnel coupling between the dots. In addition a
positive bias can be applied to the entire 2DEG, which can be seen as

3.2 double quantum dot hamiltonian

an additional gate. The RF gates are used for fast manipulation of the
ground state energies of each dot. They are kept apart from the DC
gates, because applying a bias voltage and sending microwave pulses
through the same gate can be problematic. Changing the detuning
with these gates has proven to be a reliable control method for the
DQD system.
The charge states of the DQD can be read out with a nearby charge
sensor. In the gate design in figure 3.1, gates for a sensing dot are
fabricated close to the DQD, which will be explained in section 3.3.1.
So the DQD is the qubit in the generic scheme from last chapter, the
control system is the RF gates and the sensing dot is the measurement
system. The environment is made up of the nuclear spins, phonons
and photons in the coaxial cable leading to the RF gate. The charge
configuration in the doping layer couples to the DQD and jumps in
this transition might require a retuning of the dots.
3.2

double quantum dot hamiltonian

The methods described in section 3.1 can be sufficiently perfected to
create two tunable slots for electrons sufficiently close to each other
and operate them in the single electron regime. It is assumed, that
the dots could be coupled to leads to introduce electrons into the
system, but during dot operations, the coupling to the leads is turned
off. Therefore the leads are neglected in the following. The electronic
Hamiltonian can be constructed of several parts, as in the appendix
of [8] and in [9]:
e
H e = HSP + HC + HT + HZe + HHF
+ HSO

In second quantization these parts can be written down intuitively.
In my notation the index l ∈ { L, R} denotes the orbital state, the
orbitals are Wannier Orbitals for the left and right dot. The index
σ ∈ {↑, ↓} designates the spin component with respect to the external magnetic field. The creation and annihilation operators a†lσ and
alσ accordingly create and destroy electrons in dot l with spin σ. The
number operator nlσ = a†lσ alσ counts the number of electrons in orbital l with spin σ.
• HSP = ∑Vl nlσ
l

Single particle charging energy, Vl depends on the size of the
respective dot.


• HC = U ∑nl ↑ nl ↓ + U 0 n L↑ + n L↓ n R↑ + n R↓
l

Electron-electron coulomb interaction, U is the inter dot Coulomb
interaction, depending on the size of the respective dot, and U 0
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is the intra dot Coulomb interaction, depending on the spacing
between the dots.

• HT = TDD ∑ a†Lσ a Rσ + a†Rσ a Lσ
σ

Tunneling between the dots. TDD depends on potential landscape and can be varied by gate voltages.

• HZe = 21 gµ B Bext ∑ nl ↑ − nl ↓
l

Electron Zeeman energy, the negative g-factor of GaAs favors
alignment with the magnetic field.
e = S ·h
• HHF
∑ l l
l

hyperfine coupling to the nuclear spins. Sl is the spin hl =
N

2
∑ An |Ψ (Rn )| In is the Overhauser Field in the respective dot.

n =1

This is a Spin non-conserving interaction. I will explain this in
more detail in section 3.2.2.


• HSO = 2i Ω ∑
a†Lσ1 σ σ1 σ2 a Rσ2 + a†Rσ2 σ σ1 σ2 a Lσ1
σ1 ,σ2 =↑↓

Spin orbit coupling. There are spin flip tunneling processes, so
it is a spin non-conserving interaction. iΩ = hΦ L | pξ |Φ R i aΩ , aΩ
depends on the orientation of the crystal axes. I will explain this
in more detail in section 3.2.1.
I will explain how effective magnetic fields arise from spin-orbit interaction and the nuclear spins in the following subsections. Especially
the nuclear spin effective fields display complex behavior, caused by
the microscopic effects that lead to these fields. From then on, I will
treat the fields semi-classically.
3.2.1

Spin Orbit Interaction

A good detailed summary of spin orbit coupling in GaAs quantum
dots can be found in [10] and a shorter discussion in the review [11].
The Zeeman split levels of the dots are only weakly influenced by
spin orbit coupling, because the confinement is much smaller than
the spin flip length. Therefore spin orbit coupling mainly manifests
itself as a spin flip tunneling process between the dots. The spin of an
electron traveling ballistically in the 2DEG plane rotates depending
on the distance traveled. One can define the spin orbit distance as the
distance it takes for a full rotation.
But for the estimation of direction and strength of spin orbit coupling, it is important to understand where it comes from. Spin orbit coupling in GaAs Heterostructures springs from two different
sources: Firstly, at the interface there is a strong electric field in zdirection through which the electrons move. A particle moving in an

3.2 double quantum dot hamiltonian
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electric field experiences a magnetic field, because electric fields in
the rest-frame transform into magnetic fields in a moving frame. This
term has the form B ∝ p × E and is called Rashba term in figure3.4.
If the 2DEG is induced by a top gate, this term could be tuned. This
would lead to a term perpendicular to the dot-dot axis in the 2DEG
plane:
HR = α − p y X + p x Y



Rashba

py

Secondly, the electron experiences the electric
fields of the atoms of GaAs. The zinc blende structure of GaAs is not symmetric under inversion.
For x, y and z corresponding to the crystal directions (100), (010) and (001), this leads to a term
of the form
HD = β − p x X + − p y Y



px

Dresselhaus

py
(010)

For other growth directions this term would look
different. The strength of the Rashba and Drespx
selhaus contribution depends on the Heterostruc(100)
ture, but the direction of the dot-dot axis with respect to crystal orientation will decide whether
they have the same sign. This should be kept in
mind in device design. In conclusion, there is a Figure 3.4: effective SO field as a
function of momentum
fixed effective magnetic field from spin orbit coupling, that scales with the tunnel coupling and
3.2.2

Model for the nuclear spins

A review of nuclear spins in semiconductor quantum dots
can be found in [12]. The nuclear spin model used here
was presented in [13]. The electron interacts with the nuclear spins mainly via Fermi contact interaction, this means,
that the interaction with each nuclear spin is scaled by the
electron wave function at the nucleus:
e
HHF
=

N

∑ An |Ψ (Rn )|2 In · S

n =1

⊙Bext
δBnuc

75

As
ω75

71

Ga

69

Ga

ω69

ω71

Figure 3.5: nuclear spins perpendicular to external
field

Dot parameters suggest that electron wave function covers about
two million unit cells, which is supported by experimental evidence
[14]. The nuclear Zeeman splitting is less than 1 mK in temperature,
so even in a dilution refrigerator temperatures the nuclei are highly
disordered. Thus, the effective magnetic field experienced by the electrons results from a random walk with ∼ 106 steps. A semi classical
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Abundance

A

ω
µs−1

T −1

(nuclei/unit cell)

(µeV )

Ga69

0.601

36.00

−64.2

Ga71

0.399

46.01

−81.6

As75

1.000

42.98

−45.8



Table 3.1: the nuclear spin species in GaAs

approach is adequate due to the large number of nuclei and the high
temperature.
There are three relevant isotopes in GaAs that each contribute to
Bnuc as shown in figure 3.5. The nuclear spin parameters taken from
[15] can be found in table 3.1. 69 Ga, 71 Ga and 75 As, all nuclear spin 3/2.
In the homogenous coupling approximation, the expected effective
field of each species can be approximated as normally
√ distributed
x
in each component with standard deviation Bi = Bi Ni/3, where i
denotes the species, Ni is the number of nuclei of species i, Bi is the
size of each step in the random walk. The step size scales inversely
with the total number of nuclei the electron couples to Bi = 5/2 ·
Ai
N , because a more extended wave function will mean less weight
near each nucleus. With these assumptions, expectation values of the
nuclear spin field can be calculated. For two million unit cells in each
D
2 E1/2
dot, the δB⊥
should be on the order of 4 mT. This leads to a
loss of coherence for electron spins on the scale of ∼ 10 ns.
Now the nuclei are not only in a disordered state,
Bloc
but they also exhibit dynamics in the external fields,
3⁄2
as suggested in figure 3.5. It is crucial that they have
quadrupole splitting due
B
Bext
to localized electrons
different precession frequencies, which leads to fluc½
tuations in the magnitude of the nuclear spin field.
The oscillations happen on a µs scale, electron dy-½
-3⁄2
namics are much faster, this means that for electron
nuclear spins
nuclear
coupling via
time evolution one can usually assume a fixed randipoles
electron spins
dom variable for the nuclear field.
For dynamics of the effective nuclear spin field,
Figure 3.6: local field changing preone has to keep in mind, that it is made up of incession axis and frequency of indidividual nuclei. Each individual nucleus experiences
vidual nuclei
a magnetic field that comes from the external field
δBloc
plus an individual local field. This field comes from
the other nuclei, that couple to the individual nucleus via the electrons and via their dipole components. There is an additional quadrupole splitting,
that comes from the localized electrons . These local
Bext

Figure 3.7: magnetic field distribution can be discretized

3.2 double quantum dot hamiltonian

fields are normal distributed with a standard deviation of δBloc = 0.3 mT [16]. Therefore, the nuclear spin dynamics
dephase over time. To include this in a nuclear spin model neglecting
the change in precession axis, one can introduce artificial nuclear spin
subspecies with slightly different frequencies ωi = γi ( Bext + δBloc, i ).
To do this, one discretizes the normal distribution. The number of
spins in the subspecies has to be weighted by the normal distribution. Nuclear dephasing times are on the order of 80 µs. The number
of additional species should not be chosen arbitrarily small, because
a species should contain enough nuclei to justify the semi-classical
treatment. It has turned out that introducing more than five additional species does not induce significant changes, therefore I stuck
to five subspecies. I have always assumed that the electron wave function covers two million unit cells in accordance with [14].
It is important to note, that I have neglected changes in the wave
function. In principle any change in the wave function will change
the nuclei the electrons couple to and introduce additional noise into
the nuclear spin effective fields. The pulses in detuning only wiggle
the dots a little and this effect should not be dominant but it is there
and stands in the way of nuclear spin control. Also I have neglected
the effect of nuclear spins in the barrier, that the electron could see
during a tunnel process. This would add to spin flip tunneling, but
be isotropic in the direction of the external field and might thereby
be distinguished from spin orbit interaction.
3.2.3

The two electron subspace

The second quantization terms above can be used to write down the
DQD Hamiltonian for any number of electrons, but in this thesis the
focus is on the two electron subspace, although there has been recent
work on quantum dots with higher occupation numbers [17, 18] For
the two electron subspace, an effective Hamiltonian can be derived
from the second quantization terms given above. There are six states,
three singlet and three triplet states. The quantization axis is chosen
in the direction of the external magnetic field. It is chosen in the 2DEG
plane, because a perpendicular field could change the 2DEG properties. But I call this the z-direction now, which is inconsistent with the
coordinate system used before. In heterostructures the growth direction is usually the z-direction, and in DQD Qubits standard direction
for the magnetic field is the z-direction.
The full Hamiltonian for this system is adapted from [9]:
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Figure 3.9: Double quantum dot Energy
Levels. Transfer function J (ε) gives difference between |S (1, 1)i and |T0 i. Grey
areas mark the operation space of the
S-T0 and S-T+ qubit

basis: [|S (0, 2)i, |S (2, 0)i, |S (1, 1)i, |T+ i, |T0 i, |T− i]
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Parameters are the single particle level difference ε, the intra dot
coulomb interaction U, the singlet and triplet inter dot coulomb interactions V+ and V− (they are slightly different because the wave
functions are slightly different). The singlet subspace is strongly coupled by the tunnel coupling and the hybridized singlet levels depend
strongly on the detuning. The triplet subspace is split by fields in the
z-direction. The triplet has a symmetric spin state, the wave function
needs to be antisymmetric. Accordingly the triplet states are all in the
(1,1) charge configuration and the ε has no effect on triplet energies.
The red matrix elements are spin non-conserving. Spin orbit interaction couples the m = ±1 triplet states with the |S (0, 2)i and
|S (2, 0)i singlet state. The triplet subspaceis coupled by the mean per±

x

y

x

pendicular field of both dots,Bnuc = 1/2 Bnuc ± iBnuc with Bnuc =


R, x
L, x
1/2 Bnuc
+ Bnuc
. The m = 0 triplet state is coupled to the |S (1, 1)i

3.3 S − T0 qubit
y

x
+
1
state by difference
 fields between the dots δBnuc = /2 δBnuc ± iδBnuc
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R, y

x = 1/2 δB R, x − δB
with δBnuc
nuc
nuc .
The level diagram can be found in figure 3.9. The energy difference between the hybridized ground state singlet |S∗ i and |T0 i can
be approximated by an exponential function [19]:


ε
∗
J = ES − ET0 = J0 exp −
(3.1)
ε0

This function is called transfer function in the following. The exponential model is merely phenomenological, but holds well close to
|T0 i.
3.3

S − T0 qubit

There are different ways to encode a qubit in this Hamiltonian described in section 3.2.3. Experimentally it has turned out, that the
single dot level energies can be dynamically manipulated with the
AC gates in figure 3.1. The tunnel coupling is more fragile and is
kept fixed. The external magnetic field can only be changed slowly,
so it is also kept fixed.
3.3.1

Initialization and Readout

A singlet can be initialized fast by tuning the dot to large detuning and turning on tunneling from a lead. If the detuning
is such that only the lowest state in the dot may be occupied,
tunneling from
two electrons will tunnel in and form a singlet state.
the leads
Readout of the state is based on spin to charge conversion. The singlet ground state will be in the (1,1) or (0,2)
state depending on detuning, while the triplet state remains
in the (1,1) state until additional electron levels become rel- Figure 3.10: Initialization
evant. The charge state of the DQD can be read out with
a nearby quantum dot. This sensing dot, operated in the
few electron Coulomb blockade regime, is used as a charge
Sensing
sensor. Coulomb blockade means that there is no transport
Dot
because the capacitive energy of an additional electron is
higher than the bias voltage. The sensing dot levels depend
VSD
on the charge environment, especially of course on the DQD.
If tuned in the right way, transport through the sensing dot
RF Lead
can be used to read out the DQD charge state. This can be
combined with high frequency equipment for a fast reliable Figure 3.11: Sensing Dot. The
capacitor indicates capacisingle shot readout of the charge state.
tive coupling to DQD
A quantum point contact (QPC) is a more primitive charge
sensor, essentially just a narrow tunnel barrier between two
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2DEG regions that displays quantization in conductivity. The tunnel
barrier depends on the DQD state. QPCs are less sensitive than sensing dots and require longer averaging times. The measurements presented in this thesis were measured with a QPC, but future measurements will be taken with a sensing dot.
3.3.2

z
Bnuc

Dynamic Nuclear Polarization

DNP

B
Bext

Bnuc

Nuclear spin control plays an important role in
both gate defined and self assembled quantum dots
[20, 21, 22]. In gate defined dots, the electronic system can be rapidly initialized in a singlet state and
the current state can be easily discarded by emptying
the dots. This allows manipulating the nuclear spins
into a non-equilibrium state via the electronic system.
The electron hyperfine interaction can be rewritten in
terms of highering and lowering operators:

S · I = 1/2 I + S− + I − S+ + I z Sz
|
{z
}
flip flops

Figure 3.12:
DNP
Schematic

Whenever the electron goes from a m = 0 to an
m = ±1 state, the angular momentum has to be conserved. If the spin flip is caused by hyperfine interaction, a nuclear spin flops to guarantee the conservation of angular momentum. This phenomenon is called dynamic
nuclear polarization (DNP).
Dynamic nuclear polarization was first measured in spin blockade
transport experiments [23], but soon specific pulse sequences were
used to pump the nuclear spin state.
The perpendicular component of the local fields will reduce any
build up nuclear polarization over time. Thus DNP schemes need to
polarize faster then this depolarization mechanism works. At first this
was done through adiabatic passage through the S-T± transition[24].
There are also methods using non-adiabatic Landau-Zener pulses as
explained later in this thesis. Also there have been approaches using
continuous wave driving to control the nuclear spins [25].
It has been found that not only the mean nuclear spin field along
the external field direction can be pumped, but also the difference
z
R − δB L
field δBnuc
= δBnuc
nuc [26]. This happens, because the nuclear
spin flops occur mostly in one of the dots, likely because of different
dot size and thus different coupling to the nuclei. This is instrumental
for S-T0 qubit control.
It is possible to measure the mean or gradient Overhauser field
using the electrons as a probe and then pump depending on the mea-

3.3 S − T0 qubit

T0

z
δBnuc

rotation
axis
J(ε)

S

Figure 3.13: S-T0 Qubit Bloch sphere. The J (ε) can be changed,
z
the ∆Bnuc
can be set to a fixed value with DNP. Pulse sequences in ε allow arbitrary rotations on a ns timescale.

surement outcome. This feedback DNP has allowed to set the Overhauser fields to desired values and suppress fluctuations[16].
However, there are still open questions on DNP. The performance
of such DNP schemes is currently limited by a low spin transfer
probability from electrons to nuclei [16], which is presently not understood. It was observed that the electron spin flip rate exceeds the
nuclear polarization rate, which may result from an additional SO
spin flip channel [27, 28, 29]. Probing the transitions between S and
T+ states and the role of SO coupling is thus also relevant for understanding the limitations of DNP methods.
3.3.3

Manipulation

Now there are singlet initialization and singlet triplet readout. Along
with nuclear spin control one can use this to achieve a functional
qubit. One can chose the |Si and |T0 i states as logical states:

|Si =
| T0 i =

1
√ (| ↑↓i + |↓↑i)
2
1
√ (| ↑↓i − |↓↑i)
2

As explained in section 3.3.2, the nuclear spins can be controlled,
z
so one can set the δBnuc
to a certain value. At ε = 0, |T0 i and |Si are
z
nearly degenerate. They are coupled by δBnuc
which drives rotations
between the | ↑↓i and | ↓↑i states. If one changes ε in either direction
one increases the energy difference between |Si and |T0 i, because
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the singlet state energy is lowered. The Hamiltonian on the qubit
subspace reads:
z
δBnuc
J (ε)
H=
Z+
X
2
2
This corresponds to the Bloch Sphere in figure 3.13, with the given
precession axes. The detuning can be pulsed rapidly, changing precession axis and angular velocity, such that arbitrary rotations on the
Bloch sphere can be realized. Experimental gate fidelities are still below 99%, but there seems to be no theoretical reason why they could
not be pushed up to that level.
3.3.4

Relaxation

Good discussions of relaxation can be found in [11] and [30]. The
qubit subspace of the S-T0 qubit is not the ground state. Below, there
is the |T+ i state. Spin states only couple to magnetic fields, but spin
orbit coupling mixes the spin and orbital states and the orbital states
couple to the charge environment. This includes background charge
fluctuations in the doping layer, fluctuations in the gate potentials and
phonons. GaAs is piezoelectric, which leads to piezoelectric phonons
that couple relatively to the charge environment. The RF-gates that
control the detuning are connected to coaxial cables, that run all the
way up to an arbitrary waveform generator outside the dilution refrigerator. The expected noise spectrum should be an attenuated room
temperature spectrum. The photon and phonon density of states increases with the energy difference, thus relaxation processes increase
with the energy difference between the occupied and the ground
state.
During the readout, usually taking a certain amount of time, the
singlet is the ground state. If there is a relaxation event during the
measurement time, a triplet events is identified as a singlet. This can
be corrected if the relaxation rate is known, but it depends on the
magnetic field and the readout point. One can correct for this effect
by taking a histogram of the readout of successively prepared triplet
states, the singlet component
3.3.5

Two Qubit Gates

Originally, the Loss-DiVincenzo proposal suggested two qubit gates
via the exchange interaction, but this would require precise dynamic
control of the tunnel coupling between different DQDs. This has not
been shown experimentally, yet. The controlled coupling of two double quantum dot qubits has been demonstrated by coulomb interaction [31]. This type of gate could work for any singlet-triplet qubit,

3.3 S − T0 qubit

but the gate takes place in a configuration that couples strongly to
charge noise, which might limit the achievable fidelity.
3.3.6

Summary

There are initialization and readout schemes that work for any singlet
triplet qubit. Coulomb interaction based two qubit gates would also
work for either singlet triplet encoding. For the S-T0 qubit, universal
single qubit control has been achieved and single qubit gate fidelities could be pushed to the limit required for a working quantum
computer. [32]
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L A N D A U - Z E N E R P H Y S I C S AT T H E S - T +
TRANSITION

What is usually called Landau-Zener physics derives from a series of
papers in 1932 [33, 34, 35, 36, 37] and should really be named LandauZener-Stückelberg-Majorana physics, because all of these researchers
have contributed to the understanding of the problem.The LandauZener model is one of the most widely used models in the physics
of driven two-level systems along with the Rabi model. The reason
for the wide use of the Landau-Zener model is, that it has an analytic
solution and often applies approximately.
Recent focus on the Landau-Zener model comes from the fact, that
it is a special case of the strongly driven two-level system. This has
been of interest in the quantum information community, especially in
superconducting qubits [38] and double quantum dot charge qubits
[39]. Here I will focus on double quantum dot spin qubits.
4.1

the landau-zener formula

A good review of Landau-Zener physics can be found in [40]. Of the
1932 papers, Majorana’s paper is closest to the subject of this thesis.
It is about the transition probability of a spin- 1 / 2 subject to a fixed
finite field in x-direction and a time dependent field in z-direction.
Today we write the Hamiltonian as
b = ε (t) Z + ∆Y,
H
2
ε (t) is called detuning and ∆ is the transition matrix element or
coupling. In the Landau-Zener scenario, the detuning is a linear function of time ε (t) = αt. This is a good assumption in case of a narrow
crossing, because in the crossing region, the variation will be approximately linear. The coupling ∆ is never turned off, but it becomes
irrelevant as ε becomes big. Landau, Zener and Majorana all found
the solution if the detuning is swept from −∞ to ∞.
There are different ways to solve this problem and they are found
in the five original papers as is nicely explained in [41], which compares the different approaches. One usually writes down the time
dependent Schrödinger equation:
∂
ih̄
∂t

C0
C1

!

=

αt
2

∆

∆

− αt2

!

C0

!

C1

25

26

landau-zener physics at the s-t + transition

This can be decoupled by taking a time derivative and substituting
the formula itself to get a second order differential equation. Note
that all parameters except the coefficients C0 and C1 are real.

C̈0 +


α2 t2
α
+ ∆2 − i
C0 = 0
4
2


1
αt
iĊ0 − C0 = C1
∆
2

Now the second order differential equation can be integrated for
t from via contour integration in the complex plane. A thoroughly
explained solution for non-mathematicians can be found in [42]. It is
also possible to just look up differential equations in a compendium
of functions and find out, that this particular equation is solved by
Weber functions, which is what Zener did. The good thing about this
is, that one can also derive a finite time Landau-Zener propagator,
which describes the time evolution after a linear sweep in energy.
With this, one can derive the axis and angle of a Landau-Zener unitary, which can be found in [43].
In the context of this thesis, only the transition probability for an infinite sweep is interesting, which is well known as the Landau-Zener
probability:


2π∆2
PLZ = 1 − exp −
h̄α
For more sophisticated approaches, the nuclear spin averaging explained in section 4.1.2 and the calculation of correlations of successive sweeps in section 4.2 would not be so straightforward.
4.1.1

The S − T+ Transition

The S-T+ Transition is a narrow avoided crossing mediated by the
perpendicular Overhauser field difference between the dots and spin
orbit interaction. The detuning ε can be controlled with RF pulses
from an arbitrary waveform generator, sweeps speeds can range from
slow adiabatic transitions to the near-sudden limit.
Around the S-T+ transition, one can derive an effective Hamiltonian on the relevant subspace containing |T+ i and

|S∗ (ε)i = cos ψ|S (1, 1)i + sin ψ|S (0, 2)i,
the lower energy singlet eigenstate. The angle ψ is called mixing angle
and depends on the tunnel coupling between the dots. Other states
are energetically separated. In the [|S∗ i, |T+ i] basis, the Hamiltonian
is of the Landau-Zener-Stückelberg-Majorana Hamiltonian form:

4.1 the landau-zener formula

27

1

P

T

0.75

0.5

0.25

0
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1/α (μs/eV)

1.8

2
x 10 6

Figure 4.2: Triplet probability as a function of inverse sweep
speed mean nuclear field and the nuclear spin averaged triplet
probability.

z

Bext + Bnuc − J (ε)
H=
Z + ∆X
2

(4.1)

z

The Bnuc shifts the crossing’s position, this can be
in the same order of magnitude as the width of the
E
crossing. A control with rectangular pulses, similar to
TS(1,1)
T0
the S-T0 qubit would therefore be difficult, because
2τ
Bext
S(1,1)
frequency and axis of oscillations depend strongly
T
+
on the position of the crossing and the matrix ele2Δ
z
S(0,2)
ment coupling it. Bnuc can be controlled within limits, but the S-T+ oscillations would slightly change
ε
t
it. Landau-Zener like pulses sweeping a large energy
Measure
Sweep
range close to the crossing would not be sensitive to
Δt
Initialize
slight changes in the position of the crossing. More
Δε
importantly, as will be shown in section 4.1.2, the maFigure 4.1: Energy diagram and
trix element ∆ is subject to uncontrollable dynamics.

Landau-Zener Sweep for the S-T+
Transition

4.1.2

Nuclear Spin Averaged Landau-Zener Probability

For our specific crossing, the Landau-Zener probability changes due
to noise in the off-diagonal matrix element ∆. This matrix element is
given by transverse effective magnetic fields from spin-orbit coupling
and nuclear spins:
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⊥
∆ = Ω⊥ sin ψ + δBnuc
cos ψ .

(4.2)

⊥
While Ω⊥ is assumed to be fixed, δBnuc
is a statistical variable; the
⊥
nuclear spins are highly disordered. δBnuc is also subject to dynamics
on a µs scale. These dynamics do not need to be taken into account
during the sweep, because the relevant time spent at the crossing is
⊥
in the ns range. This means that δBnuc
will be a different constant for
each individual sweep.
The other contribution to ∆ from SO coupling Ω⊥ , depends on the
tunnel rate between the dots, the inter-dot distance and the position
of the dot-dot axis with respect to the crystal axes. Therefore the effective field from SO coupling is expected to be static. The expected
effective field from SO coupling is on the order of 100 mT, but it is
suppressed by the mixing angle that favors |S (1, 1)i at low external
magnetic fields.
The expectation value of the measured triplet probability can be
calculated by nuclear spin averaging. As explained in section 3.2.2,
the nuclear spin effective field is normally distributed 
in each compo

x − δB x
nent for each species, denoted by index i. δBix = 1/2 δBR,i
L,i ,
with a standard deviation σi that contains fluctuations of the field in
each dot. The σi are calculated as suggested in section 3.2.2.
In the following, I am going to neglect the mixing angle. One can
⊥
think of it as incorporated into the Ω⊥ and δBnuc
, but for experiments
It is assumed without loss of generality, that the spin-orbit field points
in the xdirection.



h PT i =



2π∆2
1 − exp −
h̄α

δBix
y 1
= 1 − ∏ . . . dδBix dδBi
exp
−
2πσi2
i


2π 
y 2
· exp −
(δBix + Ω)2 + δBi
h̄α


h̄α
2πΩ2
= 1−
· exp −
h̄α + 4π ∑i σi2
h̄α + 4π ∑i σi2
Z

Z

2

y 2

+ δBi
σi2

!

Thus, the nuclear spin averaging leads to a change from exponential to algebraic behavior in the transition probability as a function
of sweep speed. If the spin orbit contribution was dominant, the exponential behavior should be recovered, because it is not subject to
similar averaging. That means that one can learn about the amount of
spin orbit coupling by the shape of the curve of the triplet probability
as a function of sweep speed, that is shown in figure 4.2.

4.1 the landau-zener formula
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Figure 4.3: Finite sweep effects. Solid curve is the nuclear spin averaged triplet probability from chapter 4.1.2. Colored curves
correspond to symmetric sweeps across the transition from
−ch∆2 i to ch∆2 i in energy. For c=5 one can see oscillations
around the infinite sweep solution, but for c=15 those oscillations are barely visible against the noise.

4.1.3

Finite Sweep Effects

The Landau-Zener Formula is valid for sweeps from −∞ to ∞. Theoretically a study of finite time effects and other effects, such as what
happens if the sweep does not extend across the transition can be
found in [44]. The finite coupling duration leads to oscillations in the
transition probability, that have to do with the trivial phase collected
over the sweep time.
In order to verify these results and check the effects of noise, I did
a time discretization Monte Carlo simulation for the Landau-Zener
problem. This is possible for a finite Landau-Zener problem and allows the introduction of noise in the next steps. The idea is to slice
the time axis into small bits to calculate the unitary time evolution
operator of the Landau-Zener sweep.
0

i t =t f b 0  0
ULZ = T exp −
H t dt
h̄ t0 =ti


tf
i
= ∏ exp − H (ti ) dt
h̄
ti


Z



In case of a two-level system this only requires the multiplication
of 2x2 matrices, the matrix exponential can be easily written out for
the Pauli Matrices. The time steps need to be small compared to the
energy splitting at any point, in this case ∆ is the crucial parameter.
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2
Assuming a negligible spin-orbit contribution, h∆2 i = h δB⊥ i =
σi2 ≈ 90 neV, this corresponds to a timescale of ≈45 ns. For the
simulations I picked a step size of 0.1 ns.
To investigate finite sweep effects, I simulated symmetric LandauZener sweeps for different sweep speeds. As a measure for sweep
range I used the size of the crossing itself with a constant c: −ch∆2 i to
ch∆2 i. Curves for three different ranges can be found in figure 4.3. For
short range sweeps there are additional oscillations around the infinite sweep curve. But the oscillations are already weak for c = 10 and
disappear in the noise at c = 15. One can reach a sweep ranges where
the infinite sweep approximation is valid and the Landau-Zener formula holds. However, it is important, that the sweep does not extend
to low detuning, because there the T0 level would have to be considered.
I also investigated the effect of the non-linear transfer function. Experimental sweeps were linear in ε rather than in J (ε), because this
is practically easier to realize but in the case of a narrow avoided
crossing this should not introduce a large error. To check this, I have
simulated linear sweeps in J (ε) and ε with identical speeds at the
crossing to compare the results. For larger c this does not introduce a
significant deviation, the only effect is that for small c the oscillations
in the triplet probability change as seen in figure 4.4. They are regular
for the linear sweep in energy, the exponential transfer function leads
to more complicated behavior. In principle it should be possible to calculate a finite time Landau-Zener probability for exponential sweeps,
but this would involve complicated contour integration.

1/2 ∑

4.1.4

i

Diagonal Noise - Electrical Noise

In experiment one has to take into account that the solid state environment is noisy. Not only the nuclear spins contribute to that, but
electrostatic noise. Noise that is slow on the scale of a Landau-Zener
sweep and not strong enough to shift the transition out of the sweep
range would not have a great effect on the triplet probability.
But noise that is fast compared to the sweep speed could lead to
multiple transitions. Fast white noise leads to a completely mixed
state, as shown analytically in [45]. There are claims that a high frequency noise environment could lead to a dressed reduced coupling
[46]. Landau-Zener Processes could be used to probe high frequency
noise in a system in the same way, that spin-echo sequences are used
to probe low frequency noise.

4.2 correlation of landau-zener sweeps
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Figure 4.4: Effect of the non-linearity. There is a change in the oscillations, they are more regular for the linear case.
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Figure 4.5: Triplet probability for slower sweep speeds. In accordance with [45] there is a reduction in triplet probability. For
even slower sweeps relaxation should lead to hPT i = 1, experimentally one should be able to observe the competition
between the two mechanisms.
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4.2

correlation of landau-zener sweeps

The nuclear spin dynamics are negligible on the timescale of single
sweeps, but they can be probed by taking correlation measurements
as suggested in [47]. One can take successive Landau-Zener sweeps
with a fixed time in between and measure the triplet outcome, as
shown in figure 4.6. The run time is mainly limited by the measurement time which is ob the order of 1 µs. Initialization is pretty fast,
the sweep time depends on the sweep range and sweep speed but
will probably not exceed a few µs.
From the measurement outcomes and the known timescales in between, the average auto-correlations is computed as a function of the
time delay. It takes the form h PT (t) PT (t + δt)i. The time resolution is
only limited by the accuracy of pulse timing, but not by the required
averaging time. Only the first data point is limited by the time trun
that single run takes.
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h PT (t) PT (t + δt)i =

4.2 correlation of landau-zener sweeps

The second term was calculated above, the third term contains the
dynamics in the matrix element due to precession in the external
magnetic field. Writing down the time dependence of the coupling
y
parameter can be done compactly by introducing δBi± = δBix ± iδBi .
The time dependence can be written in terms of exponential functions, δBi± (t + δt) = δBi± (t) exp (±iωi δt)
⊥
∆2 (t + δt) = Ω⊥ + δBnuc
(t + δt)

2

 
= Ω2 + ∑ δBi+ (t) δB−
j ( t ) exp i ωi − ω j δt
i,j

+ ∑ Ω δBi+ (t) exp (iωi δt) + δBi− (t) exp (−iωi δt)



i

For Ω = 0, one can see there are oscillations with the difference
frequencies, as expected, because the nuclear spins precess in the external field without a fixed frame of reference. For Ω > 0, there are
rotations with the actual frequencies ωi . The calculation of the third
term in equation 4.3 is a technical issue. There is a way of avoiding solving the general integral described in section 4.2.1, but I have
solved the integral for three spin species and no spin orbit coupling:



2π 
2
2
exp −
∆ (t) + ∆ (t + δt)
h̄α

(h̄α)2
(h̄α)2 + 8πh̄α ∑i σi2 − 32π 2 ∑i,j σi2 σj2 cos

=

 

ωi − ω j t − 1

A solution like this is useful for benchmarking. The integral is also
solvable for spin-orbit coupling, but the formula is lengthy and I have
not found a way to generalize it to additional spin species used to
model nuclear spin dephasing as explained in section 3.2.2.
4.2.1

T-matrix method

D

E

2
2
The exp − 2π
+
∆
t
+
δt
term can be evaluated with∆
t
(
)
(
)
h̄α
out solving the general integration. The basic idea is to rewrite the
±
exponent in terms of a dimensionless complex variable δB±
α = σα zα
as done in [13]. The zα will be normally distributed with an rms of 1.
Taking the factor 2π
h̄α into the matrix and vector elements, the exponent
can be rewritten as

∑ T ij zi+ z−j + ∑
i,j

with

i


V i zi+ + V i∗ zi− + Ω2 ,
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Figure 4.7: Simulations of correlations for different SO coupling,
different periods for nuclear spin species are given. δBloc =
0.3 mT and N = 2 · 106 . For Ω = 0, correlations oscillate with
relative frequencies. For Ω > 0 additional raw frequencies
appear, most importantly the peaks are split, but there are also
fast, long lasting oscillations and a broadening of the peaks.

4.3 experimental results
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The integration is complicated by the coupling of the normal-distributed
random variables zα . This can be resolved by diagonalizing the T
matrix. For any numerical value of t, this can be done exactly. The
remaining integral is relatively easy for each separate species:
Z Z

dxdy
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exp
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λ is the eigenvalue of the T-matrix for the respective species and v
the element of the transformed into the eigenvector basis.
With this method I have simulated the correlations for different
values of spin orbit coupling. Results are summarized in figure 4.7.
Sweep speeds were adjusted such that hPT i ≈ 1/2, because this maximizes the contrast in the correlations data.
For Ω = 0, one can see peaks that correspond to the relative alignment of nuclei with the relative frequencies. The large frequency
gives smaller peaks, because it corresponds to two of the nuclear
spin species aligning. At the smaller frequency all three nuclear spins
species align. The reason is the peculiar distribution of the nuclear
spin species: They are nearly equidistant. This means that the Ω = 0
behavior is governed by two frequencies. Peaks are broadened by
nuclear spin dephasing and the slight mismatch between ω71−69 and
ω69−75 . Nuclear spin dephasing leads to a loss of correlations at about
80 ¯s, therefore the beating will only be visible at external magnetic
fields of about 200 mT, assuming that the SO contribution does not
dominate at that point.
Spin orbit interaction adds a steady background. With increasing
Ω the overall correlations tend toward h PT (t) PT (t + δt)i → h PT i2 . In
the intermediate regime the raw nuclear frequencies appear as fast
long lasting oscillations in the correlations. The most striking sign
of spin orbit interaction is the splitting of the first large peak in the
correlations.
These findings indicate that the method can provide direct, qualitative and quantitative evidence for SO coupling.
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Figure 4.8: Triplet probabilities as a function of sweep-time ∆t
from 0 µs to 1 µs with a constant ∆ε for different Bext in steps
of 5 mT. Time axis rescaled with magnetic field shows reasonable collapse of the curves. Data in color. Dashed black
line shows LZ-model of a mean nuclear field, solid black
line shows the nuclear spin averaged Landau-Zener behavior.
N = 2 · 106 is set, α then requires a scaling factor of 7 to match
experiment.

4.3 experimental results

4.3

experimental results

My adviser Hendrik Bluhm measured single sweeps and correlations
in 2009 in Harvard with Sandra Foletti in the group of Amir Yacoby
on samples produced by Diana Mahalu, Vladimir Umansky. The samples were similar to the one displayed in 3, but instead of a sensing
dot he used a quantum point contact to read out the charge state
of the dot. The background QPC voltage that is subject to noise was
subtracted to get a better signal. Also the crossing’s position was monitored. Only for one of the sweep times did the crossing move to a
value in ε that was close to the sweep boundary, which is probably
responsible for the bump seen in figure 4.8 for the blue curve close
to ∆t = 0 at hPT i ≈ 0.25. For the other curves, the crossing was positioned well within the sweep range.
The results for single sweeps are given in figure 4.8. The exponential model of the transfer function means that the actual speed at the
crossing can be approximated by:
α=

∂J
∂t

= Bext
εc

1 ∆ε
ε 0 ∆t

Knowledge of the transfer function is crucial to check our understanding of the system, because the Landau-Zener probability depends on sweep speed and matrix element. It is important to know
both. One can check the model of the transfer function by rescaling
the time axis, dividing by the external magnetic field. The curves
should collapse on each other. In figure 4.8 one can see reasonable albeit not perfect collapse. The higher magnetic field curves seem to lie
slightly above the spin averaged triplet probability, whereas the low
magnetic curves seem to lie below. Relaxation during readout should
be stronger for higher magnetic fields, reducing triplet visibility. In
future experiments this effect could be monitored and corrected for
by looking at the histograms of single shot outcomes, but the old data
does not contain the necessary information to correct for this effect.
There is also no sign of a decrease in triplet probability with increasing sweep time and the sweeps are not long enough to undoubtely
identify the plateau.
A scaling factor of about 7 in α has to be introduced. The number of
nuclei is fixed to 2 · 106 unit cells covered by the wave function. This
could either mean, that the factor in the transfer function is wrong
or we overestimate the matrix element. There might also be more
relaxation than expected. To find out what causes this, additional experiments have to be done. The transfer function can be mapped out
and rechecked. If this effect was due to noise, it should scale with the
slope of the transfer function at the crossing and therefore the matrix element would shrink with increasing magnetic field. One can in
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Figure 4.9: Correlation of triplet probabilities for different Bext ,
data in black and model in red. N = 2 · 106 , δB = 0.3 mT are
chosen, α requires a scaling factor of 20 to match experiment.
Timescales of correlations are as expected and scale reasonably
with Bext .

principle rule out relaxation by initializing triplet states and mapping
out the relaxation as a function of detuning. Since these experiments,
single shot readout has been improved, there s a good chance that
theory and experiment can be brought together.
Results for the Landau-Zener correlations at different magnetic
fields can be found in figure 4.9. Experimentally, the Landau-Zener
cycles were just concatenated back to back. The correlation data points
are 2 ¯s apart. The fit is most sensitive in α, which determines the contrast. The transition speed was not adjusted for different Bext so that
contrast varies because of fluctuations in hPT i. For higher fields there
are no distinguishable features any more. A different scaling factor
has to be introduced to fit model to experiment . This only affects the
contrast, not timescales of the oscillations and the decay, which are
as expected for a local field rms value to δB = 0.3 mT. Therefore we
conclude that our semi-classical model for the nuclear spins is supported by the experimental evidence. In future measurements, the
sweep speed should be adjusted so that hPT i = 1/2 to have maximum
visibility in the oscillations. But there is no sign of spin orbit coupling.
Introducing it into the fits does not give values that significantly deviate from 0. Also there are no indicators of additional frequencies. This
is not surprising, because the data is taken at very low external fields,

4.4 investigating the spin orbit interaction

where the mixing angle should suppress the spin orbit interaction at
the crossing.
4.4

investigating the spin orbit interaction

Deliberately looking for spin orbit effects and a better understanding
of the S-T+ transition could help to improve DNP methods and lead
to improved qubit control. In the future more systematic experiments
could distinguish the spin orbit and nuclear spin effects similar to
[48]. A vector magnet would be helpful, to prove that one actually
sees spin orbit effects, because the dependence on the crystal axis
would help to establish that. Also, a top gate defined dot would help
to identify spin orbit effects, because this would allow tuning the
Rashba contribution.
The experiments would consist of gathering Landau-Zener sweep
correlations for large external magnetic fields and with changing magnetic field direction in the 2DEG plane. To get accurate measurements
of the matrix element, it is important to solve the problem of the
scaling factors in section 4.3. Only with the knowledge of the sweep
speed can ∆2 be extracted from the triplet probabilities. If one could
extract the mixing angle, this would make it possible to quantitatively
identify the spin orbit and hyperfine contribution to the transition
element. At higher magnetic fields the read out is sometimes compromised, which might limit the achievable magnetic field range one
could probe. The direction dependence would make it possible to
distinguish Rashba and Dresselhaus components.
One could look for weak spin orbit in the broadening of the first
large correlation peak - beak width could be measured well, because
the resolution is only limited by pulse timing which gives an upper
limit in the ns range.
4.5

stückelberg interferometry

The pioneering work on Landau-Zener physics at the S-T+ Transition
was actually not only on single sweeps, but focuses on Stückelberg
interferometry [49]. Stückelberg interferometry refers to experiments
where the crossing is traversed several times. The simplest case is a
double crossing as displayed in figure 4.13. In the Landau-Zener limit,
the crossing acts like a beam-splitter with a non-trivial phase φ, the
corresponding time evolution operator is

√
ULZ =

!
√
1 − PLZ e−iφ
− PLZ
.
√
√
PLZ
1 − PLZ eiφ
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Figure 4.10: Stückelberg Interferometry with more complicated Pulses

Figure 4.11: Stückelberg Interferometry Results from the first Petta publication
[49]
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Figure 4.12: Stückelberg Interferometry with more complicated pulses leads to
increased visibility of the oscillations Ribeiro et al. [50]
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After the crossing, the system will be in a superposition of |Si and
|T+ i. Between the two crossings, a waiting time at constant detuning can be added. The phase of the superposition oscillates with the
energy difference between |Si and |T+ i. A second crossing will add
an additional rotation, so that the triplet probability (Petta et al. report the singlet probability - fortunately one can be easily converted
into the other) in the end depends on the waiting time. This corresponds to a Mach-Zehnder interferometer as suggested by the title
of [49]. The observed observations in the triplet probability show the
expected behavior: Changing the magnetic field changes the transfer
function at the waiting point and thus the oscillation amplitude.
The Overhauser field has an influence on non-trivial phase in the
beam-splitter Hamiltonian, but there should be no relevant fluctuations on the timescale of a sweep. Therefore nuclear spin noise should
only reduce the visibility of the oscillations. However, noise in ε should
contribute to the dephasing during the waiting time. Which of these
contributions dominates should be testable by shifting the waiting
point and seeing whether dephasing scales with the slope of the transfer function at that point. One could look for weak spin
I have simulated the Stückelberg interferometry to check whether
the nuclear spin averaging in this thesis explains the visibility reported by Petta et al. I neglected nuclear dynamics, although in case
of Stückelberg interferometry the change in the nuclear field direction might become relevant. Simulations show a visibility of about
30% in Stückelberg oscillations which about the maximum reported
by Petta et al. The decay in figure 4.14 is unrealistically slow, because
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Figure 4.15: S-T0 qubit Bloch Sphere with precession axes

I only took into account the fast charge noise contribution. The slow
noise component might be corrected with spin-echo like pulses, but
this has not been investigated in more detail.
In a follow up paper, Ribiero et al. reported, that the visibility of
the oscillations can be increased with more elaborate pulses Ribeiro
et al. [50], increasing the visibility to 50%.
4.6

remarks on the s-T + qubit

An S-T+ Qubit relies on the same initialization and readout techniques as an S-T0 qubit, but until now the S-T0 qubit outperforms its
Landau-Zener counterpart. Using |Si and |T+ i state as computational
subspace has been suggested by Ribiero and Burkard in [51] and in
Ribiero’s thesis [52]. The Bloch sphere with precession axes during a
sweep is sketched in figure 4.15, but the t = 0 rotation axis generally
has an x- and y-component, depending on Overhauser field direction.
The z-axis is controlled via the detuning and should be fairly reliable.
The correlation at δt = 0 gives the variation in the triplet probability
for a simple Landau-Zener pulse. For two million nuclear spins coupled to each electron, and a Landau-Zener sweep velocity
D tunedE such
that h PT i = 21 , the fluctuations would be on the order of ( PT )2 ≈ 31 ,
thus an equal superposition
q of S and T+ could only be produced with

a standard deviation of 13 − 14 ≈ 0.29.
Accordingly, the randomness in the coupling parameter is a huge
problem for controlling the “easy” |Si-|T+ i axis on the Bloch sphere.
It is not possible to tune this parameter with current dynamic nuclear
polarization schemes, only for very high polarizations one could significantly reduce it. This would however require even faster pulses.

4.6 remarks on the s-T+ qubit

The speed in the publications by Petta et al. is already close to the
current hardware limit.
This could be remedied by going to a spin-orbit dominated regime.
There are different ways to reach this regime: In a certain range, one
can increase the tunnel coupling. Also one can go to higher external magnetic fields and chose the direction of the magnetic field to
maximize spin orbit coupling. But this also comes with drawbacks.
Control of the phase depends on the transfer function and is subject
to fast electric noise on the detuning. Pulses take on the order of 10
ns, as demonstrated by Petta and others, which is an advantage, but
in the same order of magnitude as pulse of the S-T0 qubit. In the spin
orbit dominated regime, the transfer function is steeper around the
transition, which means that the system is more sensitive to electrical
noise.
A main advantage of the S-T+ qubit is, that it has a longer relaxation time, but this depends on the regime in which it is operated.
Relaxation is currently not limiting the performance of the S-T0 or
S-T+ qubit, thus this is currently not relevant.
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CONCLUSION AND OUTLOOK

In the level diagram of the two electron double quantum dot, the
Landau-Zener transition is a narrow avoided crossing suitable for
Landau-Zener physics. This refers to a linear sweep in the energy
difference between the levels across the transition. The Landau-Zener
formula is an analytic solution for the transition probability for a
sweep from −∞ to ∞ as a function of the matrix element coupling
the levels and the sweep speed. In this case the matrix element is a
sum of nuclear spin and spin orbit contributions.
The theoretical work in this thesis indicates that nuclear spin averaging and dynamics have to be taken into account for Landau-Zener
physics at the S-T+ transition. The Landau-Zener formula changes
from an exponential to an algebraic behavior due to the averaging.
Nuclear spin dynamics show up in the time dependend correlation
of measurement outcomes for successive sweeps. Spin-orbit coupling
also contributes to the Landau-Zener matrix element but is not subject to similar averaging and dynamics. This means that the LandauZener physics can be used to distinguish the spin orbit and hyperfine
contribution.
The experiments of Landau-Zener are supporting the semi-classical
nuclear spin model. The form of the triplet probability as a function
of sweep speed is in qualitative agreement with the algebraic nuclear
spin averaged Landau-Zener formula. A scaling factor has to be introduced to fit data and experiment. This needs to be investigated,
but new measurements need to be taken, because these do not contain the information necessary to correct for relaxation which might
account for the deviation.
The experimental correlations show the expected nuclear spin dynamics at the right frequencies and with a decay that is consistent
with other experiments. The different scaling factor here is also not
clear. In this low external field limit, it is expected that spin orbit
coupling is suppressed by the mixing angle and as expected no spin
orbit interaction effects are observed. But the observation of the correlations shows that those experiments are possible and already there
is good qualitative agreement with theory. The nuclear spin dynamics and dephasing seen here are an important effect, because they
are limiting DNP. The dynamics imply that the perpendicular component of the nuclei cannot be controlled unless one eliminates it
⊥
by hyperpolarization, which is unlikely. It also means that the δBnuc
⊥
might go through so called dark states where δBnuc ≈ 0 and be driven
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⊥ > 0 at a later time. Synchronizing DNP schemes with
back to δBnuc
⊥ was big to begin with, otherthe dynamics would be good if δBnuc
wise it would be detrimental, therefore desynchronizing and getting
a good average might prove to be best. The nuclear dephasing is a
mechanism that counteracts DNP, the local fields should be isotropic,
z
⊥ .
therefore they also couple the δBnuc
to δBnuc
In the future one could work out the exact impact of noise on the
Landau-Zener problem to measure the high frequency noise component on ε. A precise knowledge of the noise spectral density could
help to significantly improve gate fidelities of the DQD qubit [32].
Stückelberg interferometry could allow the measurement of the transfer function around the transition, but further away from the transition it might be limited by relaxation and the additional T0 level.
The longtime goal of Landau-Zener experiments at the S-T+ Transition would be to investigate the strength and direction of spin orbit
coupling and use this knowledge to improve DNP schemes. It might
also help to clarify the parameters of a DQD system, as spin orbit coupling is also an important factor in relaxation. An S-T+ qubit does not
show any significant advances over the more established S-T0 qubit,
except for longer relaxation times. But the matrix parameter would
be more reliable if it was spin orbit dominated, so this regime needs
to be investigated.
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