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Abstract
In this thesis we want to find a fast, single shot, quantum non-demolition (QND)
readout scheme for a transmon qubit.
We will consider setups based on the interaction of the qubit with microwave radiation.
Since the readout fidelity is important to us, we look for schemes with small fluctuations in the detected signal. To squeeze the used radiation seems to be a promising
approach. In the thesis we will try to answer the following questions:

• Does squeezing reduce the fluctuations in the photon number of the measured
signal?
• Is it possible to measure below the shot-noise limit?
• Which role do the other devices of the setup play?
• Which role do the other devices of the setup play?
• Can a measurement scheme become more efficient using squeezed radiation such
that the intensity of the used radiation can be reduced compared to coherent
radiation?
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1 Introduction
In this thesis, we want to derive a fast, single shot, quantum non-demolition (QND)
readout scheme for a transmon qubit.
In the first chapter, we want to introduce the transmon qubit by deriving it from a
harmonic oscillator.
Afterwards, we will analyze several readout schemes. We end the chapter by looking
at state-of-the-art devices.
The following chapter introduces phase sensitive and phase insensitive amplifiers.
We will look at the theoretical concept as well as at the physical realization. Therefore,
we describe a Josephson parametric amplifier in its two operation modes and will have
a look at state-of-the-art devices, again.
The third chapter describes the phase resolution of a Mach-Zehnder interferometer
by analyzing several scenarios. We will analyze if squeezing may improve its resolution.
Afterwards, we will compare the resolutions of the interferometer scenarios to that of
a homodyne measurement.
In the last chapter, we collect all the results, we gained and propose a measurement
setup for a transmon which satisfies all mentioned requirements.
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This chapter is based on [1] (chapter 2) and [2] and derives the Hamiltonian describing
the system of a qubit which interacts with a cavity. Therefore we will look at several
circuits. We will quantize these circuits by introducing the adequate operators. We
start with a harmonic oscillator. Afterwards, we replace the inductance of the LC
circuit by a Josephson element. Finally we put everything together and derive the
Jaynes-Cummings-Hamiltonian which describes the interaction of qubit and cavity.
As we will see, this system can be operated in the dispersive regime as well as in the
non-linear regime. We will discuss the main differences of these regimes as well as the
dispersive shift because this is crucial for the measurement of a qubit which is the focus
of this thesis. We want to consider a specific measurement scheme which is presented
in a paper we will refer to.

2.1 Deriving the Hamiltonian of a transmon qubit
2.1.1 Harmonic oscillator

Figure 2.1: LC oscillator. Figure taken from [2]
In figure 2.1 we see a LC circuit. As we know from text books (like [3], [4]), the
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energy of the circuit oscillates between the inductance and the capacitor. The magnetic
energy which is stored in the inductor L is a function of the magnetic flux φ and the
electric energy stored in the capacitor C is a function of the charge q. The whole recipe
of translating a circuit diagram into a classical Hamiltonian is given in [1]. Following
this recipe we derive the Hamiltonian for this specific system which is simply a sum
of the magnetic and electric energy
H=

q2
φ2
+
.
2C
2L

Although we deal with large objects, the systems we are interested in provide quantum
properties as we will see later. Thus, we quantize the Hamiltonian by introducing the
following operators
r
φ=
r
q = −i


~Z
a + a†
2

~
a − a† .
2Z

Where a† , a are the creation and annihilation operator, respectively. They satisfy


a, a† = 1. The resonant frequency and the impedance are given by
r
ω=

1
,Z=
LC

r

L
.
C

The operators are chosen such that they obey the canonical commutation relation
[φn , qn ] = i~. Putting everything together yields the Hamiltonian of a quantum mechanical harmonic oscillator


1
†
H = ~ω a a +
.
2

(2.1)

As we see the harmonic oscillator has discrete energy levels which is important to build
a qubit. But since the energy levels are equidistant, it is not a good candidate for a
qubit. We want a qubit to be an effective two level system. A system which has a
ground state |0i and an excited state |1i. It should be possible to control the state
from the outside. Irradiating a harmonic oscillator with photons with the resonance
frequency of the oscillator can excite the system from |0i to |1i. But since it is very
difficult to make sure that the oscillator absorbs exactly one photon, we risk to excite
higher levels. Thus we look for a system where the energies of the higher levels lie
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further apart. One way of introducing the required anharmonicity is by replacing the
inductance by a Josephson junction.

2.1.2 Introducing anharmonicity

Figure 2.2: The Josephson junction couples two superconductors S via an insulating
island I. Cooper pairs can tunnel through the island. Figure taken from
[2]
As we already pointed out, we are looking for a system with discrete energy levels
but with different transition frequencies from the ground state to the first excited state
than from the first excited state to the second excited state ω|0i→|1i 6= ω|1i→|2i . We
now replace the inductance in the LC circuit that we considered above, by a Josephson
junction. A Josephson junction (see figure 2.2) consists of two superconductors coupled
by a thin insulating barrier. If there is a current passing through the superconductor
S, the electrons form Cooper pairs. Since the insulator of the Josephson junction is
very thin, the insulator I represents a tunnel barrier for theCooper
 pairs. The energy
h
which is stored in the junction is given by EJos = −EJ cos 2π Φφ̃0 [2], where Φ0 = 2e
is the flux quantum. This results in a Hamiltonian of the form
φ̃
q2
− EJ cos 2π
H=
2C
Φ0

!
.

q
Introducing the number operator for the Cooper pairs n = − 2e
and the charging

energy EC =

e2
2C ,

the Hamiltonian gets more intuitive. We have to consider that there

might be some offset charges ng (ng can be controlled by gate electrode) which are
subtracted in the Hamiltonian
φ̃
H = 4EC (n − ng )2 − EJ cos 2π
Φ0

!
.
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Figure 2.3: The inductance has been replaced by a nonlinear Josephson element. Figure taken from [2]

The circuit which is presented here can be considered as a charge qubit. This charge
qubit can be operated in two regimes. If the ratio EJ /EC is small the qubit is called
cooper-pair box (CPB) which has a strong anharmonicity. If the ratio EJ /EC is large
it is called transmon. The properties of the transmon are discussed in detail in [5].
It is less sensitive to charge noise than the CPB. That means that it is less probable
that one excites an unwanted energy level for an unfavorable offset charge (because
the energy levels of the first and the second excited state can be very close. Compare
figure 2.4 ratio EJ /EC = 1). On the other hand the transmon’s anharmonicity is
much smaller (compare figure 2.4 ratio EJ /EC = 50.0). For large EJ /EC the effective
phase φ = 2π Φφ̃0 typically is very small. Thus we can approximate the cosine by a
taylor expansion. Leaving out constant the term yields
1
1
H = 4EC n2 + EJ φ2 − EJ φ4 + . . . .
2
24
As in the previous section we quantize the Hamiltonian by introducing the operators


n = c1 b − b† and φ = c2 = b + b† . Treating the anharmonicity of the oscillator,
one can compare the form of the quantized Hamiltonian to a Duffing oscillator. That
is how we determine c1 and c2 . This yields
r

i √ 4 EJ
n=
~
b − b†
2
2EC
r
√ 4 2EC

φ= ~
b + b† .
EJ
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Figure 2.4: Charge dispersion in several regimes. Figure taken from [5]

The resulting Hamiltonian can be described by
Htr =

p


8EC EJ

1
b b+
2
†


− EJ −

4
1
E C b† + b .
12

(2.2)

2.1.3 Jaynes-Cummings Hamilonian
In this section, we consider a system which consists of a transmon which is coupled
to a cavity. It can be described by a sum of the transmon Hamiltonian, the cavity
Hamiltonian and an interaction term (see [6]).
Htot = Htr + Hcav + Hint
As we pointed out earlier, the transmon satisfies the required anharmonicity which is
important for a qubit. Since the transmon’s energy spectrum is only slightly anharmonic – as we can see in figure 2.4 – we must always keep in mind, that the higher
levels play a certain role for some gates [7]. For simplification we approximate the
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transmon qubit as a two level system
Htr =

ω01
σz .
2

σz is the Pauli-Z matrix and ω01 the transition frequency. The absolute energy shift
is neglected and ~ = 1.We find the cavity Hamiltonian to be
Hcav = ωr a† a .
The interaction terms depend on the coupling g of the qubit to the cavity and are
given by

Hint = g (σ+ − σ− ) a − a† .
In total this gives
Htot =


ω01
σz + ωr a† a + g (σ+ − σ− ) a − a† .
2

The term proportional to aσ+ describes the excitation from the ground state to the
excited state by the annihilation of a photon, while the term proportional to σ− a†
describes the reverse process. These oscillations occur at the Rabi frequency Ω =
2g. Going to the interaction picture one can see that the two other terms are fast
oscillating. Since these terms are highly non resonant, we neglect them (rotating wave
approximation) and get the Jaynes-Cummings Hamiltonian
Htot =


ω01
σz + ωr a† a + g σ+ a + σ− a† .
2

(2.3)

The eigenstates and its eigenenergies of this system [8] are found to be
θn
θn
|e, ni + cos |g, n + 1i
(2.4)
2
2
θn
θn
|+, ni = cos |e, ni + sin |g, n + 1i
(2.5)
2
2
1p 2
E±,n = (n + 1) ωr ±
∆ + 4g 2 (n + 1)
2
 √

with θn = arctan 2g ∆n+1 and the detuning between the qubit and the cavity
√
∆ = ω01 − ωr . If the detuning is large (∆  g n + 1) we are in the dispersive regime.
|−, ni = −sin
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Here θn is small and the eigenstates (2.4, 2.5) reduce to
|−, ni = |g, n + 1i
|+, ni = |e, ni .
Dispersive regime of Jaynes-Cummings
To get more insight in the dispersive regime, it is useful to make a Schrieffer-Wolff
transformation. The Jaynes-Cummings Hamiltonian has the form H = H0 + H 0 .
√
Since the detuning is large in the dispersive regime ( ∆  g n + 1), the coupling
term can be understood as a perturbation H 0 . Using the S-W-Formalism (for a detailed
explanation see [7]), H can be transformed by Hef f = e−S HeS where S is chosen such
that Hef f is block diagonal. Applied to 2.3 we get
Hef f

1
=
2
|






2 
g2
g2
ω01 +
σz + ωr + σz a† a +O a† a
.
∆
∆
{z
}

The next order term scales with

(2.6)

Hd

g4
∆3

[7]. In the dispersive regime this factor is small,

thus, the nonlinear terms can be neglected. Although in some papers the authors
consider the nonlinear regime for a qubit readout [9], it is more common to stay in the
dispersive regime [8] (see also section 5.1 for further explanation). As we see from the
above expression, the dispersive Hamiltonian Hd contains a part proportional to a† a.
This term does not only depend on the resonant frequency of the cavity. We observe
2
that the effective frequency is shifted by χ = g∆ depending on the qubit’s state. This
is what we call the dispersive shift (compare figure 2.5).
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[H]
Figure 2.5: Energy levels in the dispersive regime for the two qubit states. The effective
resonance frequency of the cavity is a sum of the bare frequency ωr and
the dispersive shift. Thus the transition frequencies depend on the qubit
state. Figure taken from [8]
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2.2 Measuring a qubit

Figure 2.6: A transmon coupled to a resonator as circuit diagram as well as the physical
realization. Stripline resonator shown in blue. Figures taken from [2],[5].
In [8] the authors consider a CPB which is coupled to a cavity. But the experimental setup can be realized with a transmon as well. The cavity is realized by a
superconducting transmission line resonator (see figure 2.6). The length of the middle
stripe determines the resonant frequency of the cavity. Irradiating the resonator at the
resonant frequency, causes a standing wave inside the resonator. The qubit is placed
at the center of the transmission line. Thus it can couple to the cavity mode. In the
dispersive regime the Hamiltonian of the system can be described by Hd (2.6).
Depending on the parameters of the system there are two measurement strategies.
Both involve a microwave pulse which drives the cavity. Its Hamiltonian is given

by Hµw = ~ (t) a† e−iωµw t + aeiωµw t [8]. To derive an effective Hamiltonian for the
driven system, one has to add Hµw to 2.3 before applying the S-W transformation (see
[7] for a detailed description). For the sake of simplicity we do not want to go into
further details. The measurement strategies consider the driving at one of the effective
cavity frequencies or at the bare cavity frequency, respectively.

2.2.1 Readout by driving at effective frequency
This scenario is appropriate if

g2
κ∆

> 1. Here, the frequency shift of the cavity

g2
∆

is

greater than the line width κ, the peaks in the transmission spectrum are well separated from each other (see firgure 2.8).
In figure 2.7 one can see a transmission line resonator which is irradiated from the
left-hand side. The highlighted spacing between the superconducting stripes acts as a
partially reflecting mirror. The transmitted radiation is measured at the right-hand
side of the cavity.

21

2 Transmon qubit

Figure 2.7: Microwave pulse at the left-hand side of the cavity. Transmitted radiation
leaves at the right-hand side of the cavity. If the microwave pulse matches
the effective frequency of the cavity, the transmission is maximal. The
spacing acts as a partially reflecting mirror. Figure taken from [8], modified

Figure 2.8: Transmission spectrum if qubits are driven at one of the effective cavity
frequencies. Figure taken from [8]
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The readout scheme starts by irradiating the cavity with a microwave pulse. The frequency of the pulse is chosen such that it matches one of the possible effective cavity
frequencies ωµw = ωef f (| ↑i) = ωr −

g2
∆

or ωµw = ωef f (| ↓i) = ωr +

g2
∆.

Driving the resonator with a pulse causes a population of the resonator which is maximal at resonant frequency. As the resonator leaks out, there will be a transmitted
signal leaving the cavity at the right hand side. Therefore, the intensity of the transmitted signal is maximal if the effective resonant frequency is matched (see figure 2.8).
Thus, knowing the drive frequency and the intensity of the transmitted radiation, one
can conclude which state the qubit is in.

2.2.2 Readout by driving at bare cavity frequency
In the situation where

g2
κ∆

 1 it is more appropriate to drive the cavity at the bare

cavity frequency. Here, the state of the qubit causes a phase shift in the transmitted
radiation which can be read out via homodyne detection. Therefore, we introduce this
kind of measurement briefly before continuing the description of the readout scheme.
Homodyne detection

Figure 2.9: set-up of a homodyne measurement, beam splitter (with high transmissivity for OHD)
In this section, homodyne detection is described in a qualitative way. There will be
a mathematical description in section (4.2.6). There are two possible set-ups for the
homodyne measurement, balanced and ordinary homodyne detection (BHD, OHD).
In both set-ups a signal field (d) is combined with the field of a local oscillator (LO)
(e) at a beamsplitter. The two fields have the same frequency whereas the intensity of
the LO is much higher than that of the signal (see figure(2.9)). In BHD one measures
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both outgoing modes (g and f ) and determines the difference of the detected photons,
in OHD only detector 1 which measures g is operated. There is also a difference
concerning the reflectivity of the beamsplitters. In BHD a 50/50 is used, in OHD the
transmissivity of the beamsplitter is very high. Since the signals pass through different
paths, they may pick up different phase shifts. They interfere at the beamsplitter and
the number of photons at the detector depends on the relative phase between the two
paths. Thus, one can correlate the number of detected photons to a relative phase
between the two paths. In the considered experiment BHD is used to measure the
state of a qubit.
Readout by driving at resonsant frequency via homodyne detection

Figure 2.10: Balanced homodyne measurement. Relative phaseshift caused by cavity.
Figure taken from [2]
As in the first scheme the system is operated in the dispersive regime, the qubit is
coupled to a stripline resonator which is irradiated from one side and the transmitted
photons exit on the right-hand side. This part builds in principal one arm (see figure
2.10) of a homodyne setup. The transmitted radiation is combined with a local oscillator at a beamsplitter. Since the linewidth of the transmitted light is much larger than
in the first scenario, it would not be possible to distinguish the two signals properly.
That is why the cavity is driven at the bare frequency ωr and this explains why the
drive photons can enter the resonator for both possible states of the system.
Let us look at a simplified analysis of this scenario first. We consider a qubit in an
initial state |ii. Then the cavity is driven by the microwave pulse and the cavity is
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populated with n photons. Now, we consider the drive to be turned off again after
the population with n photons (Considering the drive to be turned off presents a
simplification which describes a measurement with slightly different physics, but it
allows to explain in a demonstrative way how the radiation picks up the phase which
is crucial for this measurement). Thus we can describe that the photons inside the
cavity accumulate a phase. Thus directly after populating the cavity, the possible
states of the system are given by
|g, ni or |e, ni.
Thus, the time evolution is given by
e

−iHd t

|ii|ni = e

−i

 




g2
g2
†
1
2 ω0 + ∆ σz + ωr + ∆ σz a a t

|ii|ni.

(2.7)

The part of the Hamiltonian which can actually cause the desired phase shift is the
part which is proportional to a† a. Since it contains a σz operator which causes a minus
sign if the qubit is in |ei and no additional factor if the qubit is in |gi, the radiation
picks up a phase shift which depends on the qubit state.
To make the following calculation more intuitive we go to a rotating frame where
the
Hamiltonian
has
a very simple form Hs . Using Hs = U Hd U † + iU̇ U † with U =

 

2

e

i ωr a† a+ 21 ω+ g∆ σz t

we get
Hs =

Considering a coherent field |αi = e−
e−iHs t |ii|αi = e−

|α|2
2

|α|2
2

g2
σz a† a .
∆
P

n

αn
√
|ni
n!

the time evolution yields

n
X αn
|α|2 X α
g2 †
g2
√ e−i ∆ a aσz t |ii|ni = e− 2
√ e±i ∆ nt |ii|ni
n!
n!
n
n

= |ii|αe±iφt i .
|αe±iφt i is again a coherent state. Its phase is positive if the initial qubit state is |ei
and negative for |gi. All the other terms in the Hamiltonian Hd lead to equal phase
shifts for both qubit states in the time evolution. Since it is only important to us to
distinguish the states, these terms can be neglected.
Looking back at equation (2.7) we can relate the accumulated phase to the dispersive
shift. In phase space the time evolution of the coherent state can be pictured as a
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clockwise or counter-clockwise rotation, respectively.
As we already pointed out, a BHD can relate the number of detected photons to
the relative phase shift between the two arms. Thus, in this setup the intensity of the
homodyne output signal gives information about the qubit’s state.
The simplifications that we made in this section were crude and do no allow to
calculate the actual phase shift for this specific scenario with satisfying accuracy.
Since it is important for us to get a more precise description of the phaseshift (which
will be needed in section 5.1), we will use the input-output formulation of cavities which
is described in [10] (chapter 7). The formulation can be derived for resonators used in
transmission - as described in the above scenario - as well as in reflection. Since we
will focus on resonators used in reflection, we will introduce the appropriate formalism
in the next section (to find a detailed discussion for the transmission phaseshift see
[10]).
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2.3 Input output relations for cavities
In this section we want to introduce two relations between an internal and external field
of a cavity. The intention of this section is not a detailed derivation of these expressions
(this can be looked up in [10] chapter 7), but it should give a brief motivation. At
least one should get an idea of how some particular parameters come into play. In [10]
the author describes the interaction of a single mode cavity with an external multi
mode field. The geometry of the cavity is chosen such that a partially transmitting

Figure 2.11: Empty cavity. Internal mode a, external modes AIN (ω), AIN (ω). Coupling possible because of partially transmitting mirror at the right side of
the cavity

mirror couples the internal to the external field (for positive x values). The interaction
Hamiltonian between the cavity and the internal field can be described by a harmonic
oscillator with the creation and annihilation operators a† and a. The external field
operators are given by b(t) = b(x > 0, t)eiΩt and b† (t) = b(x > 0, t)e−iΩt . Since we
are interested in the reaction of the external field to the harmonic oscillator we look
at the interaction Hamiltonian between the fields. After some calculation one gets


R∞
V (t) = i~
dωg (ω) b (ω) a† − ab† (ω) . Where g (ω) is the coupling strength as a
−∞

function of frequency. It is related to the cavity decay rate κ by g 2 =

κ
2π .

Since we

will deal with cavities which contain qubits and therefore consider interactions which
are time dependent, one has to look at the Heisenberg equation of motion for b (ω, t)
in the interaction picture
ḃ (t, −ω) = −iωb (ω) + g (ω) a
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This can be solved as well as the Heisenberg equation of motion for a
i
ȧ (t, −ω) = − [Hhar , a] −
~

Z∞
dωg (ω) b (t, ω) .
−∞

By introducing an input field operator aIN (t) and an output field operator aout (t) we
can describe two modes which belong to the external modes. These two describe the
part of the external field which can enter aIN and leave aOU T the cavity. Thus one
can derive an expression for the frequency dependent phase shift between input and
output.
aOU T (ω) =

κ
2
κ
2

+ i (ω − ωcav )
aIN (ω)
− i (ω − ωcav )

(2.8)

Since κ is real, we divide a complex number Z by its complex conjugate and can
interpret the fraction as phase factor

|Z|eiφ/2
|Z|e−iφ/2

= eiφ . We can further connect the

internal to the external field.
√

a (ω) =

κ
2

κ
aIN (ω)
− i (ω − ωcav )

From the latter expression one can relate the external photon number of a particular
frequency to the immediate number of photons inside the cavity
n (ω) =

κ

κ 2
2

2

+ (ω − ωcav )

nIN (ω)

We will use this expression later to determine the number of photons inside a cavity
while it is driven by a microwave pulse at the bare resonance frequency ω = ωr . At
the same time a qubit will be coupled to the cavity and induce a dispersive shift
ωcav = ωr ± χ. This yields
n (ω) =

κ

κ 2
2

+ χ2

nIN (ω) .

Later, we will determine the instantaneous number of photons inside a cavity radiated
by a pulse of duration Tp centered at the cavity’s resonant frequency
n=
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κ

κ 2
2

+

χ2

nIN ·

1
.
Tp

(2.9)
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2.4 State-of-the-art transmon readout

In the end of this thesis we want to propose an experimental setup for the read out of
a qubit. To get an impression of the state-of-the art components we want to use, we
look at a recent paper which presents a transmon readout with a measurement fidelity
of 98%. In [11] the author describes the read-out of a transmon qubit in the dispersive
regime with a microwave pulse. The experimental setup is shown in 2.12. It consists

Figure 2.12: Readout of transmon qubit coupled to stripline resonator. Figure taken
from [11]

of a transmon which is coupled to a stripline resonator. The cavity can be driven from
one side and the transmitted radiation leaves on the other side of the resonator. The
transmitted signal goes through an isolator and a circulator which protect the cavity
from incoming noise and from the reflections of the signal. Afterwards the radiation is
amplified by a Josephson parametric converter (used as amplifier) followed by a HEMT
before it gets detected. The important parameters for this experiment are given in
table 2.1.
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2 Transmon qubit
symbols

values

cavity decay rate

κ/2π

5.8 M Hz

dispersive shift

χ/2π

5.4 M Hz

resonance frequency of the cavity

ωr /2π

7.55 GHz

pulse duration

T

240ns

average photon number in cavity

n

5

gain of JPC (JPA)

G

12.5 dB

Table 2.1: Paramaters of the setup [11]
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amplification
As presented in the previous sections, there are qubit measurements using microwave
pulses. In order to guarantee QND measurements (see section 5.1), the intensity of
these pulses is limited.
Since there are no photon detectors which work in the microwave regime and the
transmitted radiation has low intensity, the output signal needs to be amplified before
it can be used. As commercial amplifiers – such as HEMTs – add too much noise
(as we will see later, the added noise is of the same order of magnitude as the output
signal), it is worthwhile to have a look at Josephson parametric amplifiers (JPAs).
JPAs are amplifiers which can be used as phase sensitive as well as phase insensitive
amplifiers. As we will see, phase insensitive amplifiers can be used in the same manner
as commercial amplifiers. Adding less noise than a HEMT, a JPA can be used as a
phase insensitive amplifier. It amplifies both quadratures of a signal.
Its possibility to be used as a phase sensitive amplifier which amplifies only one of
the quadratures (and does not add noise), makes it an important device to induce
squeezing.

3.1 Phase insensitive amplification
In a phase insensitive amplifier, a relatively weak input signal with frequency ω1 interacts with a strong pump. The third signal which is involved in this interaction is
the idler with frequency ω2 . The frequencies are related to each other by
ω1 + ω2 = 2ωpump .
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Figure 3.1: (a) phase insensitive amplification. Input noise (red) is amplified (pink).
Amplifier adds noise (blue). (b) Ideal phase sensitive amplification. Amplifier does not add any noise. Figure from [12].

The signal is amplified by the factor

√

G where G is called the ”gain”. The outgoing

modes are described by the following annihilation operators
√ in
√
†
aout
Gasig + i G − 1ain
sig =
id
√ in
√
†
Gaid + i G − 1aout
aout
sig .
id =

(3.1)

The quadratures of the incoming electric field are given by

1  in
†
asig + ain
sig
2

1  in
†
asig − ain
.
=
sig
2i

in
Isig = Isig
=

Qsig = Qin
sig

One can set up the same equations for the incoming field of the idler by replacing the
creation /annihilation operators. The amplification yields the quadrature operators of
the outgoing signal
√
√
GIsig + G − 1Qid = GIsig + F1
√
√
√
Q̃ = GQsig + G − 1Iid = GQsig + F2 .
I˜ =

√

where the introduction of F1,2 is just a simplification. They are referred to as fluctua˜
tion operators.
h
i Since I and Q̃ are observables which satisfy the commutation relation
i
˜ Q̃ = . Looking at [F1 , F2 ] it is easy to see that F1,2 cannot be zero.
[I, Q] = I,
2
This means that there is no phase insensitive amplification without adding noise. It
is common to normalize the output signals such that the effective output quadratures
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are independent of the gain.
F1
I˜ef f = Isig + √
G
F2
Q̃ef f = Qsig + √
G
In the limit of large gains it can be shown [13] that the amplifier adds at least half a
quantum of noise. This theorem is known as the Haus-Caves theorem
AN =

∆F12
∆F22
1
1
+
≥ |1 − | .
G
G
2
G

It is common to talk about the noise temperature TN which is related to the added
noise AN by
TN =

AN ~ω
.
kB

In section 4.3.2 we begin to include phase insensitive amplification in the analysis of
several set-ups of a Mach-Zehnder interferometer. In this specific set-up we will assume
that the idler input is in the vacuum state.

3.2 Phase sensitive amplification
As described above, the phase sensitive amplification multiplies the two quadratures
(†)

by a different factor. The transformation of a mode asig is given by
bs
b†s

√

!
=

√

G

G−1

√

!
!
asig
G−1
√
.
G
a†sig

This gives for the two quadratures of the amplified signal
I˜ =

√

GIsig + 0 ,
√
Q̃ = GQsig + 0 .
In contrast to the phase insensitive amplification, phase sensitive amplification does
not necessarily add noise. One way to realize such an amplifier is described by degenerate parametric amplification which is discussed later. As we will see, this kind of
amplification induces squeezing.
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3.3 Non-degenerate and degenerate parametric
amplification
One example to realize phase insensitive (sensitive) amplification is given in the next
two sections.
In degenerate as well as in non-degenerate amplification we take advantage of a nonlinear medium, a Kerr-medium. In both cases, there is a strong pump which interacts
with the signal and an idler inside the Kerr-medium. In non-degenerate parametric
amplification the frequencies of the idler is different from the signal whereas the frequencies are equal in the degenerate case as we will see later. As the Hamiltonians of
the systems contain parts which are not linear in the number operator they are called
non-linear.

3.3.1 Non-degenerate parametric amplification
We consider the interaction of a signal of frequency ω1 , an idler with ω2 and a pump
with ω =

1
2

(ω1 + ω2 ) inside a Kerr medium. A Hamiltonian describing such a system

is given by [10]


H = ~ω1 a†1 a1 + ~ω2 a†2 a2 + iχ a†1 a†2 e−2iωt − a1 a2 e2iωt .
†

†

Going to the interaction picture with U HU † + iU̇ U † and U = ei(~ω1 a1 a1 +~ω1 a2 a2 )t we
get the interaction Hamiltonian


HI = i~χ a†1 a†2 − a1 a2 .
The Heisenberg equations describe the time evolution of operators a1 and a2
1
da1
=
[a1 , HI ] = χa†2
dt
i~
1
da2
=
[a2 , HI ] = χa†1 .
dt
i~
It is easy to see that they can be solved by
a1 (t) = a1 cosh χt + a†2 sinh χt
a2 (t) = a2 cosh χt + a†1 sinh χt .
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Since cosh2 χt = 1 + sinh2 χt, we can identify this equation immediately with 3.1 with
G = cosh2 χt. Thus the two mode squeezing which appears in this interaction describes
the process of phase insensitive amplification. Figure 3.2 shows the resulting, amplified
signal if the idler mode is initially in the vacuum mode.

Figure 3.2: Input and output signal, idler and added noise. Coherent input signal
(blue), the idler is initially in a vacuum state (red). Figure from [14].

3.3.2 Degenerate parametric amplification
Degenerate parametric amplification is achieved if signal and idler have the same frequency and the idler mode is initially in the vacuum mode. Here the above Hamiltonian
reduces to
H = ~ω1 a† a + i


χ  † 2 −2iωt
a e
− a2 e2iωt .
2

(3.2)

The procedure of deriving the Heisenberg equation is the same as in the non degenerate
case and can be solved by
a (t) = a (0) cosh χt + a† (0) sinh χt .
The form of the operator corresponds exactly to an annihilation operator which has
been transformed by the squeeze operation S † (ξ) aS (ξ) = a cosh r + eiθ a† sinh r with
θ = 0 and r = χt. The variance of one quadrature gets amplified while the other is
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reduced during the amplification process (compare equation 4.2)
∆X12 = ∆X12 (0) e−2χt =

1 −2χt
e
4

(3.3)

1 2χt
e .
4
√
To connect this section to section 3.2, we identify G with cosh χt and we get the
∆X22 = ∆X12 (0) e2χt =

following transformation which describes squeezing of the signal
!
a (t)
=
a† (t)

cosh χt

!
sinh χt

a (0)

!

sinh χt

cosh χt

a† (0)

.

As we have seen in (3.2), the Hamiltonian describing the amplification is non-linear.
A non linearity gives rise to squeezing. We know from equation (2.6) that a system
consisting of a qubit and a cavity may also give rise to non-linear terms. Hence, it
seems likely to construct a parametric amplifier by coupling a non-linear device to a
cavity. In [12] the author describes the design and the performance of a specific JPA.
The author takes advantage of the non-linearity of Josephson junctions. The designed
JPA consists of an array of SQUIDs (superconducting quantum interference device)
which couples to a stripline resonator. Since the SQUIDs are much smaller than the
resonator, they can be placed such that they can be interpreted as a continuous Kerrmedium. We use the following notation to quantify the amount of squeezing
Slin =

2
∆X1,sq
Ln (Slin )
, S [dB] = −10Lg (Slin ) , r = −
2
∆X1,vac
2

where r is the squeeze parameter. In [15] the author claims that squeezing microwave
radiation up to 10% (i.e. S = 10dB, r = 1.15) of the vacuum variance at T = 15 mK
is realistic.
To get an impression of the gains of state-of-the-art JPAs operated as phase insensitive
amplifiers, we look at two recent papers. In [11] the author uses a JPC (device which
can be operated as a JPA) in the non-degenerate operation mode with a gain of
G = 12.5 dB to amplify microwave signals and in [16] the authors use a JPA with
G = 25 dB.
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Figure 3.3: Signal before and after degenerate parametric amplification. As we see, the
orientation of the squeeze ellipse depends on the relative phase between LO
and pump. Figure from [15].
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4 Beyond the shot-noise
In this section, we want to analyze several Mach-Zehnder interferometer setups and
compare the corresponding phase resolutions. A Mach-Zehnder interferometer combines two incoming modes by a 50:50 beam splitter. The resulting two signals pass
through two different arms. One of the arms contains a phase shifter which induces
a relative phase shift between the two signals. Then the signals are recombined by a
second beam splitter. The outgoing modes are detected. The precision by which the
relative phase shift can be estimated is called the phase resolution and depends on the
measurement strategy and on the input states.
The input states we want to consider are coherent states, vacuum states, squeezed
coherent and squeezed vacuum states. To understand why squeezing can help to
improve the phase resolution, we want to focus on the properties of squeezed states in
phase space in a separate subsection.
Afterwards, we will introduce the general setup of the Mach-Zehnder interferometer
and compare the phase resolutions of four different scenarios (this means for several
different combinations of input states). Therefore, we are going to stick to one measurement strategy (one specific experimental setup).
On this basis we will explain which scenario seems to be most reasonable to focus
on for the rest of this thesis. We will present the analysis of a modified setup which
includes amplification.

4.1 Coherent states and Squeezed states
This introduction to squeezing is related to [17] (chapter 2.5). One way to describe
electromagnetic waves is to express the electric field as a function of the amplitude
quadrature X1 and the phase quadrature X2 which have a phase difference of
E (t) = E0 [X1 sin (ωt) − X2 cos (ωt)]

π
2.

(4.1)
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Figure 4.1: time evolution of a coherent state and resulting signal

Where X1 and X2 are defined by the creation operator a† and annihilation operator a

1
aω + a†ω
2

1
X2 =
aω − a†ω
2i
X1 =

(For the sake of simplicity we will drop the index ω from now on but one should keep
in mind that the creation and annihilation operators are related to the frequency ω)
These two operators do not commute [X1 , X2 ] = 2i . So they cannot be measured with
arbitrary accuracy at the same time. Their variances satisfy the uncertainty relation
∆X1 ∆X2 ≥

|h[X1 ,X2 ]i|
2

[6]. States which satisfy the equality are called minimum uncer-

tainty states. Two examples for states with minimal uncertainty are coherent states
and squeezed coherent states.
A coherent state has equal uncertainties in both quadratures (∆X1 = ∆X2 =

1
2 ).

It can be generated by letting the displacement operator D (α) act on the vacuum
D (α) |0i = |αi .
†

With D = eαa

−α∗ a

and α = |α|eiφ . In phase space, the product of the uncertainties is

a circle (see fig. 4.1). The time evolution of a coherent state causes a rotation around
the origin. The corresponding signal as a function of time shows equal uncertainties in
phase and amplitude. A squeezed coherent state is a minimal uncertainty state with
unequal variances in the two quadratures. It can be generated by first squeezing the
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vacuum and than operating the displacement operator on the squeezed vacuum [18]
D (α) S (ξ) |0i = |α, ξi
1

with S (ξ) = e 2 ξ

∗ 2

a − 12 ξa†

2

and ξ = reiθ . The parameter r = |ξ| is called the squeeze

parameter and determines the amount of squeezing. In phase space, a vacuum state can
be represented by its fluctuations. These fluctuations are represented by an error circle
around the origin. This corresponds to a coherent state with |α| = 0. By squeezing
the vacuum, one squeezes the circle corresponding to the product of the uncertainties
into an ellipse. The area stays unchanged. The axes of the ellipse are rotated at
compared to X1 and X2 . Two common squeezing angles are θ = 0 and θ =
squeeze angle is

π
2,

π
2.

θ
2

If the

the squeezing occurs in the X1 quadrature (compare figure 4.2) and

we call the state amplitude squeezed. On the other hand θ = 0 yields a phase squeezed
state (compare figure 4.2) where squeezing occurs in the X2 quadrature. As we did
before for the coherent state, we can picture the time evolution as a rotation around
the origin in phase space. Let us imagine that we start with two vacuum states at
time t = 0. We apply the squeeze operator with θ = 0 and θ = π for a phase squeezing
and an amplitude squeezing, respectively. After displacing these states, we apply a
time evolution. The two error ellipses will start rotating around the origin and we find
that the form of the resulting signals looks different now. As one can see, there are
less fluctuations in the phase (figure 4.3) or in the amplitude (figure 4.2), respectively.
This can be used to improve the precision of measurements. In [9] the authors claim
that squeezing improves the distingishability of two squeezed states. It can be shown
that the variances of the two quadratures of a squeezed state are given by
1 −2r
e
4
1
∆X22 = e2r .
4

∆X12 =

(4.2)
(4.3)

As we will see in section 4.2, squeezed light can improve the phase readout of an
interferometer.
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Figure 4.2: error ellipse of an amplitude squeezed state in phase space and corresponding eletric field

Figure 4.3: error ellipse of an phase squeezed state in phase space and corresponding
eletric field
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4.2 Mach-Zehnder set-up

Figure 4.4: Mach-Zehnder interferometer, 50 : 50 beam splitters are labeled with BS,
mirrors are labeled with M, ϕ indicates a phase shifter

The Mach-Zehnder interferometer (figure 4.4) interferes two beams. The two beams
enter from both sides of the 50:50 beam splitter. The incoming modes can be described
by a1 and a2 . After passing the first beam splitter, the outgoing modes can be described
by aIa and aII

1
aIa = √ (ia1 + a2 )
2

(4.4)

1
aII = √ (a1 + ia2 ) .
2

(4.5)

One of the two paths contains a phase shifter. The beams are recombined at a second
beam splitter. The outgoing modes are described by a3 and a4 . The number of
outgoing photons is counted and information about the phaseshift is extracted by
calculating the difference between the number of photons leaving through the two
output ports (a3 † a3 and a4 † a4 ). The modes can be described by

1
1
a3 = √ (aIb + iaII ) = √ aIa e−iϕ + iaII
2
2

(4.6)


1
1
a4 = √ (iaIb + aII ) = √ iaIa e−iϕ + aII .
2
2

(4.7)
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Sometimes calculations become much simpler if one assumes that the modes in both
arms are shifted by half of the amount of the actual phase shift

−iϕ
iϕ
1
1 
ae3 = √ (aIb + iaII ) = √ aIa e 2 + iaII e 2
2
2

(4.8)


−iϕ
iϕ
1
1 
ae4 = √ (iaIb + aII ) = √ iaIa e 2 + aII e 2 .
2
2

(4.9)

This yields the expression for the difference of photo currents of the outgoing ports




nout = a3 † a3 − a†4 a4 = a†1 a1 − a†2 a2 cosϕ − a†1 a2 + a1 a†2 sinϕ .

(4.10)

The fluctuation of the photon number ∆nout describes the deviation of the average
number of outgoing photons hnout i
∆nout =

q

hn2out i − hnout i2 .

(4.11)

One can calculate the accuracy of the phase measurement
∆nout
∆Φ =
=
|δhni/δϕ|

p

hn2out i − hnout i2
.
|δhni/δϕ|

(4.12)

In the next sections we want to compare the phase resolutions of different scenarios.
In the basic setup – which is referred to as the shot noise limit – the incoming modes
are a coherent state and a vacuum state. As we will see, the phase resolution scales
like ∆Φ =

√1 .
n

In the following sections, we try to find scenarios which beat the shot

noise limit. Equation (4.12) shows that the denominator is always proportional to the
absolute number of photons in the interferometer nT . As we will mention later, we
take great interest in a regime where n  sinh2 r. This allows the estimate nT ≈ n.
Thus the problem we deal with is to find a scenario in which the variance of the photon
number scales like ∆n ∝ nx with x < 21 .
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4.2.1 Scenario 0: coherent state and vacuum state
To calculate the phase resolution, one has to determine the expectation values hnout i
and hn2out i first. We find
hnout i = |α|2 cos ϕ

hn2out i = |α|2 + |α|4 cos2 ϕ + |α|2 sin2 ϕ.
Using the relations of section 4.2 and the angle of the optimal phase resolution ϕopt =

π
2,

we get
∆Φ =

1
1
=√ .
|α|
n

(4.13)

This resolution is referred to as shot noise limit. Here n is the number of photons
corresponding to the coherent state |αi.

4.2.2 Scenario 1: coherent state and squeezed vacuum
In this section, we consider one input in a coherent state |ψ1 i = |αi1 = e−

|α|2
2

n

Σn αn! |ni

and the other one in a squeezed vacuum state |ψ2 i = S(ξ)|0i2 = |0, ξi2 . In order to
estimate the accuracy of the phase measurement, we calculate ∆nout first. Using
S † (ξ) aS (ξ) = a cosh (r) − a† eiθ sinh (r)

(4.14)

S † (ξ) a† S (ξ) = a† cosh (r) − ae−iθ sinh (r)

(4.15)

we get
hnout i = hα, 0ξ|nout |0ξ, αi


2
= |α| − sinh2 (r) cosϕ.
We assume that α is real and that the squeezing angle θ is zero. For the calculation
of hn2out i we do not have to consider the cross terms, which contain an odd number
of creation or annihilation operators acting on mode |0ξi because these terms do not
give any contribution (for example h0ξ|a|0ξi = h0|a cosh (r) − a† sinh (r) |0i = 0).

hn2out i = |α|4 + |α|2 − 2|α|2 sinh2 (r) + 3sinh4 (r) + 2sinh2 (r) cos2 ϕ

+ |α|2 e−2r + sinh2 (r) sin2 (ϕ)
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The resulting standard deviation for the number of outgoing photons is given by the
following expression
q
hn2out i − hnout i2
p
= [|α|2 + 2sinh4 (r) + 2sinh2 (r)] cos2 (ϕ) + [|α|2 e−2r + sinh2 r] sin2 ϕ

∆nout =

The phase resolution follows with equation (4.12)
s
∆Φ =

[|α|2 + 2sinh4 (r) + 2sinh2 (r)] cos2 (ϕ) + [|α|2 e−2r + sinh2 r] sin2 ϕ
2

(|α|2 − sinh2 r) sin2 ϕ

We get the optimal phase resolution (minimal noise) for ϕ =
s
∆Φopt =

ne−2r + sinh2 r
2

(n − sinh2 r)

.

. (4.16)

π
2

(4.17)

Later we will propose an experiment which is closely related to a Mach-Zehnder setup.
Therefore it is interesting to check whether it is possible to beat the shot noise limit
under experimental conditions. We will now have a look at the phase resolution for the
experimental parameters. In [19], the authors use a Josephson parametric amplifier
(JPA) to squeeze microwave radiation. They claim that they can reach squeezing of
10% of the vacuum variance. This means that the variance of the squeezed quadrature
is only 10% of the variance of the vacuum Slin =
into the squeeze parameter by r =

∆X1 2sq
∆X1 2vac

− ln(S2lin ) .

= 10%. This can be converted

This gives r (10%) = 1.15. In the

experiment that wee propose later, it will be important to keep the number of photons
inside the interferometer smaller than some critical number n̄ (equation 5.1). In order
to satisfy this constraint and using relation (2.9), we look at a regime where n will be
n ≈ 164. The reasons for this limit in the photon number will be explained in section
(5.1). For these parameters we can evaluate equation (4.17) using ne−2s  sinh2 r
and n  sinh2 r

e−r
∆Φopt = √ .
n

(4.18)

If one expresses r as a function of n it can be shown that the phase resolution is
minimized for e2s = 2n1/2 [18]. Thus it is possible to beat the shot noise and to get
∆Φ =
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1
.
n0.75

(4.19)

4.2 Mach-Zehnder set-up
But therefore the squeeze parameter is required to be r = 1.62 which has not been
realized with JPAs so far. Nevertheless, the achieved resolution is still better than
shot noise limit for the realistic squeeze parameter of r = 1.15 and n = 164 (compare
figure 4.5).

4.2.3 Scenario 2: squeezed state and squeezed vacuum
In this scenario we assume that the two input states |α, ξi1 and |0, ξi2 are equally
squeezed. Thus for the squeeze parameters holds r1 = r2 = r. The calculation of the
expectation value hnout i is straightforward and yields
hnout i = |α|2 cos ϕ.
Since the denominator of the phase resolution contains the derivative
now determine the angle of the optimal phase resolution ϕopt =
advantage of this when we calculate

hn2out i

π
2.

∂hnout i
∂ϕ ,

we can

We can take

and leave out all the terms which contain a

cosine. For the remaining terms we use equation (4.14) and the way the displacement
operator acts on the creation and annihilation operators
D† (α) aD (α) = a + α

(4.20)

D† (α) a† D (α) = a† + α? .

(4.21)

We further assume that α is real and that the squeezing angles are θ1 = 0 and θ2 = π,
which means that both inputs are squeezed in the same direction. Thus we get
n2 i

= 2α2 sinh r + α2 − 2α2 sinh r cosh r
p
= −2α2 cosh (r) sinh (r) + 2sinh2 (r) + α2

ϕopt

∆nout
∆Φ =

e−r
e−r
= √ .
α
n

This expression is equal to the estimate (4.18). And we get the scaling ∆Φ =

1
n0.75 .

4.2.4 Scenario 3: two bright squeezed states
In this scenario we assume again, that the two input modes are equally squeezed
r1 = r2 = r. The squeezing appears in the amplitude quadrature. To make the
calculation as easy as possible, we choose θ1 =

π
2

and θ2 = − π2 . The average number
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of photons in the two input modes is equal α1 = α2 = β. Since we want to compare
the phase resolutions of the four scenarios, we have to make sure that the total number
of photons is equal in each set-up. This scenario is the only one where two input ports
are irradiated. Thus the number of photons in each of the input states should be
half of the photon number than in the other scenarios (|β|2 =

1
2
2 |α| )

otherwise it is

difficult to compare the scenarios. There is no phase shift between the two arms of the
interferometer but a phase shift of
shifted by γ1 =

π
4

and γ2 =

− π4 ,

π
2

between the input modes. Modes a1 and a2 are

respectively. This yields the expectation value of the

annihilation operator hβ, ξ|a|βξi = |β|eiθ . Using this and equations (4.12) and (4.20)
we get
hβξ, βξ|n|βξ, βξi = −2|β|2 sin ϕ.
We discover that the optimal phase is ϕopt = 0. To determine hn2 i we use [18]
hβ, ξ|a† aa† a|β, ξi





θ
θ
+ e−2r cos2 γ −
= |β|2 e2r sin2 γ −
2
2

2
2
4
4
+ 2sinh r sinh r + 1 + |β| + sinh r + 2|β|2 sinh2 r.
During the calculation of hn2 i we can neglect all terms which contain a
sin (ϕ) because those terms don’t give a contribution to the optimal phase resolution.
n2 i

ϕopt



= 2 |β|2 e−s + 2sinh2 r sinh2 r + 1 + |β|4 + sinh4 r + 2|β|2 sinh2 r

−2 sinh4 r + 2|β|2 sinh2 r + |β|4

This yields the phase resolution
s
∆Φ =

nb e−2r + 2sinh2 (r) (sinh2 (r) + 1)
.
2n2b

With nb = |β|2 = 12 |α|2 = 12 n. According to [18], the best phase resolution which can
be achieved in this scenario scales like
∆Φ ∼
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4.2 Mach-Zehnder set-up
Since the resolutions of the two previous scenarios beat the shot noise limit more
clearly, we do not want to go into further details of scenario 3.

4.2.5 Comparing the four scenarios
We have seen in the analysis that the phase resolution depends on the number of
photons as well as on the squeezing parameter r. Obviously, there is no clear answer
to the question of the perfect scenario. We have seen that squeezing can improve
the phase resolution but it can also yield to resolutions which are worse than the
shot noise limit. Figures 4.5 and 4.6 show the optimal phase resolution as a function
of the squeeze parameter for |α|2 = 164 photons and as a function of the average
photon number (n = |α|2 = number of photons of one coherent input state) for a fix
squeeze parameter (r = 1.15), respectively.

For the experimental parameters that
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coherent & vacuum
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coherent & squeezed vacuum
bright squeezed & bright squeezed
bright squeezed & squeezed vacuum
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1.0
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Figure 4.5: Phase resolution as a function of squeeze parameter for n = 164
we considered so far scenarios 1 and 2 give approximately the same result as one will
see if one compares the two graphs in figures 4.5 and 4.6. They slightly differ from
each other because the graphs show the exact resolutions while we made an estimate
in the above calculation. The purple graph shows the resolution for a coherent and
a vacuum input. Since there does not occur any squeezing in the setup, the graph
is constant. This constant is the so called shot-noise limit. This is the reference one
should always compare other scenarios to. One should analyze whether a scenario
beats the shot noise limit for the given experimental parameters. We learned that
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Figure 4.6: Phase resolution as a function of photon number for r = 1.15

squeezing does not always improve the phase resolution. As we know from the above
analysis, it is worthwhile to stick to scenario 1 or 2 if one wants to include a MachZehnder interferometer into an experimental setup with the considered parameters.
If one thinks about the effort that it makes to induce squeezing one will most likely
decide in favor of scenario 1.
Talking about the experimental setup leads to some modification which need to be
introduced. As already mentioned, we will focus on a scenario with around n = 164
photons. At present, there are no detectors for microwave photons and the signal is
too weak to be read out immediately. That is why we will have to include at least one
amplifier in the set-up. It is not necessary to read out both arms of an interferometer
to get information about the phase shift. For the sake of simplicity we want to amplify
only one of the outgoing modes and analyze the phase resolution. The basic set-up is
shown in figure 4.8.

At present, transmon qubits are often read out using homodyne detection. For the
sake of completeness, we want to analyze the phase resolution that can be achieved.
Besides this approach, we found the proposal of inducing squeezing inside the interferometer [20]. As we will see, these two additional scenarios yield worse phase resolutions
than the setups we considered so far.
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4.2.6 Homodyne measurement

Figure 4.7: set-up of a homodyne measurement, beam splitter with high transmissivity

The description of the homodyne measurement is on the basis of [17] (chapter 4.4.2).
Instead of using a Mach-Zehnder interferometer one can also measure a signal using
homodyne detection. In homodyne detection, an input signal is combined with a
strong local oscillator at a beam splitter. The two signals have the same frequency. In
figure 4.7 the corresponding modes are described by d (signal) and e (local oscillator).
The outgoing modes can be described by
√

√
Td + i 1 − Te
√
√
f = i 1 − Td + Te
g=

Where the transmissivity T is very high compared to the reflectivity R. The reflection
induces a phase shift which gives rise to the factor i. It holds T  R with T + R = 1.
The low reflectivity guarantees that most of the input signal reaches detector 1. The
number of detected photons is determined by
p
hng i = hg † gi = T hd† di + (1 − T ) |β|2 − 2 T (1 − T )|β|hX (φl + ϕ)i

(4.22)


de−iφ + d† eiφ and φl the phase of the local oscillator while ϕ
represents the phase shift of the input signal. The local oscillator field is much stronger
where X (φ) =

1
2

than the input signal. Thus, even though the reflectivity is close to zero the following

51

4 Beyond the shot-noise
equation is satisfied
(1 − T ) |β|2  T hd† di.
That means that the number of photons which originally came from the local oscillator
(nLO = |β|2 ) is much higher than the number of photons which came from the input
signal (nsig = hd† di = |α|2 ). Neglecting the first term in (4.22), we determine the
variance of the detected photon number


2
∆n2g = (1 − T ) |β|2 (1 − T ) + 4T [∆X (φl + ϕ)] .

(4.23)

Here ∆X 2 is the variance of one quadrature of the signal input. For a squeezed
state it holds ∆X 2 = 41 e−2r . To estimate the phase resolution, we have to determine
the behavior of ∂/∂ϕhng i. As we see from (4.22), the derivative is proportional to
√
T · R|β||α|. Thus we get

∆n2g
R nLO R + T e−2r
R + T e−2r
∆Φ =
∝
=
.
∂/∂ϕhng i2
c R T nLO nsig
c T nsig
2

(4.24)

For T ≈ 1 and R ≈ 0 this resolution is proportional to the resolution of scenario 0
if the input signal is not squeezed. If the radiation is squeezed, in the limit of large
transmission and zero reflection, the phase resolution is similar to those of scenario
1 or 2. But since these limits are not physical, it seems reasonable to focus on the
interferometer setup.
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4.2.7 Squeezing inside the set-up
In [20] the authors analyze a setup which is similar to the Mach-Zehnder set-up we
discussed at first. The crucial difference is that the squeezing is introduced inside the
interferometer. As input states the authors consider a coherent state (with n = |α|2
photons) and a vacuum state. This seems similar to the set-up of scenario 0. The
squeezing is introduced right before the radiation in the upper arm passes through the
phase shifter. According to [20] the phase variance which is obtained in this scenario
is given by
∆Φ2 =

|α|2 (2G − 1) + G − 1
√
2 .
√
|α|4
G+ G−1

(4.25)

Where |α|2 is the photon number of the input state and G is
theamount of squeezing. It
√
is connected to the squeeze parameter r by r = Arccosh
G . The phase resolution
decreases for large squeezing. The first term of this expression is dominant. It is
√
obvious that the numerator depends on n. Thus, even if there was a regime where
∆Φ in this scenario was smaller than in scenario 0, it would still have the same order in
n. For an infinite amount of squeezing G → ∞ the first term of the variance converges
to

1
2n .

lim ∆Φ2 =

G→∞

1
+ ...
2n

(4.26)

Since an infinite amount of squeezing is not realistic anyhow, we can look at the
resolution in the regime we can actually be in. Lets consider a state with a realistic
amount of squeezing. As mentioned in chapter 3, it is possible to induce squeezing of
up to r = 1.15 → G = 3.02 using a JPA. This yields a resolution which is worse than
the shot noise limit and thus this scenario is not considered any further.
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4.3 One arm
4.3.1 One arm - no amplification

Figure 4.8: Mach-Zehnder interferometer, signal in one arm is amplified before it is
detected, 50 : 50 beam splitters are labeled with BS, mirrors are labeled
with M, ϕ indicated a phase shifter

In this section, we want to determine the phase resolution of an interferometer with
a different set-up than in the previous section. As in scenario 1, we consider one input in a coherent state |ψ1 i = |αi1 and the other one in a squeezed vacuum state
|ψ2 i = S(ξ)|0i2 = |0, ξi2 . The squeezing angle is chosen to be θ = 0. As one can
see in figure 4.8, the two incoming modes a1 and a2 are combined at a 50 : 50 beamsplitter. The outgoing modes can be described by aIa and aII (equations 4.4, 4.5).
The upper arms contains a phase shifter which yields aIb . Afterwards, the second
beam splitter recombines the modes. In contrast to the previous scenarios, only the
radiation corresponding to a4 (equation 4.7) is detected. The phase resolution will be
derived analogously to scenarios 0 − 3. At first, we determine the number operator n4 .
Afterwards we calculate the expectation values hn4 i and hn4 2 i. Then we calculate its
variance before deriving the phase resolution. From equation (4.7), we know that n4
can be described by
n4 =
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2




a2 † a2 − a1 † a1 cos ϕ + sin ϕ a1 † a2 + a2 † a1 + a2 † a2 + a1 † a1 .

4.3 One arm
For the expectation value and its derivative we find

1 2
α (1 − cos ϕ) + sinh2 r (1 + cos ϕ)
2

∂hn4 i
|
| = | α2 sin2 ϕ − sinh2 rsin ϕ |.
∂ϕ
hn4 i =

(4.27)

To calculate hn4 2 i, one can neglect all terms containing an odd number of operators
acting on the squeezed vacuum because they do not give a contribution. Thus we get
for the variance in the photon number
∆n4 2 =


1 2
2
α (2 − 2cosϕ) + (1 + cosϕ) 2sinh4 r + 2sinh2 r
4

(4.28)


+ sin2 ϕsinh2 r + 2α2 sinh2 rsin2 ϕ − 2α2 cosh rsinh rsin2 ϕ .
To determine the phase resolution,
one has to put together the above expressions in
r
2
∆n
4

 . Since the result is a longish expression, we do
the following way ∆Φ =
∂hn4 i 2
∂ϕ

not give the explicit expression. Numerically, we find the optimal phase resolution for
r = 0.9 and ϕ =

π
3

(compare figure 4.9). Plugging in these parameters, we find

Figure 4.9: Numeric evaluation of phase resolution as function of squeeze parameter r
and phase ϕ in units of π3 , for n = 164
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∆n4 =

p

(2.633 + 0.093α2 ).

As we already pointed out, it is not necessary to analyze the n−dependence of the full
expression for the phase resolution but it is sufficient to check whether the fluctuations
1

in the photon number are smaller than n 2 . Thus we find that this scenario clearly
beats the shot noise limit in the regime of n = 164 (see figure 4.10) which shows
the optimal phase resolution as a function of the photon number with and without
squeezing. It is obvious that squeezing improves the phase resolution in the considered
regime.
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Figure 4.10: Phase resolution for readout of one arm with (r = 0.9) and without (r = 0)
squeezing for ϕ = π3

4.3.2 One arm - with amplification
As already mentioned, the experiments we focus on deal with radiation of very low
intensity. Thus, it can be necessary to include amplifiers in the experimental setup.
In this section, we analyze a scenario quite similar to 4.3.1. The difference is that
the outgoing radiation described by mode a4 is amplified before it gets detected. We
consider a phase insensitive amplification (chapter 3). This kind of amplification can
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be described by [12]
aout
sig =

√

Gain
sig +

√

in†
G − 1aidler
.

(4.29)

The modes which enter the amplifier in our setup are a4 as well as the idler mode
ain
idler = aid . Following equation (4.29) the outgoing mode b4 can be described by
√

√
Ga4 + G − 1a†id
p
p
nb = Gn4 + G (G − 1)a†4 a†id + G (G − 1)a4 aid + (G − 1) aid a†id .
b4 =

We assume that the idler mode is in the vacuum state. In the calculation, of hnout i
we can neglect all the cross terms as these would always include one creation or annihilation operator acting on the idler mode. For the calculation of hn2out i one gets one
contribution due to the idler mode which is caused by haid a†id i. Thus one can evaluate
the following expression for the variance of the number of outgoing photons nb
2

∆n2b = G2 ∆n24 + G(G − 1) hn4 i + G(G − 1).

(4.30)

∆nb
With the relation ∆Φb = | ∂/∂ϕhn
|, expressions (4.28), (4.27) and
bi

|


∂hnb i
| = |G α2 sin2 ϕ − sinh2 rsin ϕ |
∂ϕ

we calculate the phase resolution which is plotted as a function of the photon number
in figure 4.12. If we look at this expression carefully, we realize that if G > 1 (the
output mode a4 is amplified) ∆n2b contains a summand which is proportional to the
number of photons inside the interferometer. For the scaling of the phase resolution
this means that the shot-noise limit cannot be beaten. As we already pointed out, a
scenario has a better phase sensitivity than the shot-noise limit if the variance of the
number of outgoing photons satisfies ∆n ∝ nx with x <

1
2.

This scenario obviously

does not satisfy this requirement as we include an amplifier (G > 1). Nevertheless we
want to check whether squeezing improves the phase resolution. As in the previous
section we optimized ∆Φ numerically for n = 164. We found ropt = 0.6 and ϕopt = 0.7
(figure 4.11). Figure 4.12 shows the resulting phase resolution in the limit of large
amplification for optimal squeezing and without squeezing.
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Figure 4.11: Numeric evaluation of phase resolution as function of squeeze parameter
r and Phase ϕ in units of π3 , for n = 164
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Figure 4.12: Phase resolution for read out of one arm, limit for large G, with and
without squeezing
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One can wonder how the phase resolution changes if one does not only amplify
the signal of one arm (corresponding to a4 ) but also the other (corresponding to a3 )
and then taking the difference. Assuming that the signals are amplified by the same
amount, the modes can be described as follows (compare equation 4.29)
√
b4 =
b3 =

√

Ga4 +
Ga3 +

√
√

G − 1a†id
G − 1ã†id .

This yields
nb4 = Gn4 +

p

G (G − 1)a†4 a†id +

p

G (G − 1)a4 aid + (G − 1) aid a†id

nb3 = Gn3 +

p

G (G − 1)a†3 ã†id +

p

G (G − 1)a3 ãid + (G − 1) ãid ã†id .

The signal that we measure by subtracting the two outputs is nb34 = nb3 − nb4 . This
yields the variance in the photon number


∆n2b34 =G2 ∆n2b3 + ∆n2b4 + 2G2 (hn3 ihn4 i − hn3 n4 i)
p
+G G (G − 1) (2 + hn3 i + hn4 i)

It turns out that the second term 2G2 (hn3 ihn4 i − hn3 n4 i) depends on n2 . With
this result and the results from the previous section we see that the fluctuation in
the photon number ∆nb34 does obviously scale worse than n1/2 and thus this scenario
cannot beat the shot noise limit either.
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4.4 Summary of the scenarios
In this chapter, we analyzed several interferometer setups. We began with the most
basic scheme. One incoming coherent state of light and a vacuum state on the other
input. As we have seen the corresponding phase resolution is shot noise limited.
Wondering how we could beat this limit we introduced squeezed states. For a specific
range of squeezing we have shown that squeezing improves the resolution. Comparing
these scenarios to one where the squeezing is induced inside the interferometer instead
of squeezing the input states we realized that squeezing inside the interferometer barely
has an effect. We also showed that homodyne detection cannot beat the interferometer
scenarios.
Since for our purpose, the photon number is limited to a small number, we wondered how we could most efficiently include amplification in the set-up. We have seen
that non-degenerate JPA amplifiers which add only little noise compared to ordinary
amplifiers add so much noise to the system that the phase resolution does not stay
below the shot noise limit, no matter if we consider the amplification of one or both
output ports. But nevertheless squeezing can improve the phase resolution.
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5.1 Fast, single shot QND measurement of a transmon
In this section, we will derive a set-up for a fast single shot transmon QND measurement based on the results of the previous chapters of this thesis. This short sentence
already contains a lot of qualifiers and needs to be looked at carefully as it gives rise
to many constraints.
First, we have to find out what fast means. A measurement of a qubit is called
”fast” if the measurement time is much shorter than the qubit’s coherence time.
Tp  T1 , T2
The coherence time of a transmon lies typically in the order of µs [11], [5].
QND means quantum non demolition and characterizes a process which projects the
state of the measured system into one of its eigenstates. As a consequence repeating
this measurement yields the same result as long as it is performed immediately (which
means on a time scale which is small compared to the coherence time of the system).
If the qubit is initially in state |Ψi = a|0i + b|1i the required measurement projects
it into state |0i or |1i. Repeating the measurement has to yield the same result and
thus the measurement must not induce entanglement between the qubit’s state and
the radiation. As we have seen in chapter 2.2, a common measurement strategy is to
couple the qubit to a cavity and drive it with a microwave pulse with center frequency
ωc . Depending on the system’s parameter it can be either appropriate to drive the
cavity at its bare frequency or at the effective frequency.
χ/κ  1 → ωc = ωr
χ/κ > 1 → ωc = ωr ± χ
To satisfy the QND constraint, the system has to be operated in the dispersive
regime where the nonlinear terms (see equation 2.6) which may cause entanglement
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are negligible. The restriction to the dispersive regime limits the number of photons
inside the cavity by
n̄ ≤ ∆2 /4g 2 .

(5.1)

Looking at experimental set-ups which have already been realized such as [8] or [11]
we find that cavities can be realized by 1D transmission lines. Looking at the numbers
the authors give for the dispersive shift and the cavity decay rate (see table 5.2), it
seems reasonable to focus on readout schemes which consider the drive to be centered
at the resonant frequency ωr .
Another expression which we used in the first sentence of this section is ”single
shot” which also implies a pulsed read-out. The duration of the pulse is considered to
be much longer than the duration that photons stay in the cavity because the signal
which leaves the cavity should have a pulsed form as well
Tp 

1
.
κ

Since we decided for a readout scheme where the qubit’s state is encoded in the phase
of the radiation, we have to detect the phase shift. As we have seen in the previous
sections, the phase resolution of a interferometer beats the phase resolution of a homodyne detection, we propose to place the system consisting of qubit and cavity inside
an interferometer and let it act as a phase shifter. So far, we have always considered a
Mach-Zehnder interferometer. A Michelson-Morley interferometer can be set-up such
that we find an equivalent formulation for the modes in each path. Looking at figure
5.1 we find the operators bi which are equivalent to operators ai in the Mach-Zehnder
set-up (with aII = aII1,2 before and after the reflection, respectively). One has to be
aware of the fact that there are now two operators in each arm, one for each direction in which the radiation is propagating. The cavity is used in reflection and the
phase the radiation picks up, can be determined using the input-output relation we
introduced in chapter 2.3.
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Figure 5.1: Michelson-Morley interferometer

Since the phase shift depends on the qubit’s state, the number of photons leaving
the set-up gives information about the state. To find the optimal input states, we
compared several interferometer set-ups. As in [18], we considered coherent states,
vacuum states, squeezed coherent and squeezed vacuum states and looked for stateof-the-art squeezing devices. We found that squeezing in the microwave regime can
be induced by JPA’s with a maximal amount of r ≈ 1.15. We found that the best
resolutions are achieved in scenario 1 and 2 (compare chapter 4). The first scenario is
easier to realize because we only have to squeeze one input state. Thus we decided to
focus on scenario 1.
Under realistic conditions (see table 5.2 [9]) the number of photons inside the cavity
is limited to ≈ 11 which yields a total number of photons inside the set-up of |α|2 ≈ 164.
Because the signal to noise ratio of microwave pulses is better at high intensities,
it is reasonable to generate a pulse with a high intensity which is attenuated before
entering the input port (note that the attenuation produces heat which should not
disturb the rest of the set-up, thus it is advisable to keep the attenuation separated
from the rest).
The second input is considered to be squeezed vacuum. Therefore the input is
connected to a JPA which is operated in the degenerate mode. Since the output signal
of the interferometer is very weak, it has to be amplified before it can be read out.
The small number of photons makes it worthwhile to use a JPA amplifier because
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the conventional amplifiers add too much noise (a HEMT adds around 26 quanta of
noise [15]). The JPA should be operated at zero temperature where it adds minimum
amount of noise. It has been mentioned that JPAs can achieve gains of 25 dB. After
this step of amplification the number of photons is large enough to be further amplified
by a HEMT, if necessary. The constraints mentioned in this section are summarized
in table 5.1 and the measurement set-up shown in figure 5.1.

pulse duration

constraint

reason

Tp  T1 , T2

neglect effects of decoherence

Tp  1/κ

pulse duration
dispersive regime

2

n ≤ ∆ /4g

pulsed output signal
2

avoid entanglement between outgoing radiation
and qubit

Pulse
quency

center

fre-

if χ/κ > 1 , ωp = ωr ± χ

-

if χ/κ  1, ωp = ωr
Table 5.1: constraints which should be satisfied
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Figure 5.2: Michelson-Morley set-up, cavity replaces phase shifter
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5.1.1 Signal to noise ratio in proposed experiment
To judge the proposed set-up, we want to have a look at the signal-to-noise ratio
(SNR) and the related measurement fidelity for the cavity-transmon systems which
are described in [11], [9] and [8]. We focused mostly on [9] because this paper provided
all detailed information to determine the critical number of photons inside the cavity
ncrit =

∆2
4 g2

(follows from constraint to dispersive regime, see also [8]). This gives the

maximal number of photons which can populate the cavity without leaving the dispersive regime, which is crucial since we want to avoid entanglement between radiation
and the qubit. With the parameters given in table 5.2, we determine the critical number of photons (ncrit = 11). With the input-output relation (2.9) we can determine
the maximum number of photons in the upper arm of the interferometer nout ≈ 82.
As we mentioned before, we consider 50:50 beam splitters in the set-up. Thus, we
assume an input state which contains approximately |α|2 ≈ 164 photons. Since [9]
does not give information about realistic values for cavity decay rates, we took κ from
[11]. With these values we can determine the phase shift the cavity induces for both
qubit states. From equation (2.8) we can derive the relative phase ∆φ0,1 between the
two possible shifts φ0/1
φ0,1 = ± 2 arctan
∆φ0,1 = 4 arctan

2χ
κ

2χ
= 1.27 π .
κ

(5.2)

As two coherent states are most distinguishable when they are separated by a phase
of π in phase space, this result makes us confident that the two states are well distinguishable (note that we do not only look at coherent states but also at squeezed
states, where the orientation of the squeezing ellipse plays an important role for the
distinguishability).
The signal to noise ratio represents a good parameter to estimate the quality of a
measurement. It relates the outgoing signal hnout i to the noise of the system ∆nout
SN R =

hnout i
.
∆nout

For the proposed measurement scheme the SNR for the parameters mentioned above
is shown in figure 5.3. With the relative phase that we determined in (5.2), we can see
that the signal to noise ratio is close to its maximum with SN R (∆φ1,2 ) = 8.5.
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cavity decay
rate
coupling
detuning
dispersive
shift
resonance
frequency
pulse duration
average photon number
gain of JPC

symbols
κ/2π

[11]
5.8 M Hz

[9]
-

g/2π
∆/2π
χ/2π

5.4 M Hz

30 M Hz
50 M Hz−1 GHz, (200 M Hz)
0.9 − 18 M Hz, (4.5 M Hz)

[8]
6.25 M Hz
2π
−
−
2.5 M Hz

ωr /2π

7.55 GHz

7 GHz

10 GHz

T

240ns

different read out scheme

n

5

11

≈ 15/κ
2.4 µs
100

G

12.5 dB

-

-

·

=

Table 5.2: Parmaters of the setups [11], [9] and [8]. Note that the qubit considered in
[8] is not a transmon but a Cooper-pair box.
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Figure 5.3: SNR for χ/2π = 4.5 M Hz, κ/2π = 5.8 M Hz
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The SNR can be related to the readout-fidelity [21] by
"r
F = Erf

SN R
2

#
.

As we expect the readout-fidelity is best for ∆φopt = π with Fmax = 0.9974 (figure
5.4). If there was the cavity-transmon system [9] inside the set-up this would yield
∆φc = 1.27π which with the corresponding fidelity Fc = 0.9965 .

Fidelity
1.00
0.98
0.96
0.94
0.92
0
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one arm Hvac, cohL, G = 25 dB
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DΦ

one arm Hsq. vac, cohL, G = 25 dB, r = 0.6

Figure 5.4: readout-fidelity for χ/2π = 4.5 M Hz, κ/2π = 5.8 M Hz. At the optimal
phase shift ∆φ = π the two graphs are numerically not distinguishable
In the graphs 5.3 and 5.4 we see the SNR and the resulting fidelity for |α|2 = 164 input
photons and a squeeze parameter of r = 0.6. The functions are explicitly calculated
such that the constraint for the dispersive regime in [9] is satisfied. For different setups one would have to determine the critical number of photons inside the cavity and
optimize the phase resolution to determine the optimum squeezing parameter as done
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cavity population
phase shift
signal to noise
readout-fidelity

symbols
n̄
∆φ0,1 = |φ0 − φ1 |
SNR
F

[11]
8.4
1.37 π
−
−

[9]
11
1.27 π
8.5
99.65%

[8]
5.5
1.75 π
−
−

max resolution
π
9.1
99.74%

Table 5.3: Set-up of the cavity and transmon in [11], [9], and CPB in [8] yields these
parameters in the read-out scheme that we propose with |α|2 = 164 photons.
Maximal resolution would be achieved for ∆φ = π.
in section 4.3.1. Even though we do not have enough information to determine the
SNR for [11], the phase shift between the states in this set-up (see table 5.3) shows
that the measurement could yield results with a similar read-out fidelity (assumed that
the critical number of photons would be similar to [9]) whereas the separation between
the states in [8] is not expected to yield measurements with high fidelity (Note that
our set-up considers the cavity to be used in reflection whereas in [11] the cavity is
used in transmission which yields a different phase shift).
The best distinguishability is achieved if the relative phase shift between the two
states is π. This can be reached if the cavity decay rate and the dispersive shift satisfy
the relation

χ
κ

= 0.5.

Thus, the proposed set-up can be optimized by using transmons with the optimal ratio
of cavity decay rate and dispersive shift which, at the same time, have a higher critical
photon number (dispersive constraint). In order to find a cavity-transmon system
which gives rise to the optimal relative phase difference, one should be aware of the
fact that there might be some discrepancy between the calculated and the measured
phase shift as described in [11].
In figures 5.3 and 5.4 we can see the SNR and the fidelity with and without squeezing
for our set-up with the cavity-transmon system of [9]. We can see that squeezing
improves the SNR and as a consequence the fidelity of the measurement if the phase
shift is not optimal. If it is matched squeezing does not improve the fidelity.
Looking at the read-out fidelity as a function of the photon number at the optimal
phase difference (see figure 5.5) highlights that fidelity increases with increasing the
number of photons in the set-up. This plot shows again that squeezing does not have
an effect in our set-up if the phase difference is optimal since we cannot distinguish
the fidelity of the two scenarios.
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5 Proposal for an experiment

Fidelity
1.000
0.999

one arm Hvac, cohL, G = 25 dB

one arm Hsq. vac, cohL, G = 25 dB, r = 0.6

0.998

shot-noise limit

0.997
100

200

300

400

n
500

Figure 5.5: Fidelity for the considered set-up as well as the fidelity corresponding to the
shot-noise limit. The fidelity is plotted as a function of the photon number
of the system at the optimal phase-shift ∆φ0,1 = π where squeezing does
not have any effect (for ∆φ0,1 = π the two functions lie on top of each
other and cannot be distinguished numerically).
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6 Conclusion
In this thesis we described the physics of transmon-cavity systems. We looked at
common read-out schemes and derived a proposal for an experimental set-up which
should satisfy the requirements of a fast, single shot, QND readout and analyzed its
read-out fidelity.
In the beginning of this thesis we asked several questions. Based on the results of
the previous chapters we will answer them to summarize this work.
We wondered whether squeezing may reduce the fluctuations in the photon number
of the measured signal.
We wondered whether squeezing may improve the fidelity of the measurement.
We found that there are regimes where squeezing does indeed reduce the fluctuations
in phase and number of measured photons. But we also found that increasing the
amount of squeezing is not always helpful. We have seen scenarios where this yields a
worse result than using coherent radiation.
The question whether the derived set-up makes it possible to measure below the
shot-noise limit and the question which other devices are important for the fidelity can
be answered in one. In this thesis we analyzed properties of state-of-the-art amplifiers
and we realized that even though JPAs seem very promising devices as they add only
minimum amount of noise, they are the crucial source of error in our set-up. Thus the
necessity to amplify the signal before it can be detected makes it impossible to beat
the shot-noise limit in our set-up.
Nevertheless, the fidelity of the read-out is found to be around 99.65% for realistic
systems which is higher than the read-out fidelities which have been realized so far
(highest readout fidelity which we found in current papers 98% [11]).
Using the proposed set-up, this can still be improved by finding transmons which have
properties which have been discussed above (i.e. larger critical photon number).
In the beginning we also asked whether we could reduce the number of photons inside
the cavity compared to coherent radiation. As we have seen, the fidelity increases with
the number of photons inside the cavity (as long as it satisfies the dispersive constraint).
At the same time the potential of perturbing the system increases by increasing the
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number of photons. Thus, one has to decide about the intensity one wants to use in
face to the requirements of the specific measurement.
In this thesis we did not consider any time dependence so far. We wondered whether
detectors can resolve pulses with durations of Tp ≈ 200ns. That is why we studied time
dependent detector theory [22] and made a simulation (see appendix) of the response
of the detector. It could be shown that for a given Gaussian probe pulse consisting of
coherent state the answer of the detector - the expectation value of the current - has
a Gaussian form as well. This makes us confident that it is physically reasonable to
construct detectors which are able to satisfy this demand.
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7.1 Detector theory
In this section we want to describe the measurement process of a coherent pulse.
Following the theory of Bernard Yurke [22] we will present the response function of a
wideband photon detector which is exposed to a Gaussian coherent pulse of microwaves
as presented in [23] . While the photon current is directly related to the number of
incoming photons its variance gives information about the fluctuation in the number
of photons.
In [22] the author describes the physics of a wide-band detector. The detector is
embedded in an optical waveguide. The waveguide has a cutoff frequency ωc and is
transparent to every frequency above. The highest frequency which can be detected
is ∆ω. This limit is caused by the electronics of the detector and fulfills the condition
∆ω < 2 · ωc . The detector’s photo-diode responds to every mode inside this frequency
window with a current which is directly related to the number of incoming photons.
e
I (t) =
2π

Z

∆ω



dω W (ω) e−iωt + H.c.

(7.1)

0

where W (ω) is the photon emission rate operator with
Z

∞

W (ω) =

dω 0 F (ω, ω 0 ) A† (ω 0 ) A (ω + ω 0 )

(7.2)

ωc

A† (ω 0 ) and A (ω + ω 0 ) are the creation and annihilation operators. They satisfy the


commutation relations [A (ω) , A (ω 0 )] = 0 , A (ω) , A† (ω 0 ) = δ (ω − ω 0 ) .
F refers to the sensitivity of the detector. It is given by
F (ω, ω 0 ) =

2πa2
h
i1/4
1/4
2
(ω 0 2 − ωc2 )
(ω + ω 0 ) − ωc2

Z

∞



0
0
dτ h (τ ) e−i(ω+ω )τ + eiω τ

0

(7.3)
with h (τ ) = k (τ ) + k (−τ ).
R∞
k (τ ) = ω0 dω k (ω) e−i(ω−ω0 )τ is the Fourier transform of the sensitivity function
which contains the physics of the detector: The detector is sensitive to every photon
in the range ωl to ωu and does not respond to photons outside this range. Therefore
k (ω) is chosen such that the photon-counting operator P (t) becomes the numberoperator for large times
h
i1/2
2
1
2
.
k (ω) = (2πa)
2 θ (ω − ω0 − ωl ) θ (ωu − ω + ω0 ) (ω − ω0 ) − ωc
Operated on a pulse this gives the number of photons in the sensitive range
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Rt
Rt
limt→∞ P (t) = limt→∞ −∞ dt0 −∞ dt00 k (t0 − t00 ) A (t0 ) A (t00 )
Rω
→ N = ωlu dωA† (ω) A (ω).
The relation between the field operator A (t) and the annihilation operator A (ω) is


R∞
dω
given by A (z, t) = a ωc (ω2 −ω
A (ω) e−i(−kω z+ωt) + H.c. , where a is a normal2 )1/4
c

ization constant. (In the following we assume that the detector does not move and we
choose z = 0).
The introduction of the photon-counting operator and of the sensitivity requires the
illustration of the detector’s photon emission process. We consider a bound electron
moving in a potential well. The electron interacts with electromagnetic radiation. The
electrons Hamiltonian can be described by H = He + HI , where HI is the interaction
Hamiltonian. Initially, the electron is in its ground state | Ψ0 i and the radiation field
is in the state | ai, the systems state is| ii =| Ψ0 , ai. If the electron gets excited by
the radiation and we get the final state | f i =| Ψ, bi with probability
Rt
P
1
HI (t0 ) dt0 + . . . .
p (t) =
| hf | U (t, t0 ) | ii |2 with U (t, t0 ) = 1 + i~
t0
f

For a complete set of photon states this gives
P R t 0 R t 00
p (t) =
dt t0 dt kνµ (t0 − t00 ) hAµ (r, t0 ) Aν (r, t00 )i. Since the expectation value
t0
µ,ν

of the photon counting operator gives the number of detected photons p (t) between
t0 and t it is convenient that the photon counting operator has the following form
P R t 0 R t 00
P (t) =
dt t0 dt kνµ (t0 − t00 ) Aµ (r, t0 ) Aν (r, t00 ).
t0
µ,ν

7.2 Properties of the coherent pulse
In [23] the authors describe a concept for multi-qubit parity measurement. They consider Josephson-junction qubits which are coupled to superconducting resonators. The
parity of the qubits is proposed to be read out by a scattering process. A microwave
pulse is sent towards the cavity and gets reflected. Depending on the parity of the
qubits the reflected signal picks up a phase shift. This phase shift could be detected
via homodyne detection.
The considered probe pulse has the bandwidth W and is centered around the frequency ωp . It can be described as a linear combination of coherent states with the
amplitude αi = αCi . Thus the creation operator of the pulse is:
a†pulse =

X

Ci a†ωi

(7.4)

i

The modes are weighted with the factor Ci This factor causes the Gaußian shape of
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the pulse.

√
Ci =

2

δωe−(ωi −ωp )

/4W 2

(7.5)

1/4

(2πW 2 )

Where δω represents the difference between the frequencies of the pulse. In the following we consider it to be very small (δω → 0). Thus the modes become continuous.
The state of the pulse can be written as a product state of the modes | αi i.
| αi = e

†
−|α|2 /2 αapulse

e

| 0i = e

− 21

P

|αi |2 α

e

i

P
i

Ci a†ω

i

| 0i =

Y

2

e−|αi |

†
/2 αi aωi

e

i

| 0i =

Y

| αi i

i

(7.6)

7.3 Detection of the coherent pulse
In this section we want to model the detection of a coherent pulse with the properties
which are described in the previous section. Therefore we will apply the detector
theory of B.Yurke. At first one has to assimilate the notations of the two papers.
In the detector theory one finds the photon creation and annihilation operator which


satisfy the following commutation relation A† (ω 0 ) , A (ω + ω 0 ) = δ (ω − ω 0 ) while the
commutationh relation
i of the creation and annihilation operators of the pulse modes
†
is given by ai , aj = δij . Therefore one should replace the operator A† (ωi ) by
√1 a†
δω

(ωi ).

Going to the continuous limit one can apply the current operator to the probe pulse
hI (t)i = hα | I (t) | αi = hα |
= hα |

e
2π

Z

e
2π

Z

∆ω



dω W (ω) e−iωt + H.c. | αi

0

∆ω



dω W (ω) e−iωt + H.c. | αi

0

Z ∆ω
Z ∞
e
1
= hα |
dω
dω 0 F (ω, ω 0 ) a† (ω 0 ) a (ω 0 + ω) e−iωt + H.c. | αi
2π 0
δω
ωc
"Z
#
Z ∞
∆ω
e
1
= Re
dω
dω 0 F (ω, ω 0 ) C (ω 0 ) C (ω 0 + ω) e−iωt
π
δω
0
ωc


−(ω 0 +ω−ωp )2 −(ω 0 −ωp )2
Z ∆ω
Z ∞
4W 2
e
e
= Re 
dω
dω 0 | α |2 F (ω, ω 0 )
e−iωt 
1/2
π
0
ωc
(2πW 2 )
(7.7)
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7.3.1 Photo current
The expectation value of the photo current cannot be calculated analytically without
making simplifications. Thus we will show that it is reasonable to assume that F is
constant in the important regime. Afterwards we will determine the expectation value
of the photo current for F (ω, ω 0 ) = F = const.
Analytic approach
We determine F as a function of ω and ω 0 by solving integral 7.3. Therefore we assume
that ωc is small and we choose a = 1. Now one should think about the regions of ω and
ω 0 which give significant contributions to the integral. The creation and annihilation
operators in I(t) give rise to Gaussian functions (compare equation 7.7) which are
centered around ωp and ωp − ω. The product of these two Gaussian functions gives
only significant contributions if the center frequencies are close to each other. Figure
7.1 shows the real and the imaginary part of F as a function of ω and ω 0 in the area
ω < 2·3·W (the overlap of the Gaußians is smaller than 0.27% and those contributions
are neglected).

(a) Real part

(b) Imaginary part

Figure 7.1: Abbildung 1
In the considered area the real part as well as the imaginary part of F do not vary
much. Comparing the values, one observes that the imaginary part is much smaller
than the real part. Therefore it seems reasonable to take F to be a real and constant
value F (ω, ω 0 ) = F = constant. One can now plug in this constant (7.7) and carry
out the integrations afterwards. In figure 7.2 one can see the analytic result of the
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Figure 7.2: < I(t) > for F = const

expectation value of the photo current operator in units of the elementary charge e
and the photon number α2 . To guarantee a consistent notation in the following we
express this expectation value also in terms of the prefactor
hI (t)i =

e
2π .

2
e
F α2 0.0501326 · e−0.0008t
2π

(7.8)

7.3.2 Variance of the photo current

In order to determine the fluctuation of the photo current one has to calculate the
variance of the corresponding operator. The variance of an operator B̂ is defined by
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var B̂ = hB̂ 2 i − hB̂i2 . Thus one has to determine the expectation value of I 2 (t).
 e 2
I (t) =
2π

Z

 e 2
=
2π

Z

2

∆ω

!2


−iωt
dω W (ω) e
+ H.c.

0
∆ω

Z

∞

dω
0

ωc

dω 0

1
F (ω, ω 0 ) a† (ω 0 ) a (ω 0 + ω) e−iωt
δω
!2

1 ?
F (ω, ω 0 ) a† (ω 0 + ω) a (ω 0 ) eiωt
δω
Z ∞Z ∞
 e 2 Z ∆ω Z ∆ω
1
dω10 dω20 2
dω1 dω2
=
2π
δω
ωc
0
ωc
0
+

k a† (ω10 ) a (ω10 + ω1 ) a† (ω20 ) a (ω20 + ω2 ) + l a† (ω10 + ω1 ) a (ω10 ) a† (ω20 ) a (ω20 + ω2 )
+m a† (ω10 ) a (ω10 + ω1 ) a† (ω20 + ω2 ) a (ω20 ) + n a† (ω10 + ω1 ) a (ω10 ) a† (ω20 + ω2 ) a (ω20 )
(7.9)
With k = F (ω1 , ω10 ) F (ω2 , ω20 ) e−iω1 t e−iω2 t , l = F (ω1 , ω10 ) F ? (ω2 , ω20 ) e−iω1 t eiω2 t ,
m = F ? (ω1 , ω10 ) F (ω2 , ω20 ) eiω1 t e−iω2 t , n = F ? (ω1 , ω10 ) F ? (ω2 , ω20 ) eiω1 t eiω2 t .
Since we want to apply this operator to a coherent state, we have to rearrange the
operators such that the creation operators are on the left side and the annihilation operators on the right side. Thus we have to apply the commutation relation
√


aω1 , a†ω2 = δ (ω1 − ω2 ) · δω
Z ∞Z ∞
 e 2 Z ∆ω Z ∆ω
I (t) =
dω1 dω2
dω10 dω20
2π
0
0
ωc
ωc


1 † 0 † 0
1 † 0
0
0
0
0
0
k·
a (ω1 ) a (ω2 ) a (ω1 + ω1 ) a (ω2 + ω2 ) +
a (ω1 ) a (ω2 + ω2 ) δ (ω1 + ω1 − ω2 )
δω 2
δω


1 † 0
1 † 0
†
0
0
0
0
0
0
+l ·
a (ω1 + ω1 ) a (ω2 ) a (ω1 ) a (ω2 + ω2 ) +
a (ω1 + ω1 ) a (ω2 + ω2 ) δ (ω1 − ω2 )
δω 2
δω


1 † 0 † 0
1 † 0
0
0
0
0
0
+m ·
a (ω1 ) a (ω2 + ω2 ) a (ω1 + ω1 ) a (ω2 ) +
a (ω1 ) a (ω2 ) δ (ω1 + ω1 − ω2 − ω2 )
δω 2
δω


1 † 0
1 † 0
0
0
0
†
0
0
0
+n ·
a (ω1 + ω1 ) a (ω2 + ω2 ) a (ω1 ) a (ω2 ) +
a (ω1 + ω1 ) a (ω2 ) δ (ω1 − ω2 − ω2 )
δω 2
δω
(7.10)
2

If one applies this operator to the coherent pulse, one can see that we can rearrange
a few terms. All the terms which contain two creation and two annihilation operators
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can be grouped, because all of the four combinations of the creation and annihilation
operators give the same factor when they are applied because the considered amplitudes of the states αi Ci are real. For the expectation value we get:
Z ∞Z ∞
 e 2 Z ∆ω Z ∆ω
dω10 dω20
dω1 dω2
hI (t)i =
2π
ωc
0
ωc
0
1
(k + l + m + n) α4 2 C (ω10 ) C (ω20 ) C (ω10 + ω1 ) C (ω20 + ω2 )
δω
1
+ kα2 C (ω10 ) C (ω20 + ω2 ) δ (ω10 + ω1 − ω20 )
δω
1
+ lα2 C (ω10 + ω1 ) C (ω20 + ω2 ) δ (ω10 − ω20 )
δω
1
+ mα2 C (ω10 ) C (ω20 ) δ (ω10 + ω1 − ω20 − ω2 )
δω
1
+ nα2 C (ω10 + ω1 ) C (ω20 ) δ (ω10 − ω20 − ω2 )
δω
2

(7.11)

In the following this expression is divided into five parts. This parts are integrated
separately and put together afterwards.

Details of integration

In the following we assume that the function F does not vary much in the considered
regime. Thus we will assume F = F (ω = 0, ω 0 = 5) for the integration. The pulse is
assumed to have the center frequency ωp = 5 GHz and a pulse width of W = 0.02 GHz.

Z ∞Z ∞
 e 2 Z ∆ω Z ∆ω
dω1 dω2
dω10 dω20
2π
0
0
ωc
ωc
1
(k + l + m + n) α4 2 C (ω10 ) C (ω20 ) C (ω10 + ω1 ) C (ω20 + ω2 )
δω
 e 2

=
α4 F 2 0.002513 · Cos2 [∆ω · t] · Erf 2 [17.678∆ω]
2π


(7.12)

2

(1 + Erf [176.777 − 17.678∆ω − 35.355ωc ])

Solving the four terms containing the Dirac functions is more complicated. Since the
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integration of the l−term is the easiest we carry out this one first.
l − term =

Z ∞Z ∞
 e 2 Z ∆ω Z ∆ω
dω10 dω20
dω1 dω2
2π
ωc
0
ωc
0
1
α2 · l C (ω10 + ω1 ) C (ω20 + ω2 ) δ (ω10 − ω20 )
δω

(7.13)

The integration over ω20 can be approximated by replacing ω20 with ω10 . The integration
over ω10 can be done by introducing a new variable χ = ω10 + 1/2(ω1 + ω2 − 2ωp ).
l − term =
Z ∞
 e 2 Z ∆ω Z ∆ω
2
2
2
1
α2
dω1 dω2 √
=
dχle− 4W 2 χ e− 8W 2 (ω1 −ω2 )
2π
2πW 2 ωc +1/2(ω1 +ω2 −2ωp )
0
0


 e 2 Z ∆ω Z ∆ω
(ω1 −ω2 )2
α2
ω1 + ω2 + 2ωc − 2ωp
√
dω1 dω2 le− 8W 2 Erf c
=
2π
2
2 2W
0
0
(7.14)
This integral cannot be done analytically. Because of the Gaussian factor e−

(ω1 −ω2 )2
8W 2

the integrand is centered around ω1 = ω2 . Therefore it makes sense to approximate
the integral by rotating the coordinate system by 45◦ . This causes an error of approx
e 2 2 πW 2
α 2 . Thus one chooses f = ω1 − ω2 and g = ω1 + ω2 + 2ωc − 2ωp
imately 2π
√
with the boundaries gl = 0, gu = 2∆ω, fl = −∞, fu = ∞.

l − term =


 e 2 α2 Z gu Z fu 1
f2
g
− 8W
2
dg df le
=
·
Erf c √
2π
2 gl fl 2
2 2W

(7.15)

For numeric values this gives
l − term =
(7.16)
 e 2




√
2
2
=
F 2 α2 · 0.02e−0.0008t 0.02 2 − 2e−625·∆ω + ∆ω πErf c [25∆ω] .
2π
(7.17)
The k-integral can be done in an analogous manner. First we carry out the ω 0 integrals.
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The expression we get has a similar form as equation(7.15).


 e 2 α 2 Z ∞ Z ∞
(ω +ω )2
ω1 + ω2 + 2ωc − 2ωp
− 18W 22
√
kterm =
dω1 dω2 ke
Erf c
·
2π
2 ω1 =0 ω2 =0
2 2W
(7.18)
In contrast to the l-integral the Gaussian function is centered at ω2 = −ω1 . This
means that the value of the k-term is of the same order as the error that we made by
rotating the system in the l-integral. Thus the whole k-integral will be neglected.
For the integration of the m-term and the n-term we apply the same strategy. As
before we make a small error in the m-term by rotating the coordinate system. The
n-integral is of the same order as the error which we make by rotating the system.
Thus the n-term will be neglected aswell. The resulting expression for the m-term is
given by


 e 2
1 −2t2 W 2 √
2πW 2 ∆ω
α2 F 2 ·
e
2π
2
 e 2
2
=
α2 F 2 · 0.025066e−0.0008t ∆ω
2π

mterm =

(7.19)

Thus we get in total
hI 2 (t)i =

 e 2

α4 F 2 0.002513 · Cos2 [∆ω · t] · Erf 2 [17.678∆ω]
2π

2

(1 + Erf [176.777 − 17.678∆ω − 35.355ωc ])
 e 2

2
+
α2 F 2 0.025066∆ωe−0.0008t
2π




√
2
2
+0.02e−0.0008t 0.02 2 − 2e−625∆ω + ∆ω πErf c [25∆ω]
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Now one can determine the variance of the photo current operator as follows
ˆ2
V arhIi =hIˆ2 i − hIi
 e 2

=
α4 F 2 0.002513 · Cos2 [∆ω · t] · Erf 2 [17.678∆ω]
2π

2

(1 + Erf [176.777 − 17.678∆ω − 35.355ωc ])
 e 2




2
2
2
α2 F 2 · 0.025066∆ωe−0.0008t + 0.02e−0.0008t 0.02 2 − 2e−625∆ω
2π
  e 2
√
2
+ ∆ω πErf c [25∆ω]
−
α4 F 2 · 0.002513e−0.0016t .
2π
(7.21)

Summary
The motivation of this simulation was to find out whether it is possible to describe the
detection of a very short coherent pulse with time dependent detector theory. Following
the theory given in [22] we modeled the response of the detector. It could be shown
that the answer – the expectation value of the current operator – to a Gaussian probe
pulse consisting of coherent states has again a Gaussian form.
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