
❋❛❝✉❧t② ♦❢ ♣❤②s✐❝s

■♥st✐t✉t❡ ❢♦r ◗✉❛♥t✉♠ ■♥❢♦r♠❛t✐♦♥

▼♦❞❡❧✐♥❣ ♦❢ ❛ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧
♦s❝✐❧❧❛t♦r ✇✐t❤ ❛❞✐❛❜❛t✐❝ ❝♦rr❡❝t✐♦♥

t♦ s❝❛tt❡r✐♥❣ t❤❡♦r②

❇❛❝❤❡❧♦r ❚❤❡s✐s

❋❡❧✐① ■❤♥♦ ❙t❛♠♠

❜♦r♥ ✐♥ ❖s♥❛❜rü❝❦

❯♥❞❡r s✉♣❡r✈✐s✐♦♥ ♦❢ Pr♦❢✳ ❉r✳ ❋❛❜✐❛♥ ❍❛ss❧❡r ❛♥❞ ❉r✳ ❋r❛♥ç♦✐s ❑♦♥s❝❤❡❧❧❡
❆❛❝❤❡♥✱ ❏✉❧② ✶✽✱ ✷✵✶✹



❆❝❦♥♦✇❧❡❞❣♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢✳ ❉r✳ ❍❛ss❧❡r ❢♦r t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ✇r✐t❡ ♠②
❜❛❝❤❡❧♦r t❤❡s✐s ✉♥❞❡r ❤✐s ❣✉✐❞❛♥❝❡✳ ❋✉rt❤❡r ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢✳ ❉r✳

❍❛ss❧❡r ❛♥❞ ❉r✳ ❑♦♥s❝❤❡❧❧❡ ❢♦r t❤❡ ❝♦✉♥t❧❡ss ✐♥t❡r❡st✐♥❣ ❞✐s❝✉ss✐♦♥s ❛♥❞ t❤❡
s✉♣❡r✈✐s✐♦♥ ❞✉r✐♥❣ t❤❡ ❜❛❝❤❡❧♦r t❤❡s✐s✳

■ ❛♠ ❛❧s♦ ♣r♦❢♦✉♥❞❧② ❣r❛t❡❢✉❧ t♦ ♠② ♣❛r❡♥ts ✇❤✐❝❤ ❡♥❛❜❧❡ ♠❡ t♦ st✉❞② ❤❡r❡
✐♥ ❆❛❝❤❡♥ ❛♥❞ s✉♣♣♦rt ♠❡ ✇❤❡♥❡✈❡r ■ ♥❡❡❞ ✐t✳

■♥ ❛❞❞✐t✐♦♥✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❣✐r❧❢r✐❡♥❞ ❈❤r✐st✐♥ ❑ö❤❧❡r ❢♦r ❤❡r
s✉♣♣♦rt r❡❣❛r❞❧❡ss ♦❢ ✇❤❛t ■ ❞♦✳

❋♦r ❤✐s ✐♠♠❡♥s❡ s✉♣♣♦rt✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❙✐♠♦♥ ❙❝❤ö♥❡❜❛✉♠✳

▲❛st ❜✉t ♥♦t ❧❡❛st✱ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ❘❛♥✐❛ ❙✳ ❇❛✐❣✱ ❑✐t❧✐♥ P❛♣❛ ❛♥❞
♠❛♥② ♦t❤❡r st✉❞❡♥ts ❧✐✈✐♥❣ ✐♥ ❊❙●✲❆❛❝❤❡♥ ❢♦r t❤❡✐r s✉♣♣♦rt✳

✐



❊✐❞❡sst❛tt❧✐❝❤❡ ❊r❦❧är✉♥❣

❍✐❡r♠✐t ❡r❦❧är❡ ✐❝❤✱ ❋❡❧✐① ■❤♥♦ ❙t❛♠♠✱ ❛♥ ❊✐❞❡s st❛tt✱ ❞❛ss ✐❝❤ ❞✐❡ ✈♦r✲
❧✐❡❣❡♥❞❡ ❇❛❝❤❡❧♦r❛r❜❡✐t s❡❧❜stä♥❞✐❣ ✈❡r❢❛sst ✉♥❞ ❦❡✐♥❡ ❛♥❞❡r❡♥ ❛❧s ❞✐❡
❛♥❣❡❣❡❜❡♥❡♥ ◗✉❡❧❧❡♥ ✉♥❞ ❍✐❧❢s♠✐tt❡❧ ❜❡♥✉t③t ❤❛❜❡✳

❏✉❧② ✶✽✱ ✷✵✶✹
❋❡❧✐① ■❤♥♦ ❙t❛♠♠

✐✐



❈♦♥t❡♥ts

✶ ■♥tr♦❞✉❝t✐♦♥ ✶

✷ ❙❝❛tt❡r✐♥❣ ❚❤❡♦r② ✹

✷✳✶ ❚❤❡ S✲♠❛tr✐① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✷✳✷ ❙✐♥❣❧❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✷✳✶ ❚❤❡ t✉♥♥❡❧✐♥❣ ❧✐♠✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✸ ❈♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ S✲♠❛tr✐❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✹ ❚✇♦ ❘❡❝t❛♥❣✉❧❛r ❇❛rr✐❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✺ ❘❡s♦♥❛♥❝❡ ❢♦r t✇♦ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✸ ❚❤❡ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ✷✹

✸✳✶ ❚❤❡ ③❡r♦t❤ ♦r❞❡r ✭St✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✷ ❚❤❡ ✜rst ♦r❞❡r ❝♦♥tr✐❜✉t✐♦♥ ✭At✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✸ St ❛♥❞ At ❢♦r t✇♦ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✹ ❈♦♥❝❧✉s✐♦♥ ✷✾

❆ ❆♣♣❡♥❞✐① ✸✶



■♥tr♦❞✉❝t✐♦♥

◆❛♥♦♠❡❝❤❛♥✐❝❛❧ r❡s♦♥❛t♦rs ♦r ♦s❝✐❧❧❛t♦rs ✇❡r❡ r❡❝❡♥t❧② st✉❞✐❡❞ ✐♥ ❡①♣❡r✐✲
♠❡♥ts ❬✼✱ ✾❪✳ ❚❤❡② ❝♦♥s✐st ♦❢ ❛ s❤✉tt❧❡ ✐♥st❛❧❧❡❞ ♦♥ t♦♣ ♦❢ ❜r✐❞❣❡s ♦r ❝❛♥✲
t✐❧❡✈❡rs✳ ❚❤✐s s❤✉tt❧❡ ✐s ❡♠❜❡❞❞❡❞ ✐♥ ❛ ♠❡❛s✉r❡♠❡♥t ❝✐r❝✉✐t ❛♥❞ ✐s r❡s♦♥❛♥t
❡①❝✐t❡❞ ❜② ❛♥♦t❤❡r ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ❬✻❪ ♦r s♦♥✐❝ ✇❛✈❡s ❬✸❪✳ ❈✉rr❡♥t t❤r♦✉❣❤
t❤❡ ♠❡❛s✉r❡♠❡♥t ❝✐r❝✉✐t ✐s ♣r♦❞✉❝❡❞ t❤r♦✉❣❤ ♠❡❝❤❛♥✐❝❛❧ tr❛♥s♣♦rt ♦❢ ❡❧❡❝✲
tr♦♥s ♦♥ t❤❡ s❤✉tt❧❡✳ ❲❤❡♥ t❤❡ s❤✉tt❧❡ ✐s ❝❧♦s❡ t♦ t❤❡ ❡❧❡❝tr♦♥ s♦✉r❝❡✱ ❡❧❡❝✲
tr♦♥s t✉♥♥❡❧ ♦♥t♦ t❤❡ s❤✉tt❧❡ ✇❤❡r❡❛s t❤❡② t✉♥♥❡❧ ♦❢ t❤❡ s❤✉tt❧❡ ✇❤❡♥ t❤❡
s❤✉tt❧❡ ✐s ❝❧♦s❡ t♦ t❤❡ ❞r❛✐♥✳ ❈✉rr❡♥t ✐♥❞✉❝❡❞ ❞✉❡ t♦ t❤✐s t✉♥♥❡❧ ♦♥✱ t✉♥♥❡❧
♦❢ ♣r♦❝❡ss ✇❛s ❛❧r❡❛❞② tr❡❛t❡❞ ✉s✐♥❣ ❛ ♠❛st❡r✲❡q✉❛t✐♦♥ ❡✳❣✳ ❬✺❪✳ ❚❤✐♥❦✐♥❣ ♦❢
t❤❡ ❣❛♣s ❜❡t✇❡❡♥ s♦✉r❝❡✴❞r❛✐♥ ❛♥❞ t❤❡ s❤✉tt❧❡ ❛s ♣♦t❡♥t✐❛❧ ❜❛rr✐❡rs✱ r❡s♦♥❛♥t
t✉♥♥❡❧✐♥❣ ✐s ❛♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ❢♦r ❡❧❡❝tr♦♥ tr❛♥s♣♦rt t❤r♦✉❣❤ t❤❡ ♦s❝✐❧❧❛t♦r✳
❲❡ ✉s❡ ❛ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t s❝❛tt❡r✐♥❣ ❛♣♣r♦❛❝❤ t♦ ❞❡s❝r✐❜❡ t❤❡ r❡s♦♥❛♥t
t✉♥♥❡❧✐♥❣ ♣r♦❝❡ss t❤r♦✉❣❤ t❤❡ ♦s❝✐❧❧❛t♦r ❛t r❡st✳ ❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
s❤✉tt❧❡✬s s❧♦✇ ♠♦t✐♦♥✱ ❛ s❡♣❛r❛t✐♦♥ ♦❢ t✐♠❡ s❝❛❧❡s ✐s ❛♣♣❧✐❡❞✳ ❯s✐♥❣ t❤❡ ❛❞✐✲
❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ❡♥❛❜❧❡s ✉s t♦ ❛♣♣❧② t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t
s❝❛tt❡r✐♥❣ ❛♣♣r♦❛❝❤ t♦ t✐♠❡✲❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠s✳

▼❡s♦s❝♦♣✐❝ s②st❡♠s✱ s✉❝❤ ❛s t❤❡ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✱ ❛❧❧♦✇ t❤❡ st✉❞②
♦❢ q✉❛♥t✉♠ ❡✛❡❝ts ♦♥ ✐♥t❡r♠❡❞✐❛r② s✐③❡❞ s②st❡♠✱ ❛♥❞ q✉❛♥t✉♠✲tr❛♥s♣♦rt
t❤❡r❡✐♥ ❤❛s ✇✐❞❡ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ♥❛♥♦❡❧❡tr♦♥✐❝s✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s ♦❢ ♣❛r✲
t✐❝✉❧❛r ✐♥t❡r❡st t♦ st✉❞② t❤❡ ♠♦t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s✱ t❤❡✐r q✉❛♥t✉♠ tr❛♥s♣♦rt✱
t❤r♦✉❣❤ ♠❡s♦s❝♦♣✐❝✲❝✐r❝✉✐ts✳ ❖♥❝❡ t❤❡s❡ ♠❡s♦s❝♦♣✐❝ ❝✐r❝✉✐ts ❝♦♥t❛✐♥ ♠♦✈✐♥❣
♠❡❝❤❛♥✐❝❛❧ ♣❛rts✱ ❛s t❤❡ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✱ ♠♦❞❡❧✐♥❣ t❤❡♠ r❡q✉✐r❡s
t❤❡ tr❡❛t♠❡♥t ♦❢ t✐♠❡✲❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠s✳

❆♣♣❧✐❝❛t✐♦♥ ♦❢ s❝❛tt❡r✐♥❣ ❝♦♥❝❡♣ts r❡q✉✐r❡s ❛ s❡♣❛r❛t❡ tr❡❛t♠❡♥t ♦❢ ❛♥ ✐♥♥❡r
♣❛rt✱ t❤❡ s❝❛tt❡r✐♥❣ r❡❣✐♦♥ ✭❙❘✮✱ ❛♥❞ ❛♥ ♦✉t❡r ♣❛rt ♦❢ t❤❡ ❝✐r❝✉✐t✭s❡❡ ✜❣✳ ✶✳✶✮✳
❚❤❡ ♦✉t❡r ♣❛rt ❝♦♥s✐sts ♦❢ ❡❧❡❝tr♦♥ r❡s❡r✈♦✐rs ✭❊❘✱ ❡✳❣✳ ✈♦❧t❛❣❡ s♦✉r❝❡s ❛♥❞
♠❡❛s✉r❡♠❡♥t ❞❡✈✐❝❡s✮ ❛♥❞ ❧❡❛❞s t❤❛t ❝♦♥♥❡❝t t❤❡ ❡❧❡❝tr♦♥ r❡s❡r✈♦✐rs t♦ t❤❡
s❝❛tt❡r✐♥❣ r❡❣✐♦♥✳ ❚❤❡ ♦✉t❡r r❡❣✐♦♥ ✐s tr❡❛t❡❞ ❝❧❛ss✐❝❛❧❧② ✇❤❡r❡❛s t❤❡ s❝❛t✲
t❡r✐♥❣ r❡❣✐♦♥ ✐s t❤❡ ♠❡s♦s❝♦♣✐❝ ♣❛rt t♦ st✉❞② ✭t❤❡ s❛♠♣❧❡✮✳ ❆s t❤❡ s❛♠♣❧❡
✐s s♠❛❧❧ ✐♥ ✐ts s✐③❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❧❡❛❞s✱ ❛♥❞ t❤❡ ❞✇❡❧❧ t✐♠❡
♦❢ ❛♥ ❡❧❡❝tr♦♥ ✇✐t❤✐♥ t❤❡ s❛♠♣❧❡ ✐s ❝♦♥s✐❞❡r❡❞ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ t✐♠❡
r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss✱ t❤❡ ❡❧❡❝tr♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❝♦♠✐♥❣ ✐♥ ❢r♦♠ ±∞
✭✐♥ s♣❛❝❡✮ ❢♦r t✐♠❡ t = −∞ ❛♥❞ ❧❡❛✈✐♥❣ t♦ ±∞ ❢♦r t✐♠❡ t = +∞✳ ❚❤✐s
❝♦♥❝❡♣t ♣r♦✈❡❞ ✈❡r② ✉s❡❢✉❧ t♦ ❞❡s❝r✐❜❡ ❡❧❡❝tr♦♥ tr❛♥s♣♦rt ❛♥❞ t❤❡r❡❜② ❛❧s♦
t❤❡ ❝✉rr❡♥t ✐♥ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♠❡s♦s❝♦♣✐❝✲❝✐r❝✉✐ts✳
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ER 2

ER 3

ER 4
ER 1

SR

❋✐❣✉r❡ ✶✳✶✿ ❚❤❡ ❜❛s✐❝ s❝❛tt❡r✐♥❣ s❡t✉♣ ❢♦r ♠❡s♦s❝♦♣✐❝✲❝✐r❝✉✐ts✱ ❤❡r❡ ✇✐t❤
❢♦✉r ❡❧❡❝tr♦♥ r❡s❡r✈♦✐rs ✭❊❘✮✳ ❚❤❡ ❞❛r❦ ❣r❛② r❡❣✐♦♥s ✐♥❞✐❝❛t❡ t❤❡ ❡❧❡❝tr♦♥
r❡s❡r✈♦✐rs ✭❊❘✮ ❛♥❞ t❤❡ ❧✐❣❤t ❣r❛② ❧✐♥❡s ❞✐s♣❧❛② ❧❡❛❞s✳ ❆❧❧ t❤❡s❡ ♦❜❥❡❝ts
❜❡❧♦♥❣ t♦ t❤❡ ♦✉t❡r r❡❣✐♦♥✳ ❚❤❡ ❜❧❛❝❦ ❝❡♥tr❛❧ ♦❜❥❡❝t ✐s t❤❡ s❝❛tt❡r✐♥❣ r❡❣✐♦♥
✭❙❘✮✳

❯s✐♥❣ t❤❡s❡ s❝❛tt❡r✐♥❣ ❝♦♥❝❡♣ts t❤❛t ❛r❡ ❞❡s✐❣♥❡❞ ❢♦r t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t s❛♠✲
♣❧❡s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡s❝r✐❜❡ ♠❡s♦s❝♦♣✐❝✲❝✐r❝✉✐ts ❝♦✉♣❧❡❞ t♦ ♠❡❝❤❛♥✐❝❛❧ ♦s✲
❝✐❧❧❛t✐♦♥✳ ❚❤❡r❡❜② t❤❡ ❜❛s✐❝ ✐❞❡❛ ✐s t❤❛t t❤❡ q✉❛♥t✉♠✲tr❛♥s♣♦rt ❞♦❡s ❤❛♣♣❡♥
s♦ q✉✐❝❦❧② t❤❛t t❤❡ s❛♠♣❧❡ ❞✐❞ ❜❛r❡❧② ❝❤❛♥❣❡ ✇❤✐❧❡ t❤❡ ❡❧❡❝tr♦♥ ✐s ✐♥ t❤❡ s❛♠✲
♣❧❡✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♦s❝✐❧❧❛t✐♦♥ ♣❡r✐♦❞ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣❛rts ✇✐t❤✐♥ t❤❡
❝✐r❝✉✐t ✐s ♠✉❝❤ ❧❛r❣❡r t❤❡♥ t❤❡ ❞✇❡❧❧ t✐♠❡ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ✇✐t❤✐♥ t❤❡ s❝❛tt❡r✲
✐♥❣ r❡❣✐♦♥✳ ❯s✐♥❣ t❤✐s ❛ss✉♠♣t✐♦♥✱ ✇❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t
♣r♦❜❧❡♠ ✉s✐♥❣ t❤❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t s❝❛tt❡r✐♥❣ ❛♣♣r♦❛❝❤✳ ●♦✐♥❞ ❜❡②♦♥❞ t❤❡
✐♥st❛♥t❛♥❡♦✉s ♣r♦❜❧❡♠ ✐s ❝❛❧❧❡❞ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥✳ ■t ♣r♦✈❡❞ ❢r✉✐t❢✉❧ t♦ ❞❡✲
s❝r✐❜❡ ❜❛❝❦❛❝t✐♦♥s ♦❢ t❤❡ ❢❛st ❡❧❡❝tr♦♥s ♦♥ t❤❡ s❧♦✇ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❛s ✇❡❧❧
❛s ❡✛❡❝ts ♦❢ t❤❡ s❧♦✇ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ♦♥ ❢❛st ♠♦✈✐♥❣ ❡❧❡❝tr♦♥s✳ ■♥✢✉❡♥❝❡
♦❢ t❤❡ s❧♦✇ ♠♦t✐♦♥ ♦♥ t❤❡ ❢❛st ❡❧❡❝tr♦♥s✱ ✇❛s tr❡❛t❡❞ ❡✳❣✳ ❜② ▼♦s❦❛❧❡ts ❛♥❞
❇ütt✐❦❡r❬✽❪✳ ❇❛❝❦❛❝t✐♦♥s ♦❢ t❤❡ ❡❧❡❝tr♦♥ ✢♦✇ ✭❝✉rr❡♥t✮ ♦♥ t❤❡ s❧♦✇ ♠♦t✐♦♥
✇❛s tr❡❛t❡❞ ❡✳❣✳ ❜② ❚❤♦♠❛s ❡t ❛❧✳❬✶✵❪✳

■♥ t❤✐s ✇♦r❦ ✇❡ ✉s❡ ❝♦♥❝❡♣ts ♦❢ s❝❛tt❡r✐♥❣ ❛♥❞ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ t♦ ♠♦❞❡❧
❛ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✭s❡❡✳ ✜❣✳ ✶✳✷✮✳ ❚❤❡ s❝❛tt❡r✐♥❣ r❡❣✐♦♥ ❢♦r t❤❡
♦s❝✐❧❧❛t♦r ❝♦♥s✐st ♦❢ ❛♥ ✐s❧❛♥❞ ♦❢ ✜①❡❞ ❞✐❛♠❡t❡r ❛♥❞ ✈❛♥✐s❤✐♥❣ r❡s✐st✐✈✐t②✱
t❤❡ s❤✉tt❧❡✱ ❡♠❜❡❞❞❡❞ ✐♥ ❛ ✈❛❝✉✉♠✳ ❲❡ ❡①♣❡❝t ❡❧❡❝tr♦♥s t♦ ♠♦✈❡ ❢r❡❡❧②
✇✐t❤✐♥ t❤❡ s❤✉tt❧❡ ✇❤❡r❡❛s ✇❡ ❡①♣❡❝t t❤❡♠ t♦ t✉♥♥❡❧ t❤r♦✉❣❤ t❤❡ ✈❛❝✉✉♠✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♠♦t✐♦♥ ❢♦r ♦✉r s②st❡♠ ✐s ❛ s❧♦✇ ♠❡❝❤❛♥✐❝❛❧
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♦s❝✐❧❧❛t✐♦♥ ♦❢ t❤❡ s❤✉tt❧❡✳

lead leadshuttle

❋✐❣✉r❡ ✶✳✷✿ ❚❤❡ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✇✐t❤ ✐❞❡❛❧ ❧❡❛❞s ♦♥ ❡❛❝❤ s✐❞❡✱
✇❤✐❝❤ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ r❡st ♦❢ t❤❡ ❝✐r❝✉✐t✳ ●r❛② r❡❣✐♦♥s ✐♥❞✐❝❛t❡ ❝♦♥✲
❞✉❝t✐♥❣ ❝♦♠♣♦♥❡♥ts ❛♥❞ ❛❧❧♦✇ ❢♦r ❢r❡❡ ❡❧❡❝tr♦♥ ♠♦✈❡♠❡♥t✳ ❲❤✐t❡ r❡❣✐♦♥s ✐♥✲
❞✐❝❛t❡ ❛ ❤✐❣❤ r❡s✐st✐✈✐t② ✇❤✐❝❤ r❡str✐❝ts t❤❡ ❡❧❡❝tr♦♥✬s ♠♦✈❡♠❡♥t✳ ❚❤❡ s❤✉tt❧❡
✐♥ t❤❡ ❝❡♥t❡r ✐s s❧♦✇❧② ♦s❝✐❧❧❛t✐♥❣ ❜❛❝❦ ❛♥❞ ❢♦rt❤✳

❘❡s♦♥❛♥t t✉♥♥❡❧✐♥❣ ✐s ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧✳ ❚❤❡r❡❢♦r❡
❢♦r s✐♠♣❧✐✜❝❛t✐♦♥ t❤❡ ♦s❝✐❧❧❛t♦r ✐s ♠♦❞❡❧❡❞ ❛s ❛ ✶❉ ♠❡s♦s❝♦♣✐❝ s❛♠♣❧❡✳ ❚❤✐s
♠❡❛♥s✱ t❤❛t ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❞❛s❤❡❞ ❧✐♥❡ ✐♥ ✜❣✳ ✶✳✷✳

■♥ t❤✐s ✇♦r❦ ✇❡ ✇✐❧❧ ✜rst❧② ✉s❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t s❝❛tt❡r✐♥❣ t❤❡♦r② t♦ ✉♥✲
❞❡rst❛♥❞ q✉❛♥t✉♠ tr❛♥s♣♦rt t❤r♦✉❣❤ t❤❡ ♦s❝✐❧❧❛t♦r✳ ❙❡❝♦♥❞❧②✱ ✇❡ ✉s❡ t❤❡
❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ✉♣ t♦ ✜rst ♦r❞❡r t♦ ♠♦❞❡❧ t❤❡ s❤✉tt❧❡✬s ♠♦✈❡♠❡♥t✳ ❚♦
❝❛❧❝✉❧❛t❡ ❜♦t❤ t❤❡ ③❡r♦t❤ ❛♥❞ ✜rst ♦r❞❡r ✇❡ ♦♥❧② ♥❡❡❞ t♦ s♦❧✈❡ t❤❡ t✐♠❡✲
✐♥❞❡♣❡♥❞❡♥t s❝❛tt❡r✐♥❣ ♣r♦❜❧❡♠ ❛♥❞ tr❡❛t ✐t ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t
♣❛r❛♠❡t❡rs ❬✽❪✳

❲❡ ❜❡❣✐♥ ✇✐t❤ ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ st❛t✐♦♥❛r② s❝❛tt❡r✐♥❣ ♠❛tr✐① S✱ t❤❡
♠❛✐♥ ♦❜❥❡❝t ✉s❡❞ ✐♥ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t✭st❛t✐♦♥❛r②✮ s❝❛tt❡r✐♥❣ t❤❡♦r②✳
❚❤r♦✉❣❤♦✉t t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥s✱ ✇❡ st❡♣ ❜② st❡♣ ♠♦❞❡❧ t❤❡ ♥❛♥♦✲♠❡❝❤❛♥✐❝❛❧
♦s❝✐❧❧❛t♦r ❝♦✉♣❧❡❞ t♦ ❡❧❡❝tr♦♥✐❝ r❡s❡r✈♦✐rs✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✜rst ❝❛❧❝✉❧❛t❡
t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ♦❢ ❛ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r✳ ❚❤✐s ❜❛rr✐❡r ✐s tr❡❛t❡❞ ✐♥ ❛
t✉♥♥❡❧✐♥❣ ❧✐♠✐t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧s✳ ❲❡ ✇✐❧❧ t❤❡♥
♠❛❦❡ ✉s❡ ♦❢ ❛ ❝♦♠♣♦s✐t✐♦♥ ❧❛✇ ❢♦r s❝❛tt❡r✐♥❣ ♠❛tr✐❝❡s t♦ ♠♦❞❡❧ t❤❡ s❤✉tt❧❡
❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ✐♥s✉❧❛t♦r s❡❛✳ ❈❧♦s✐♥❣ s❡❝t✐♦♥ ✶✱ r❡s♦♥❛♥❝❡s ♦r✐❣✐♥❛t✐♥❣
❢r♦♠ q✉❛♥t✉♠ ✐♥t❡r❢❡r❡♥❝❡ ❛r❡ st✉❞✐❡❞✳

❚❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ❞❡❛❧s ✇✐t❤ ❡✛❡❝ts ♦❢ t❤❡ s❤✉tt❧❡✬s ♠♦t✐♦♥ ✉s✐♥❣ t❤❡ ❛❞✐✲
❛❜❛t✐❝ ❡①♣❛♥s✐♦♥✳ ❋✐rst❧② t❤❡ ✐❞❡❛ ♦❢ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ❢♦r ♦✉r s❡t✉♣ ✐s
♦✉t❧✐♥❡❞✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ✇❡ ✇✐❧❧ ♦❜t❛✐♥ t❤❡ ③❡r♦t❤ ♦r❞❡r ❝♦rr❡❝t✐♦♥
t❤❡ St✲♠❛tr✐① ❛♥❞ t❤❡ ✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ str❡♥❣t❤ ♠❛tr✐① At✳
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❇❡❢♦r❡ ✇❡ ❝❛♥ ❞✐s❝✉ss ❡✛❡❝ts ♦❢ t❤❡ s❤✉tt❧❡s✬s s❧♦✇ ♠♦t✐♦♥✱ ✐t ✐s ❡ss❡♥t✐❛❧ t♦
✉♥❞❡rst❛♥❞ t❤❡ ♣❤②s✐❝s ❢♦r t❤❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♦s❝✐❧❧❛t♦r✳ ❋✉rt❤❡r ♠♦r❡✱
✇❡ ✇✐❧❧ s❡❡ ✐♥ s❡❝t✐♦♥ ✸ t❤❛t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r t❤❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t
♦s❝✐❧❧❛t♦r ❝❛♥ ❜❡ ✉s❡❞ t♦ ♠❛❦❡ ♣r❡❞✐❝t✐♦♥s ❢♦r t❤❡ s❧♦✇❧② ♠♦✈✐♥❣ s❤✉tt❧❡✳

❆s ✇❡ ✇❛♥t t♦ st✉❞② q✉❛♥t✉♠ ❡✛❡❝ts ♦❢ ❡❧❡❝tr♦♥s ♠♦✈✐♥❣ t❤r♦✉❣❤ t❤❡ ♦s❝✐❧✲
❧❛t♦r ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ♦s❝✐❧❧❛t♦r ❛s ❛ ♠❡s♦s❝♦♣✐❝ s❛♠♣❧❡ t❤❛t ✐s ❝♦♥♥❡❝t❡❞
✇✐t❤ t✇♦ ✐❞❡❛❧ ❧❡❛❞s ✭s❡❡ ❋✐❣✳ ✶✳✷✮ ♦♥ ❜♦t❤ s✐❞❡s✳ ❚❤❡s❡ ✐❞❡❛❧ ❧❡❛❞s ❛r❡ ❜♦t❤
❝♦♥♥❡❝t❡❞ t♦ ❞✐✛❡r❡♥t ❡❧❡❝tr♦♥ r❡s❡r✈♦✐rs✳

❋♦r s✐♠♣❧✐✜❝❛t✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡s❡ ❧❡❛❞s t♦ ❜❡ s♠❛❧❧ ✐♥ t❤❡✐r s✐③❡ ✐♥ y ❛♥❞
z ❞✐r❡❝t✐♦♥s ✇❤❡r❡❛s t❤❡ ❧❡❛❞s s❤♦✉❧❞ ❜❡ ❧♦♥❣ ✐♥ x ❞✐r❡❝t✐♦♥✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥
♥❡❣❧❡❝t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣r♦♣❛❣❛t✐♦♥ ♠♦❞❡s ✐♥ y ❛♥❞ z ❞✐r❡❝t✐♦♥ ❛♥❞ ❞❡❛❧
♦♥❧② ✇✐t❤ ♠♦✈❡♠❡♥t ✐♥ x ❞✐r❡❝t✐♦♥✳ ❚❤❡ tr❛♥s✈❡rs❡ ♠♦❞❡s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s
✧❝❤❛♥♥❡❧s✧✳ ▲❡❛❞s ✇❤✐❝❤ ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❤❛✈❡ ♥♦ s✉❝❤ tr❛♥s✈❡rs❡ ♠♦❞❡s
❛r❡ ❝❛❧❧❡❞ s✐♥❣❧❡ ❝❤❛♥♥❡❧ ❧❡❛❞s✳ ❲❡ ❝❛♥ s❡❡ ❛ s❦❡t❝❤ ♦❢ ❛ s❛♠♣❧❡ t❤❛t ✐s
❝♦♥♥❡❝t❡❞ t♦ t✇♦ ❞✐✛❡r❡♥t s✐♥❣❧❡ ❝❤❛♥♥❡❧ ❧❡❛❞s ✐♥ ❋✐❣✉r❡ ✷✳✶✳

SR
e-

e-?
e-?

❋✐❣✉r❡ ✷✳✶✿ ❚❤❡ ❜❛s✐❝ s❝❛tt❡r✐♥❣ s❡t✉♣ ❢♦r ❛ s❛♠♣❧❡ ❝♦♥♥❡❝t❡❞ t♦ t✇♦ s✐♥❣❧❡
❝❤❛♥♥❡❧ ❧❡❛❞s✳ ❋✉rt❤❡r✱ t❤❡r❡ ✐s ❛♥ ❡❧❡❝tr♦♥ ❝♦♠✐♥❣ ✐♥ t❤r♦✉❣❤ t❤❡ ❧❡❢t ❧❡❛❞
❛t t✐♠❡ t = −∞ ❜✉t ✇❡ ❝❛♥♥♦t ❦♥♦✇ ✇❤❡t❤❡r t❤❡ ❡❧❡❝tr♦♥ ✇✐❧❧ ❧❡❛✈❡ t❤❡
s❛♠♣❧❡ tr❛✈❡❧✐♥❣ t♦ t❤❡ r✐❣❤t ♦r tr❛✈❡❧✐♥❣ t♦ t❤❡ ❧❡❢t ❢♦r t = +∞✳

❉✉❡ t♦ t❤❡ q✉❛♥t✉♠ ♥❛t✉r❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ✇✐t❤ t❤❡ s❛♠♣❧❡
✇❡ ❝❛♥♥♦t s❛② ✇❤❡t❤❡r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❡❧❡❝tr♦♥ ✇✐❧❧ ❜❡ tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤
t❤❡ s❛♠♣❧❡ ♦r ✇❤❡t❤❡r ✐t ✐s ❜❛❝❦ s❝❛tt❡r❡❞✳ ❲❡ ❝❛♥ ♦♥❧② ♠❛❦❡ ♣r❡❞✐❝t✐♦♥s ✐♥
t❡r♠s ♦❢ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r t❤❡ ❡❧❡❝tr♦♥✬s st❛t❡ ❛❢t❡r ✐t ❤❛s ❧❡❢t t❤❡ s❝❛tt❡r✐♥❣
r❡❣✐♦♥✳ ❚❤❡s❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ✉s❡❞ t♦ ♣r❡❞✐❝t t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s❛♠♣❧❡
✇❤❡♥ ❜❡✐♥❣ ❝♦♥♥❡❝t❡❞ t♦ ❡❧❡❝tr♦♥ r❡s❡r✈♦✐rs✳ ❙♦♠❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢
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t❤❡ s❛♠♣❧❡ ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛♥❞ ♣r♦♣❡rt✐❡s t❤❛t ❛r❡ ❢✉rt❤❡r
s♣❡❝✐❢②✐♥❣ t❤❡ r❡s❡r✈♦✐rs✳ ❖t❤❡rs ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❤❛s❡ s❤✐❢t ♦❢ ❛ tr❛♥s✐t✐♦♥
❢r♦♠ ✐♥❝♦♠✐♥❣ t♦ ♦✉t❣♦✐♥❣ st❛t❡s t♦♦ ✭s❡❡ ❡✳❣✳ s❡❝t✐♦♥ ✸✳✷✮✳

❙❝❛tt❡r✐♥❣ t❤❡♦r② ❞❡❛❧s ✇✐t❤ t❤❡ tr❛♥s✐t✐♦♥ ♦❢ ✐♥❝♦♠✐♥❣ ♣❛rt✐❝❧❡s✱ ✇❤✐❝❤ ❛r❡
✐♥ ❛♥ ✐♥❝♦♠✐♥❣ st❛t❡ ❢♦r t✐♠❡ t = −∞✱ ❛♥❞ t❤❡ ♦✉t❣♦✐♥❣ ♣❛rt✐❝❧❡s ✇❤✐❝❤ ❛r❡
✐♥ ❛♥ ♦✉t❣♦✐♥❣ st❛t❡ ❢♦r t = +∞✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ tr❛♥s✐t✐♦♥s ♦♥ ❧❛r❣❡ t✐♠❡
s❝❛❧❡s ❢r♦♠ t = −∞ t♦ t = +∞ ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐①✳ ❚♦
❝❧❛r✐❢②✿ ■♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♣r♦❝❡ss ❢♦r ❛♥② ✜♥✐t❡ t✐♠❡ t ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥
t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐①✳ ◆❡✈❡rt❤❡❧❡ss t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐s ❛ ❝❡♥tr❛❧ ❡❧❡♠❡♥t
♦❢ s❝❛tt❡r✐♥❣ t❤❡♦r② ❛♥❞ ♠❛♥② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❛♠♣❧❡ ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞
✇✐t❤ ✐ts ❤❡❧♣✳

❋♦r ♦✉r t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ✶❉ s✐♥❣❧❡ ❝❤❛♥♥❡❧ ♣r♦❜❧❡♠ ✭t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♦s✲
❝✐❧❧❛t♦r✮ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ ✐♥❝♦♠✐♥❣ st❛t❡s ✭+ st❛t❡s✮ ❢♦r ✜①❡❞
❡♥❡r❣②✳ ❚❤❡s❡ r❡♣r❡s❡♥t ❛♥ ❡❧❡❝tr♦♥ ❝♦♠✐♥❣ ✐♥ t❤r♦✉❣❤ t❤❡ ❧❡❢t ✭s❡❡ ❋✐❣✳ ✷✳✶✮
♦r t❤r♦✉❣❤ t❤❡ r✐❣❤t ❧❡❛❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ ♦✉t❣♦✐♥❣
st❛t❡s ✭− st❛t❡s✮ ✇❤✐❝❤ ❛r❡ ❛♥ ❡❧❡❝tr♦♥ ❧❡❛✈✐♥❣ t❤r♦✉❣❤ t❤❡ ❧❡❢t ♦r r✐❣❤t ❧❡❛❞✳
❙♦ ❢♦r t❤❡ ✶❉ s✐♥❣❧❡ ❝❤❛♥♥❡❧ ♣r♦❜❧❡♠ t❤❡r❡ ❛r❡ ❢♦✉r ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥s✳ ❚❤❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ tr❛♥s✐t✐♦♥s ♦♥ t❤❡ ❧❛r❣❡ t✐♠❡ s❝❛❧❡ ❛❧r❡❛❞② ❞✐s❝✉ss❡❞ ❛r❡
❝♦♠❜✐♥❡❞ ✐♥ ❛ t✇♦ ❜② t✇♦ ♠❛tr✐①✱ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ♦r S✲♠❛tr✐①✳

❚❤❡ ♠❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ ❛ ✶❉ s✐♥❣❧❡ ❝❤❛♥♥❡❧ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❛r❡ ❞❡s❝r✐❜❡❞
✐♥ s❡❝t✐♦♥ ✷✳✶✳ ❚❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢♦r t❤❡ ♦s❝✐❧❧❛t♦r ✐s t❤❡♥ ♦❜t❛✐♥❡❞
st❡♣ ❜② st❡♣ t❤r♦✉❣❤♦✉t s❡❝t✐♦♥s ✷✳✷✲✷✳✺✳ ❲❡ st❛rt ✇✐t❤ ❛ s✐♥❣❧❡ r❡❝t❛♥❣✉❧❛r
❜❛rr✐❡r ❛s ❛ ♠♦❞❡❧ ❢♦r ❤✐❣❤ r❡s✐st✐✈✐t② r❡❣✐♦♥s ✐♥ s❡❝t✐♦♥ ✷✳✷✳ ❚❤✐s ❜❛rr✐❡r ✐s
❝♦♥s✐❞❡r❡❞ ✐♥ ❛ t✉♥♥❡❧✐♥❣ ❧✐♠✐t ✐♥ s❡❝t✐♦♥ ✷✳✷✳✶✳ ❚✇♦ s❝❛tt❡r✐♥❣ ♠❛tr✐❝❡s✱ ❡❛❝❤
♠♦❞❡❧✐♥❣ ❛ s✐♥❣❧❡ ❜❛rr✐❡r ✐♥ t❤❡ t✉♥♥❡❧✐♥❣ ❧✐♠✐t✱ ❛r❡ ✉s❡❞ t♦ ♠♦❞❡❧ t❤❡ ❡♥t✐r❡
♦s❝✐❧❧❛t♦r ✐♥ ✷✳✹✳ ❲❡ t❤❡r❡❢♦r❡ ♠❛❦❡ ✉s❡ ♦❢ ❢♦r♠✉❧❛❡ ❢♦r t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢
t✇♦ s❝❛tt❡r✐♥❣ ♠❛tr✐❝❡s ✇❤✐❝❤ ❛r❡ ❞❡r✐✈❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✳ ❋✐♥❛❧❧②✱ ❛ r❡s♦♥❛♥❝❡
✐♥ t❤❡ tr❛♥s♠✐ss✐♦♥ ♣r♦❜❛❜✐❧✐t② ❢♦r t❤❡ ♦s❝✐❧❧❛t♦r ✐s st✉❞✐❡❞ ❛♥❞ ❛ s❝❛tt❡r✐♥❣
♠❛tr✐① ❢♦r ❢✉rt❤❡r st✉❞② ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ✐s ❞❡✈❡❧♦♣❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✺✳

✷✳✶ ❚❤❡ S✲♠❛tr✐①

❲❡ ✇✐❧❧ ❞✐s❝✉ss t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t s❝❛tt❡r✐♥❣ t❤❡♦r②✱ ❡s♣❡❝✐❛❧❧② t❤❡ s❝❛tt❡r✐♥❣
♠❛tr✐①✱ ✐♥ ✶❉ ✇✐t❤ t✇♦ ❧❡❛❞s✱ ❡❛❝❤ ✇✐t❤ ❛ s✐♥❣❧❡ s❝❛tt❡r✐♥❣ ❝❤❛♥♥❡❧✳ ❲❡
❢♦❧❧♦✇ ♥♦t❛t✐♦♥ ❢r♦♠❬✶✵❪✳

❚❤❡ s②st❡♠ ♦❢ ✐♥t❡r❡st s❤♦✉❧❞ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❍❛♠✐❧t♦♥✐❛♥

HX = H0 + VX ✇✐t❤ ❛ ❢r❡❡ ♣❛rt✐❝❧❡ ❍❛♠✐❧t♦♥✐❛♥ H0 = p2

2m ✇❤❡r❡ m ✐s t❤❡
♠❛ss ♦❢ t❤❡ ♣❛rt✐❝❧❡✳ ❲❡ ❛r❡ ❡s♣❡❝✐❛❧❧② ❝♦♥s✐❞❡r✐♥❣ ❡❧❡❝tr♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ♣♦t❡♥t✐❛❧ VX ✐s ❞❡♣❡♥❞❡♥t ♦♥ ❛ ♣❛r❛♠❡t❡r X s♦ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ ✐♥
♣♦s✐t✐♦♥ s♣❛❝❡ VX(x) ✐s ✜①❡❞ ❢♦r ❛❧❧ x ✇❤❡♥ s♣❡❝✐❢②✐♥❣ t❤✐s ♣❛r❛♠❡t❡r✳ ❆s
t❤❡ s❛♠♣❧❡ s❤♦✉❧❞ ❜❡ ♦❢ ✜♥✐t❡ s✐③❡ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t t❤❡ ♣♦t❡♥t✐❛❧ t♦ ✈❛♥✐s❤

✺
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♦✉ts✐❞❡ ❛ ✜♥✐t❡ r❡❣✐♦♥✳ ❖✉ts✐❞❡ t❤✐s r❡❣✐♦♥ t❤❡ ❢r❡❡ ♣❛rt✐❝❧❡ ❍❛♠✐❧t♦♥✐❛♥
❞❡s❝r✐❜❡s t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❡❧❡❝tr♦♥ ✇✐t❤✐♥ t❤❡ ❧❡❛❞s✳ ❆s t❤❡ ❍❛♠✐❧t♦♥✐❛♥
✐s t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ✇❡ ❝❛♥ r❡❞✉❝❡ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ❙❝❤rö❞✐♥❣❡r ❊q✉❛t✐♦♥
t♦ t❤❡ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ❙❝❤rö❞✐♥❣❡r ❊q✉❛t✐♦♥ ✭✷✳✶✮✳ ■♥ t❤✐s ✇❛② ✇❡ ❛❧s♦
♣r♦♣❡r❧② ❞❡✜♥❡❞ t❤❡ ❡♥❡r❣② E✳ ❋r♦♠ ❛❧❧ s♦❧✉t✐♦♥s t♦ t❤❡ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t
❙❝❤rö❞✐♥❣❡r✲❊q✉❛t✐♦♥

(H0 + V (X)) |Ψ+/−
R/LX〉 = E |Ψ+/−

R/LX〉 ✭✷✳✶✮

✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t✇♦ ❞✐✛❡r❡♥t ❜❛s✐s s❡ts ✭+✱ −✮ ❡❛❝❤ ✇✐t❤ t✇♦ ✭❘✴▲✮ ❜❛✲

s✐s st❛t❡s |Ψ+/−
R/LX〉✳ ❚❤❡ st❛t❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❡♥❡r❣② E ✉♥❧❡ss ♦t❤❡r✲

✇✐s❡ st❛t❡❞✳ ❚❤❡ s✉❜s❝r✐♣ts R/L ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥
✇❤❡r❡❛s t❤❡ s✉♣❡rs❝r✐♣ts +✴− ✐♥❞✐❝❛t❡ ✇❤❡t❤❡r ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ❛ st❛t❡
❜❡❢♦r❡ ✭+✮ ♦r ❛❢t❡r ✭−✮ t❤❡ s❝❛tt❡r✐♥❣✳

❚♦ ❢✉rt❤❡r s♣❡❝✐❢② t❤❡ ❜❛s✐s s❡ts ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡✐❣❡♥st❛t❡s |φR/L(E)〉 ♦❢ t❤❡
❢r❡❡ ❍❛♠✐❧t♦♥✐❛♥ H0 ✇❤✐❝❤ ❢✉❧✜❧❧

H0 |φR/L〉 = E |φR/L〉 . ✭✷✳✷✮

❚❤❡ ❜❛s✐s st❛t❡s ✇✐t❤ ♥♦♥✲✈❛♥✐s❤✐♥❣ ♣♦t❡♥t✐❛❧ |Ψ+/−
R/LX〉 ❛r❡ r❡❧❛t❡❞ t♦ t❤❡

❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ❢r❡❡ ❍❛♠✐❧t♦♥✐❛♥ |φR/L〉 ✈✐❛ t❤❡ ▲✐♣♣♠❛♥♥✲❙❝❤✇✐♥❣❡r
❊q✉❛t✐♦♥

|Ψ+/−
R/LX〉 = |φR/L〉+G

+/−
X VX |Ψ+/−

R/LX〉 . ✭✷✳✸✮

■❢ t❤❡ ❢r❡❡ ❡✐❣❡♥st❛t❡s ❛r❡ ♥♦r♠❛❧✐③❡❞ s♦ t❤❛t 〈φm(E′)|φn(E)〉 = 2πδmnδ(E
′−

E) ✇✐t❤ m✱n❂R✴L t❤❡ |Ψ+/−
R/LX〉 ❛r❡ ♥♦r♠❛❧✐③❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r✳ ❚❤❡

r❡t❛r❞❡❞ ✭+✮ ♦r ❛❞✈❛♥❝❡❞ ✭−✮ ●r❡❡♥s ❢✉♥❝t✐♦♥ G+/− ✐♥ t❤❡ ▲✐♣♣♠❛♥♥✲
❙❝❤✇✐♥❣❡r ❊q✉❛t✐♦♥ ✐s

G+/− = lim
η→0+

1

E −HX ± iη
. ✭✷✳✹✮

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ t❤❡ s❝❛tt❡r✐♥❣ st❛t❡s ❛r❡ ❛❧s♦ ❝❛❧❧❡❞ r❡✲
t❛r❞❡❞ ✭+✮ ♦r ❛❞✈❛♥❝❡❞ ✭−✮ s❝❛tt❡r✐♥❣ st❛t❡s✳ ❚❤❡ r❡t❛r❞❡❞ ♦r ❛❞✈❛♥❝❡❞
●r❡❡♥✬s ❢✉♥❝t✐♦♥s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s❬✶✵❪✳ ❲❡
✇✐❧❧ s❡❡ t❤✐s ♣r♦♣❡rt② ✇❤❡♥ ❞✐s❝✉ss✐♥❣ s❝❛tt❡r✐♥❣ ✐♥ ♣♦s✐t✐♦♥ s♣❛❝❡✳ ❲❡ ❛r❡
♥♦✇ ❛❜❧❡ t♦ ❞❡✜♥❡ t❤❡ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t s❝❛tt❡r✐♥❣ ♠❛tr✐① SX ✳

2πδnkδ(E
′ − E)SX =

(
〈Ψ−

LX(E′)|Ψ+
RX(E)〉 〈Ψ−

LX(E′)|Ψ+
LX(E)〉

〈Ψ−
RX(E′)|Ψ+

RX(E)〉 〈Ψ−
RX(E′)|Ψ+

LX(E)〉

)

✭✷✳✺✮

❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐s ❛ ❜❛s✐s tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ✐♥❝♦♠✐♥❣
✭+✮ st❛t❡s t♦ ♦✉t❣♦✐♥❣ ✭−✮ st❛t❡s✳ ❆s t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❛ tr❛♥s✐t✐♦♥ ❢r♦♠
❛♥ ✐♥❝♦♠✐♥❣ st❛t❡ t♦ ❛♥ ♦✉t❣♦✐♥❣ st❛t❡ ✐s t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ sq✉❛r❡❞ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♠❛tr✐① ❡❧❡♠❡♥t✱ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❛r❡ t❤❡

✻
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♣r♦❜❛❜✐❧✐t② ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❝♦♠✐♥❣ st❛t❡ ❡♥❞✐♥❣ ✉♣ ❛s t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♦✉t❣♦✐♥❣ st❛t❡✳ ❋✉rt❤❡r✱ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ❛❧s♦ ✐♥❝❧✉❞❡ t❤❡
♣❤❛s❡✲s❤✐❢t ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ s❝❛tt❡r✐♥❣ r❡❣✐♦♥✳ ❙♣❡❛❦✐♥❣
♦❢ ♣r♦❜❛❜✐❧✐t✐❡s ✇❡ ✇♦✉❧❞ ❡①♣❡❝t ❛ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♣❛rt✐❝❧❡✳ ❚❤✐s ♠❡❛♥s t❤❛t
t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥s ❢r♦♠ ❛ s✐♥❣❧❡ ✐♥❝♦♠✐♥❣ st❛t❡ s✉♠
✉♣ t♦ ♦♥❡✳ ❲❡ ✜♥❞ t❤✐s ♠❛✐♥ ♣r♦♣❡rt② ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐♥ ✐ts ✉♥✐t❛r✐t②

S
†
XSX = SXS

†
X =

(
1 0
0 1

)

. ✭✷✳✻✮

❚❤❡ ❞✐❛❣♦♥❛❧ t❡r♠s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♠❛tr✐① ❡♥s✉r❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♣❛rt✐❝❧❡✳
❚❤❡ ♦✛ ❞✐❛❣♦♥❛❧ t❡r♠s ❡♥s✉r❡ ♦rt❤♦❣♦♥❛❧✐t② ♦❢ t❤❡ st❛t❡s ✭❘✴▲✮ ✇✐t❤✐♥ ❛
❜❛s✐s s❡t ✭+✴−✮✳ ❲❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢r♦♠ ❊q✳ ✭✷✳✺✮ ✐s
✉♥✐t❛r② s✐♥❝❡ t❤❡ ❛❞✈❛♥❝❡❞ st❛t❡s |Ψ−

L/RX〉 ❛♥❞ t❤❡ r❡t❛r❞❡❞ st❛t❡s |Ψ+
L/RX〉

❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ❢♦r ✜①❡❞ X ❛♥❞ ❡♥❡r❣② E✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r ❛
❞❡t❛✐❧❡❞ ♣r♦♦❢ ♦❢ t❤❡ ✉♥✐t❛r✐t②✳

▲❡t ✉s ♥♦✇ ❤❛✈❡ ❛ ❧♦♦❦ ❛t t❤❡ s❝❛tt❡r✐♥❣ s❡t✉♣ ✐♥ ♣♦s✐t✐♦♥ s♣❛❝❡✳ ❆s ✇❡ ❛r❡
❝♦♥s✐❞❡r✐♥❣ ♣♦t❡♥t✐❛❧s ✇❤✐❝❤ ❛r❡ ❝♦♥✜♥❡❞ t♦ ❛ ✜♥✐t❡ r❡❣✐♦♥ ❢♦r ❛❧❧ X ✇❡ ❝❛♥
✉s❡ ❋✐❣✉r❡ ✷✳✷ t♦ ✈✐s✉❛❧✐③❡ t❤❡ r❡t❛r❞❡❞ ❛♥❞ ❛❞✈❛♥❝❡❞ s❝❛tt❡r✐♥❣ st❛t❡s✳ ❚❤❡
✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ♣✐❝t✉r❡ s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❛♥s❛t③ ❢♦r t❤❡ st❛t❡s
♦✉ts✐❞❡ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ r❡❣✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t ❡❧❡❝tr♦♥s
t♦ tr❛✈❡❧ ❢r❡❡❧② ✇✐t❤✐♥ t❤❡ ❧❡❛❞s✳ ◆♦t❡ t❤❛t ✇❡ ♠❛❦❡ ♥♦ ♣r❡❞✐❝t✐♦♥s ❢♦r t❤❡
s❝❛tt❡r✐♥❣ r❡❣✐♦♥✱ ❝♦♥s✐❞❡r❡❞ ❛♥❞ ❞✐s♣❧❛②❡❞ ❛s ❛ ❜❧❛❝❦✲❜♦①✳ ❚❤❡ r❡t❛r❞❡❞
s❝❛tt❡r✐♥❣ st❛t❡s ♦♥❧② ❤❛✈❡ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ✐♥❝♦♠✐♥❣✱ ✇❤❡r❡❛s t❤❡ ❛❞✈❛♥❝❡❞
s❝❛tt❡r✐♥❣ st❛t❡s ❤❛✈❡ ♦♥❧② ♦♥❡ ♦✉t❣♦✐♥❣ ♣❛rt✐❝❧❡✳

■t ✐s ♦❢t❡♥ ❝♦♥✈❡♥✐❡♥t t♦ ❝❤♦♦s❡ t❤❡ ❜❛s✐s ❢♦r t❤❡ ❛♥s❛t③ ❛s ♣❧❛♥❡ ✇❛✈❡s ♦✉ts✐❞❡
t❤❡ s❝❛tt❡r✐♥❣ r❡❣✐♦♥✳ ■♥ ♣♦s✐t✐♦♥ s♣❛❝❡ t❤❡s❡ ♣❧❛♥❡ ✇❛✈❡s ❧♦♦❦ ❧✐❦❡ eikx ✭✇❛✈❡

tr❛✈❡❧❧✐♥❣ t♦ t❤❡ r✐❣❤t✮ ♦r e−ikx ✭✇❛✈❡ tr❛✈❡❧❧✐♥❣ t♦ t❤❡ ❧❡❢t✮ ✇✐t❤ k =
√
2mE
~

✳
❆s t❤❡ ♣❧❛♥❡ ✇❛✈❡s ❛r❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ t♦ ❡❛❝❤ ♦t❤❡rs✱ ✇❡ ✜♥❞ ❛ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ t❤❡ r❡t❛r❞❡❞ ❛♥❞ ❛❞✈❛♥❝❡❞ s❝❛tt❡r✐♥❣ st❛t❡s✳ ❆♥ ✐♥❝♦♠✐♥❣ st❛t❡ ✇✐t❤
✐♥✐t✐❛❧ ♣r♦♣❛❣❛t✐♦♥ t♦ t❤❡ r✐❣❤t✭❧❡❢t✮ ✐s t❤❡ ❝♦♠♣❧❡① ❝♦♥❥✉❣❛t❡ ♦❢ ❛♥ ♦✉t❣♦✐♥❣
st❛t❡ ✇✐t❤ ♣r♦♣❛❣❛t✐♦♥ t♦ t❤❡ ❧❡❢t✭r✐❣❤t✮✳ ❚❤✐s ♣r♦♣❡rt② ✐s ❝❛❧❧❡❞ t✐♠❡ r❡✈❡r✲
s❛❧ s②♠♠❡tr② ❛♥❞ ❧❡❛❞s t♦ t❤❡ ❡q✉❛❧✐t② 〈Ψ−

LX |Ψ+
LX〉 = 〈Ψ−

RX |Ψ+
RX〉✳ ❚❤❡

s❝❛tt❡r✐♥❣ ♠❛tr✐① SX ✐s t❤❡♥ ❡q✉❛❧ t♦ ✐ts tr❛♥s♣♦s❡ S
T
X ✳

✼
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❋✐❣✉r❡ ✷✳✷✿ ❱✐s✉❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ❛❞✈❛♥❝❡❞ ❛♥❞ r❡t❛r❞❡❞ s❝❛tt❡r✐♥❣ st❛t❡s✳
❚❤❡ ❜❧❛❝❦ ❜♦①❡s ✐♥❞✐❝❛t❡ t❤❡ s❝❛tt❡r✐♥❣ r❡❣✐♦♥ ✇✐t❤ ♥♦♥ ✈❛♥✐s❤✐♥❣ ♣♦t❡♥t✐❛❧✳
❚❤❡ r❡t❛r❞❡❞ s❝❛tt❡r✐♥❣ ❤❛✈❡ ♦♥❧② ♦♥❡ ✐♥❝♦♠✐♥❣ ✇❛✈❡ ✇✐t❤ ♦❢ t❤❡ ❢♦r♠ e±ikx

✇❤❡r❡❛s t❤❡ ❛❞✈❛♥❝❡❞ s❝❛tt❡r✐♥❣ st❛t❡s ❤❛✈❡ ♦♥❧② ♦✉t❣♦✐♥❣ ✇❛✈❡s ♦❢ t❤❛t
❢♦r♠✳

▼❛t❝❤✐♥❣ t❤❡ ♦✉t❣♦✐♥❣ ✇❛✈❡s ♦❢ r❡t❛r❞❡❞ s❝❛tt❡r✐♥❣ st❛t❡s ✇✐t❤ ♦✉t❣♦✐♥❣
✇❛✈❡s ♦❢ ❛❞✈❛♥❝❡❞ s❝❛tt❡r✐♥❣ st❛t❡s✱ t❤❡ r❡t❛r❞❡❞ s❝❛tt❡r✐♥❣ st❛t❡s ❝♦✉❧❞ ❜❡
❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❛❞✈❛♥❝❡❞ s❝❛tt❡r✐♥❣ st❛t❡s✳ ❲❡ ✜♥❞ t❤❛t ✇✐t❤ t❤❡
❛♥s❛t③ ❢r♦♠ ❋✐❣✉r❡ ✷✳✷

|Ψ+
RX〉 = t |Ψ−

RX〉+ r |Ψ−
LX〉 , ✭✷✳✼✮

|Ψ+
LX〉 = r′ |Ψ−

RX〉+ t′ |Ψ−
LX〉 . ✭✷✳✽✮

■♥s❡rt✐♥❣ t❤❡s❡ ❡q✉❛t✐♦♥s ✐♥t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❊q✳ ✭✷✳✺✮
❛♥❞ ✉s✐♥❣ ♦rt❤♦♥♦r♠❛❧✐t② ♦❢ t❤❡ s❝❛tt❡r✐♥❣ st❛t❡s ✇❡ ♦❜t❛✐♥ t❤❡ s❝❛tt❡r✐♥❣
♠❛tr✐① ✇✐t❤ r❡s♣❡❝t t♦ ♦✉r ❛♥s❛t③

SX =

(
r t′

t r′

)

=

(
r t
t r′

)

. ✭✷✳✾✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❝❛❧❧ ❛❧❧ ❢♦✉r ❡♥tr✐❡s ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① SX

s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts✳ t, t′ ❛♥❞ r, r′ ❛r❡ s♦♠❡t✐♠❡s ❝❛❧❧❡❞ tr❛♥s♠✐ss✐♦♥ ❛♥❞
r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❢✉rt❤❡r s✐♠♣❧✐❢② t❤❡ s❝❛t✲
t❡r✐♥❣ ♠❛tr✐① ✐❢ t❤❡ s❝❛tt❡r✐♥❣ ♣♦t❡♥t✐❛❧ VX(x) ✐s s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦

✽
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❛ ♣♦✐♥t x0✳ ❋♦r s✉❝❤ ❛ s②♠♠❡tr✐❝ ♣r♦❜❧❡♠ t❤❡ s❝❛tt❡r✐♥❣ ♣r♦❝❡ss ✐s t❤❡ s❛♠❡
r❡❣❛r❞❧❡ss ♦❢ ✇❤❡t❤❡r ❝♦♥s✐❞❡r❡❞ ❢r♦♠ t❤❡ ❧❡❢t ♦r ❢r♦♠ t❤❡ r✐❣❤t✳ ❚❤✐s ✐♠♣❧✐❡s
r = r′✳ ❋♦r ❝❛❧❝✉❧❛t✐♦♥s ✇✐t❤ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐t ✐s ✉s❡❢✉❧ t♦ ✇r✐t❡ t❤❡
s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts ✐♥ ♣♦❧❛r ❢♦r♠✳ ❚❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✇♦✉❧❞ t❤❡♥ s❤♦✇
✽ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❜✉t t❤❡ ✉♥✐t❛r✐t② ❝♦♥❞✐t✐♦♥ r❡❞✉❝❡s t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡✲
❞♦♠ t♦ ✹✳ ❚❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✐s ❢✉rt❤❡r r❡❞✉❝❡❞ ❜② ♦♥❡
❢♦r t✐♠❡ r❡✈❡rs❛❧ s②♠♠❡tr②✳ ❙♦ s❝❛tt❡r✐♥❣ ♠❛tr✐❝❡s ❝♦♥s✐❞❡r❡❞ ✐♥ ✶❉ ❤❛✈❡
t❤r❡❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❚❤❡ ♣♦❧❛r ❢♦r♠ ✉s❡❞ ❤❡r❡ ❤❛s t❤r❡❡ ♣❛r❛♠❡t❡rs θ✱
φ ❛♥❞ |t| ❛♥❞ ✇❛s ❛❞❛♣t❡❞ ❢r♦♠❬✽❪✿

SX = eiθ




eiφ

√

1− |t|2 i |t|
i |t| e−iφ

√

1− |t|2



 ✭✷✳✶✵✮

❚❤✐s ❢♦r♠ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐s ❡s♣❡❝✐❛❧❧② ✉s❡❢✉❧ ❢♦r ❝❛❧❝✉❧❛t✐♦♥s ✐♥
s❡❝t✐♦♥ ✸ ❜✉t ✐t ✐s ❛❧s♦ ✉s❡❞ ✇❤❡♥ ♠❛❦✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ s❝❛tt❡r✐♥❣
♠❛tr✐①✳ ❚❤❡ ♣❤❛s❡ φ ❡♥❝♦❞❡s t❤❡ ❛s②♠♠❡tr② ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❢r♦♠ t❤❡ r✐❣❤t
t♦ t❤❡ r❡✢❡❝t✐♦♥ ❢r♦♠ t❤❡ ❧❡❢t✳ ■❢ t❤❡ s②♠♠❡tr② r = r′ ✐s ❣✐✈❡♥ ✇❡ ✜♥❞ φ = 0✳

❋✐♥❛❧❧②✱ s♦♠❡ s♣❡❝✐❛❧ ❝❛s❡s ❢♦r t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① s❤♦✉❧❞ ❜❡ ❦❡♣t ✐♥ ♠✐♥❞✳
❚❤❡s❡ s♣❡❝✐❛❧ ❝❛s❡s ❛r❡ ❢r❡q✉❡♥t❧② ❢♦✉♥❞ ❛s ❧✐♠✐ts ✐♥ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡s✳
●✐✈❡♥ t❤❛t t❤❡ r❡t❛r❞❡❞ ❛♥❞ ❛❞✈❛♥❝❡❞ s❝❛tt❡r✐♥❣ st❛t❡s ❛r❡ ❡q✉❛❧ |Ψ−

R/LX〉 =
|Ψ+

R/LX〉 t❤❡ SX ✲♠❛tr✐① s✐♠♣❧✐✜❡s t♦

SX =

(
0 1
1 0

)

. ✭✷✳✶✶✮

❚❤✐s ♠❡❛♥s t❤❛t ❛ ♣❛rt✐❝❧❡ t❤❛t st❛rts tr❛✈❡❧✐♥❣ ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥ ✇✐❧❧ ❡♥❞ ✉♣
tr❛✈❡❧✐♥❣ ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❛❢t❡r t❤❡ s❝❛tt❡r✐♥❣ ♣r♦❝❡ss✳ ❲❡ ❝❛♥ ✜♥❞ t❤✐s
❝❛s❡ ❢♦r ✈❛♥✐s❤✐♥❣ ♣♦t❡♥t✐❛❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐s

SX =

(
−e2ikL❧❡❢t 0

0 −e−2ikLr✐❣❤t

)

✭✷✳✶✷✮

❢♦r ✈❛♥✐s❤✐♥❣ tr❛♥s♠✐ss✐♦♥ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡r❡❜②✱ L❧❡❢t ❛♥❞ Lr✐❣❤t ✐♥❞✐❝❛t❡
✐♥❞✐❝❛t❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡✳ ❆ ♣❛rt✐❝❧❡ tr❛✈❡❧✐♥❣ ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥
✭❘✴▲✮ ✐s ❧❡❛✈✐♥❣ t❤❡ s❝❛tt❡r✐♥❣ ③♦♥❡ tr❛✈❡❧✐♥❣ ✐♥ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ✭▲✴❘✮✳
❇❛rr✐❡rs ♦❢ ✐♥✜♥✐t❡ ❤❡✐❣❤t ❞❡s❝r✐❜❡ ❛ s❡t✉♣ ✇❤❡r❡ ✇❡ ✜♥❞ ❛ s❝❛tt❡r✐♥❣ ♠❛tr✐①
✐♥ t❤❡ ❢♦r♠ ♦❢ ❊q✳ ✭✷✳✶✷✮✳

✷✳✷ ❙✐♥❣❧❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r

❲❡ ♦❜t❛✐♥ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢♦r ❛ s✐♥❣❧❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r✳ ❚❤❡ s❝❛t✲
t❡r✐♥❣ ♠❛tr✐① ✐s ❞❡✜♥❡❞ ✐♥ ❊q✳ ✷✳✺✱ t♦ ♦❜t❛✐♥ ✐t✱ ✇❡ ❤❛✈❡ t♦ t❛❦❡ ❝❛r❡ ♦❢ t❤❡

✾
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♣❤❛s❡s ❛s ✇❡❧❧ ❛s ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❛♠♣❧✐t✉❞❡s✳ ❚❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐①

S =

(
r t
t r

)

✭✷✳✶✸✮

❢♦r ❛ s✐♥❣❧❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r ✐s ❝❛❧❝✉❧❛t❡❞✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② ✉s❡❞ t✐♠❡
r❡✈❡rs❛❧ s②♠♠❡tr② ✭t = t′✮ ❛♥❞ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ✇❤✐❝❤ r❡s✉❧ts
✐♥ r = r′✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ❞r♦♣♣❡❞ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ ❛ ♣❛r❛♠❡t❡r X
❛s ✉s❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✶ ❢♦r ♥♦t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✳ ❚♦ ♦❜t❛✐♥ t❤❡ s❝❛tt❡r✐♥❣
♠❛tr✐①✱ ✇❛✈❡ ❢✉♥❝t✐♦♥s Ψ(x) ✇❤✐❝❤ ❛r❡ s♦❧✉t✐♦♥s t♦ t❤❡ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t
❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

HΨ(x) = EΨ(x) ✭✷✳✶✹✮

✐♥ ♣♦s✐t✐♦♥ s♣❛❝❡ ❛r❡ ❞✐s❝✉ss❡❞ ❛♥❞ t❤❡♥ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐s ♦❜t❛✐♥❡❞✳
❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐♥ ♣♦s✐t✐♦♥ s♣❛❝❡ ✐s H = − ~2

2m∂2
x + V (x) ✇✐t❤ ❛ ♣✐❡❝❡✇✐s❡

❝♦♥st❛♥t ♣♦t❡♥t✐❛❧

V (x) =







0 x ≤ L0 − w
2

V0 L0 − w
2 ≤ x ≤ L0 +

w
2

0 L0 +
w
2 ≤ x

✭✷✳✶✺✮

✇❤❡r❡ V0 > 0 ✭s❡❡ ✜❣✳ ✷✳✸✮✳ ❚❤❡ ❜❛rr✐❡r s♣❛♥s t❤❡ s♣❛❝❡ ❢r♦♠ L0 − w
2 t♦

L0 +
w
2 ✳

x

V(x)

V
0

L
0
-w/2 L

0
+w/2

❋✐❣✉r❡ ✷✳✸✿ ❚❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♣♦t❡♥t✐❛❧ V (x) ❢♦r ❛ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r✳

■♥ ♣r✐♥❝✐♣❧❡ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐s ❞❡✜♥❡❞ ❛s ❛ ❜❛s✐s tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠
✐♥❝♦♠✐♥❣ st❛t❡s t♦ ♦✉t❣♦✐♥❣ st❛t❡s✳ ❋♦r ❡①♣❧✐❝✐t ❝❛❧❝✉❧❛t✐♦♥s t❤❡ ❛♥s❛t③ ♣r❡✲
s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✷ ✐s ✇✐❞❡❧② ✉s❡❞✳ ❲❡ t❤✉s ♥❡❡❞♥✬t ❝❛❧❝✉❧❛t❡ t❤❡ ❜❛s✐s
tr❛♥s❢♦r♠❛t✐♦♥ ❜✉t ✇❡ ❝❛♥ ✉s❡ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢r♦♠ ❊q✳ ✭✷✳✾✮✳ ❙♦ ✇❡
st❛rt ✇✐t❤ ❛ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭✷✳✶✹✮ ✇❤✐❝❤ ❢♦r
t❤✐s ♣♦t❡♥t✐❛❧ ✐s ❣✐✈❡♥ ❛s

Ψ(x) =







a1e
ikx + b1e

−ikx x ≤ L0 − w
2

a2e
−ρx + b2e

ρx L0 − w
2 ≤ x ≤ L0 +

w
2

a3e
ikx + b3e

−ikx L0 +
w
2 ≤ x

✭✷✳✶✻✮

✶✵
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✇❤❡r❡ k ❛♥❞ ρ ❛r❡ ❣✐✈❡♥ ❛s

k =

√

2mE

~2
✭✷✳✶✼✮

ρ =

√

2m(V0 − E)

~2
=

√

v2 − k2 = v

√

1−
(
k

v

)2

. ✭✷✳✶✽✮

v =
√
2mV0

~
✇❛s ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ V0 ❛s k t♦ E✳ ■♥ t❤❡ ❝❛s❡ V0 > E ❛♥❞

E > 0 t❤❡ ♣❛r❛♠❡t❡rs k✱ v ❛♥❞ ρ ❛r❡ r❡❛❧✳ ❲❡ ♠❛❦❡ ❛♥ ❛♥s❛t③ ❢♦r ❛ r❡t❛r❞❡❞
s❝❛tt❡r✐♥❣ st❛t❡ ♦❢ t❤❡ ❢♦r♠

Ψ+
R(x) =







eik(x−L0) + re−ik(x−L0) x ≤ L0 − w
2

AR
−e

−ρx +AR
+e

ρx L0 − w
2 ≤ x ≤ L0 +

w
2

teik(x−L0) L0 +
w
2 ≤ x

✭✷✳✶✾✮

✇❤✐❝❤ ❞❡s❝r✐❜❡s ❛ ✇❛✈❡ ✐♥❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❧❡❢t ✇❤✐❝❤ ✐s r❡✢❡❝t❡❞ ♦✛ t❤❡
❜❛rr✐❡r ✇✐t❤ ❛ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t r ∈ C ❛♥❞ ✐s tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ t❤❡
❜❛rr✐❡r ✇✐t❤ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t t ∈ C✳ ❆s t❤❡ ♣♦t❡♥t✐❛❧ ✐s ✜♥✐t❡ ❢♦r
❛❧❧ x t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ Ψ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ x ❛r❡ ❡①♣❡❝t❡❞
t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❢♦r ❛❧❧ x✳ ▼❛t❝❤✐♥❣ Ψ+

R(x) ❛♥❞ ∂xΨ
+
R(x) ❛t x = L0− w

2 ❛♥❞
x = L0 +

w
2 r❡s✉❧ts ✐♥ t❤❡ ❢♦✉r ❧✐♥❡❛r ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢♦✉r ♣❛r❛♠❡t❡rs r✱ t✱

AR
+✱ A

R
− ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs k✱ ρ✱ w ❛♥❞ L0✳ ❋r♦♠ t❤❡s❡ ❡q✉❛t✐♦♥

✇❡ ❝❛♥ ✜♥❞ t❤❡ tr❛♥s♠✐ss✐♦♥ ❛♥❞ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t

t = e−ikw

4iρk

(iρ+k)2
e−ρw

1− (iρ−k)2

(iρ+k)2
e−2ρw

, ✭✷✳✷✵✮

r = −e−ikw

iρ−k
iρ+k

(
1− e−2ρw

)

1− (iρ−k)2

(iρ+k)2
e−2ρw

✭✷✳✷✶✮

✭✷✳✷✷✮

❖♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t ♦✉r s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐s ✐♥❞❡❡❞ ✉♥✐t❛r②✳ ❋♦r E > V0

t❤❡s❡ ❢♦r♠✉❧❛❡ ❝♦✉❧❞ ❛❧s♦ ❜❡ ❢♦✉♥❞✱ ❛♥❞ ❜❡tt❡r ✉♥❞❡rst♦♦❞ ✉s✐♥❣ t❤❡ ❋r❡s♥❡❧✲
❡q✉❛t✐♦♥s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✐❞❡❛ ♦❢ ♠✉❧t✐♣❧❡ r❡✢❡❝t✐♦♥ ❢r♦♠ s❡❝t✐♦♥ ✷✳✸✳ ❚❤❡
❋r❡s♥❡❧✲❡q✉❛t✐♦♥s ❞❡s❝r✐❜❡ t❤❡ r❡✢❡❝t✐♦♥ ❛♥❞ tr❛♥s♠✐ss✐♦♥ ♦❢ ❧✐❣❤t ♣❛ss✐♥❣
❢r♦♠ ♦♥❡ ♠❡❞✐✉♠ ✐♥t♦ ❛♥♦t❤❡r ✇✐t❤ ❛ ❞✐✛❡r❡♥t r❡❢r❛❝t✐✈❡ ✐♥❞❡①❬✹✱ ♣✳✷✸✽❪✳
❯s✐♥❣ t❤❡ ✇❛✈❡✲✈❡❝t♦rs k1 ❛♥❞ k2 ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ r❡✢❡❝t✐♦♥ ✭RF ✮ ❛♥❞ tr❛♥s✲
♠✐ss✐♦♥ ✭TF ✮ ♣r♦❜❛❜✐❧✐t② ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❋r❡s♥❡❧✲❡q✉❛t✐♦♥s ❛s

RF =

(
k1 − k2
k1 + k2

)2

✭✷✳✷✸✮

TF =
4k1k2

(k1 + k2)
2 . ✭✷✳✷✹✮

✶✶
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◆♦t❡ t❤❛t ✇❡ ♦♥❧② ❝♦♥s✐❞❡r ✐♥❝♦♠✐♥❣ ❧✐❣❤t t❤❛t ❤✐ts t❤❡ s✉r❢❛❝❡ ❜❡t✇❡❡♥
t❤❡ ♠❡❞✐❛ ❛t r✐❣❤t ❛♥❣❧❡✳ ❆s t❤❡ tr❛♥s♠✐ss✐♦♥ ♦r r❡✢❡❝t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s
❛r❡ t❤❡ s❛♠❡ ✇✐t❤ k1 ❛♥❞ k2 ✐♥t❡r❝❤❛♥❣❡❞ ✇❡ ❝❛♥ ✉s❡ t❤❡ s❛♠❡ r❡✢❡❝✲
t✐♦♥✴tr❛♥s♠✐ss✐♦♥ ♣r♦❜❛❜✐❧✐t② ❢♦r t❤❡ ❧❡❢t ♦r r✐❣❤t ❡♥❞ ♦❢ t❤❡ r❡❝t❛♥❣✉❧❛r
❜❛rr✐❡r✳ ❋♦r t❤❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇❛✈❡ ♥✉♠❜❡rs ❛r❡ iρ
❛♥❞ k✳

❆s ✇❡ ❦♥♦✇ t❤❡r❡ ❛r❡ tr❛♥s♠✐ss✐♦♥ ❛♥❞ r❡✢❡❝t✐♦♥ r❡s♦♥❛♥❝❡s ❢♦r ♠✉❧t✐♣❧❡
r❡✢❡❝t✐♦♥s✳ ❋♦r E > V0 > 0 ❛♥❞ iρL = nπ ✭n ∈ N✮ ✇❡ ✜♥❞ ❛ tr❛♥s♠✐ss✐♦♥
r❡s♦♥❛♥❝❡ ✇✐t❤ |t| = 1 ✇❤❡r❡❛s ❢♦r iρL = (n+ 1/2)π ✇❡ ✜♥❞ ❧♦❝❛❧ tr❛♥s♠✐s✲
s✐♦♥ ♠✐♥✐♠❛✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ♠✉❧t✐♣❧❡ r❡✢❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❡❞❣❡s ♦❢ t❤❡
♣♦t❡♥t✐❛❧ ❜❛rr✐❡r✳

❋♦r t✉♥♥❡❧✐♥❣ ♣r♦❝❡ss❡s ✇✐t❤ V0 > E > 0 s✐♠✐❧❛r ✐❞❡❛s ❛♣♣❧②✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t②
r❡❞✉❝t✐♦♥ ❞✉r✐♥❣ t❤❡ ❜♦✉♥❝✐♥❣ ♣r♦❝❡ss ✐s ♥♦t ❤❛♣♣❡♥✐♥❣ ❞✉❡ t♦ |r| < 1 ❜✉t
r❛t❤❡r ❞✉❡ t♦ t❤❡ ❞✐st❛♥❝❡✲tr❛✈❡❧❡❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡♥❞s ♦❢ t❤❡ ❜❛rr✐❡r✳

❖t❤❡r ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❝♦✉❧❞ ❛❧s♦ ❜❡ ❝❤❡❝❦❡❞✳
❲❡ s❡❡ t❤❛t t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐s ✐♥❞❡❡❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢
t❤❡ s❝❛tt❡r✐♥❣ ♣♦t❡♥t✐❛❧ L0✳ ❋✉rt❤❡r✱ ✇❡ ✜♥❞ t❤❛t ♠❛❦✐♥❣ t❤❡ s✉❜st✐t✉t✐♦♥
ρ ≈ ik ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ V0 ≪ E✱ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① s❛t✐s✜❡s t❤❡ ❤✐❣❤
❡♥❡r❣② ❧✐♠✐t ❊q✳ ✭✷✳✶✶✮✳ ❋♦r ❧♦✇ ❡♥❡r❣✐❡s V0 ≪ E = v ≪ k t❤❡ s❝❛tt❡r✐♥❣
♠❛tr✐① ❛ss✉♠❡s t❤❡ ❢♦r♠ ♦❢ ❊q✳ ✭✷✳✶✷✮✳

✷✳✷✳✶ ❚❤❡ t✉♥♥❡❧✐♥❣ ❧✐♠✐t

❇❡❢♦r❡ ✇❡ ❡①♣❛♥❞ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢♦r ❛ s✐♥❣❧❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r ✐♥ t❤❡
t✉♥♥❡❧✐♥❣ ❧✐♠✐t t❤❡r❡ ✐s ♦♥❡ t❤✐♥❣ t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ ✇❤❡♥ ❡①♣❛♥❞✐♥❣ s❝❛tt❡r✐♥❣
♠❛tr✐❝❡s✳ ▲❡t ✉s ❛ss✉♠❡ ✇❡ ❤❛✈❡ ❛ s❝❛tt❡r✐♥❣ ♠❛tr✐① S t❤❛t ✐s s②♠♠❡tr✐❝
❛♥❞ ❞❡♣❡♥❞s ♦♥ ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r ǫ✳ ❊①♣❛♥❞✐♥❣ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡r ǫ ✐❣♥♦r✐♥❣ t❡r♠s ♦❢ ♦r❞❡r n ❜② s✐♠♣❧② ❡①♣❛♥❞✐♥❣
❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❧❡❛❞s t♦ ❛ s❝❛tt❡r✐♥❣ ♠❛tr✐① S̃

S =

(
r t′

t r′

)

≈
(
r̃ +O (ǫn) t̃′ +O (ǫn)

t̃+O (ǫn) r̃′ +O (ǫn)

)

= S̃+O (ǫn) . ✭✷✳✷✺✮

❚❤❡ ♥❡✇ ✧s❝❛tt❡r✐♥❣ ♠❛tr✐①✧ S̃ ✐s ✉♥✐t❛r② ✇❤❡♥ ❞r♦♣♣✐♥❣ t❡r♠s ♦❢ ♦r❞❡r n✳ ❆s
t❤❡ ✉♥✐t❛r✐t② ✐s ✈❡r② ✐♠♣♦rt❛♥t✱ ❦❡❡♣✐♥❣ t❤✐s ♣r♦♣❡rt② ✇❤✐❧❡ ❡①♣❛♥❞✐♥❣ s❤♦✉❧❞
❜❡ ❛ ♣r✐♠❛r② ❣♦❛❧✳ ❚❤❡ ❇ütt✐❦❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✭s❡❡✳
❊q✳ ✭✷✳✶✵✮✮ ✐s ✈❡r② ✉s❡❢✉❧ t♦ ❛❝❤✐❡✈❡ t❤✐s ❣♦❛❧✳ ❚❤❡ ✉♥✐t❛r✐t② ♦❢ t❤❡ s❝❛tt❡r✐♥❣
♠❛tr✐① ✐s ❛✉t♦♠❛t✐❝❛❧❧② ✉♣❤❡❧❞ ❢♦r ❛❧❧ ❝❤♦✐❝❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs |t|✱ θ ❛♥❞ φ✳
❙♦ ✇❡ tr② t♦ ❡①♣❛♥❞ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✇❤✐❧❡ ❦❡❡♣✐♥❣ t❤❡ ✉♥✐t❛r✐t②✳ ❆s
t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢♦r t❤❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r ❢✉❧✜❧❧s r = r′ ✇❡ ✜♥❞ φ = 0✳
❚❤✉s✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❡①♣❛♥❞ ♦♥❧② ♦♥❡ ❡♥tr② ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐①✳ ❚❤❡
✇❤♦❧❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐♥ t❤❛t ❛♣♣r♦①✐♠❛t✐♦♥ ✐s t❤❡♥ ❝❛❧❝✉❧❛t❡❞ s♣❧✐tt✐♥❣
t❤❡ ❡①♣❛♥❞❡❞ ❡♥tr② ✐♥t♦ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❛♥❞ ♣❤❛s❡ ❢❛❝t♦r✳
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❆s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t✉♥♥❡❧✐♥❣ ♣r♦❝❡ss❡s✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✜♥❞ ❛ t✉♥♥❡❧✐♥❣
❧✐♠✐t ❢♦r t❤❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r ❢r♦♠ s❡❝t✐♦♥ ✷✳✷✳ ❚❤✐s ♠❡❛♥s ✇❡ ✇❛♥t t♦
❝♦♥s✐❞❡r ♦♥❧② t❤❡ ♣r✐♠❛r② t✉♥♥❡❧✐♥❣ ♣r♦❝❡ss ❛♥❞ ♥♦ ❝♦✲t✉♥♥❡❧✐♥❣ ♣r♦❝❡ss❡s✳
❚❤✐s ♠❡❛♥s ✇❡ ✐❣♥♦r❡ t✉♥♥❡❧✐♥❣ ♣❛t❤s ✇❤✐❝❤ ❧❡❛❞ t❤r♦✉❣❤ t❤❡ ❜❛rr✐❡r ♠♦r❡
t❤❛♥ ♦♥❡s✳ ❚❤❡r❡❢♦r t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ✐s ❝♦♥s✐❞❡r❡❞ ❢♦r ρw ≫ 1
✉♣ t♦ ✜rst ♦r❞❡r✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ❢♦r kw ≪ 1
❛♥❞ vw ≫ 1✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ✐♠♣❧② t❤❡ ✉s✉❛❧ t✉♥♥❡❧✐♥❣ ❧✐♠✐t ρw ≫ 1
❛♥❞ k

v ≪ 1✳ ❲❡ ✜rst ❡①♣❛♥❞ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ❢r♦♠ ❊q✳ ✭✷✳✷✵✮
❢♦r ρw ≫ 1 ♦r ❡q✉❛❧❧② s❡tt✐♥❣ t❤❡ ❞❡♥♦♠✐♥❛t♦r ❡q✉❛❧ t♦ ♦♥❡ ❛s t❤✐s ♠❡❛♥s
✐❣♥♦r✐♥❣ t❤❡ ❧♦♥❣❡r ♣❛t❤s✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t t❤❡♥ ✐s

t ≈ 4iρkeikwe−ρw

(iρ+ k)2
. ✭✷✳✷✻✮

◆♦✇ ✇❡ ❡①♣❛♥❞ ❢♦r k
ρ ≪ 1 ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ k

v ≪ 1✳

t ≈ −4i
k

v
eikwe−vwe

1

2
kw k

v ✭✷✳✷✼✮

❋✐♥❛❧❧② ✇❡ ✉s❡ t❤❛t kw ≪ 1 ❛♥❞ k
v ≪ 1 ✇❤✐❝❤ t❤❡♥ ❧❡❛❞s t♦

t ≈ −4i
k

v
e−vw. ✭✷✳✷✽✮

❲❡ ❝❛♥ ♥♦✇ ✉s❡ t❤✐s ❛♣♣r♦①✐♠❛t❡❞ r❡s✉❧t ❢♦r t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t t♦
❝❛❧❝✉❧❛t❡ ❛ ✉♥✐t❛r② s❝❛tt❡r✐♥❣ ♠❛tr✐①✳ ❲❡ t❤❡r❡❢♦r❡ s♣❧✐t ✉♣ t❤❡ tr❛♥s♠✐ss✐♦♥
❝♦❡✣❝✐❡♥t ✐♥t♦ ♣❤❛s❡ ieiθ = −i ❛♥❞ ✐♥t♦ ❛❜s♦❧✉t❡ ✈❛❧✉❡ |t| = 4k

v e
−vw✳ ❲❡

❝❛♥ t❤❡♥ ✉s❡ t❤❡ ❇ütt✐❦❡r ❢♦r♠ ❢r♦♠ ❊q✳ ✭✷✳✶✵✮ ✇✐t❤ θ = π ❛♥❞ φ = 0 ❛♥❞
✜♥❞ t❤❡ ✉♥✐t❛r② s❝❛tt❡r✐♥❣ ♠❛tr✐①

S =




−
√

1− 16
(
k
v

)2
e−2vw −4ikv e

−vw

−4ikv e
−vw −

√

1− 16
(
k
v

)2
e−2vw



 . ✭✷✳✷✾✮

❚❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❞❡s❝r✐❜❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ❢♦r t❤❡ s❤♦rt❡st ❛♥❞ t❤✉s
♠♦st ❧✐❦❡❧② t✉♥♥❡❧✐♥❣ ♣❛t❤ ✭t❤✐♥❦✐♥❣ ♦❢ ❋❡②♥♠❛♥ ♣❛t❤ ✐♥t❡❣r❛❧s ❛❣❛✐♥✮✳ ■♥
❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢♦r t❤❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r ✇❡ ❤❛✈❡
❞r♦♣♣❡❞ ❜♦t❤ t❤❡ ♣❤❛s❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❧♦♥❣❡r t✉♥♥❡❧✐♥❣ ♣❛t❤s✳

✷✳✸ ❈♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ S✲♠❛tr✐❝❡s

❚♦ ♠♦❞❡❧ t❤❡ s❤✉tt❧❡ s❡t✉♣ ✇❡ ♥❡❡❞ t♦ ❧❛t❡r ♦♥ ❝♦♠❜✐♥❡ t✇♦ s❝❛tt❡r✐♥❣ ♠❛✲
tr✐❝❡s t♦ ❣❡t ❛ s❝❛tt❡r✐♥❣ ♠❛tr✐① S12 ❞❡s❝r✐❜✐♥❣ t❤❡ ✇❤♦❧❡ s②st❡♠✳ ❖❜t❛✐♥✐♥❣
t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① t❤✐s ✇❛② ✐s s♦♠❡t✐♠❡s ❛ ❧♦t ❡❛s✐❡r t❤❛♥ ♠❛t❝❤✐♥❣ t❤❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✇❤♦❧❡ s❡t✉♣✳ ✭❚❤❡ s❛♠❡ ❢♦r♠✉❧❛s ❝♦✉❧❞ ❛❧s♦

✶✸



❙❝❛tt❡r✐♥❣ ❚❤❡♦r② ✷✳✸✳ ❈❖▼P❖❙■❚■❖◆ ❖❋ ❚❲❖ S✲▼❆❚❘■❈❊❙

❜❡ ♦❜t❛✐♥❡❞ ♠❛t❝❤✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳✮ ■t ✐s ❢✉rt❤❡r ✐♥t❡r❡st✐♥❣ t♦
s❡❡ t❤❛t ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♠♦❞✉❧✉s ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥ts ♦❢ ❡❛❝❤
s✐♥❣❧❡ ❜❛rr✐❡r ♠✐❣❤t ❜❡ s♠❛❧❧ t❤❡ r❡s✉❧t✐♥❣ tr❛♥s♠✐ss✐♦♥ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡
❞♦✉❜❧❡✲❜❛rr✐❡r ♠✐❣❤t ❜❡ 1✳

S12 =

(
r12 t′12
t12 r′12

)

. ✭✷✳✸✵✮

❙✉♣♣♦s❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐♥ ♣♦s✐t✐♦♥ s♣❛❝❡H(x) ✐s ❣✐✈❡♥ ❛sH = H0+V1(x)+
V2(x)✳ ❚❤❡ ♣♦t❡♥t✐❛❧s V1(x) ❛♥❞ V2(x) ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦
✇✐t❤✐♥ ❛♥ ❛r❡❛ ♦❢ ❧❡♥❣t❤ w1 ❛♥❞ w2 r❡s♣❡❝t✐✈❡❧②✳ ❋✉rt❤❡r t❤❡ t✇♦ ♣♦t❡♥t✐❛❧s
❛r❡ s❡♣❛r❛t❡❞ ❜② ❛♥ ❛r❡❛ ♦❢ ✇✐❞t❤ L ✇❤❡r❡ V (x) = V1(x) = V2(x) = 0✳ ❙♦
t❤❡ ❡♥t✐r❡ ♣♦t❡♥t✐❛❧ ✇❤✐❝❤ ✐s ❛❧s♦ ❞r❛✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✹ ✐s ❣✐✈❡♥ ❛s

V (x) =







0 x ≤ 0

V1(x) 0 ≤ x ≤ w1

0 w1 ≤ x ≤ w1 + L

V2(x) w1 + L ≤ x ≤ w1 + L+ w2

0 w1 + L+ w2 ≤ x

✭✷✳✸✶✮

V(x)

xV
1
(x) V

2
(x)

0 w
1 w

1
+L+w

2
w

1
+L

❋✐❣✉r❡ ✷✳✹✿ P♦t❡♥t✐❛❧ V (x) ❢♦r ❛ ❞♦✉❜❧❡ ❜❛rr✐❡r s❡t✉♣✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ✐s ♥♦♥✲
✈❛♥✐s❤✐♥❣ ❢♦r 0 ≤ x ≤ w1 ✇❤❡r❡ V (x) = V1(x) ❛♥❞ ❢♦r w1 + L ≤ x ≤
w1 + L + w2 ✇✐t❤ V (x) = V2(x) ♦♥❧②✳ ❚❤❡ s❤❛♣❡ ♦❢ ❜♦t❤ ♣♦t❡♥t✐❛❧s V1(x)
❛♥❞ V2(x) ❝♦✉❧❞ ❜❡ ❛r❜✐tr❛r②✳

❲❡ ❢✉rt❤❡r ✉s❡ t❤❡ t❤❡ ✇❛✈❡✲✈❡❝t♦r

k =

√
2mE

~
✭✷✳✸✷✮

❢♦r r❡❣✐♦♥s ✇✐t❤ ✈❛♥✐s❤✐♥❣ ♣♦t❡♥t✐❛❧✳ ▲❡t ✉s ❛ss✉♠❡ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐❝❡s
S1 ❛♥❞ S2 ❞❡s❝r✐❜✐♥❣ t❤❡ s❝❛tt❡r✐♥❣ ♣r♦❝❡ss ❛t t❤❡ s✐♥❣❧❡ ❜❛rr✐❡rs V1(x) ❛♥❞

✶✹
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V2(x) ❛r❡ ❜♦t❤ tr❛♥s♣♦s❡ s②♠♠❡tr✐❝ ❛♥❞ ♦❢ t❤❡ ❢♦r♠ ❣✐✈❡♥ ✐♥ ❊q✳ ✭✷✳✶✵✮✳

S1 = eiθ1




eiφ1

√

1− |t1|2 i |t1|
i |t1| e−iφ1

√

1− |t1|2



 ✭✷✳✸✸✮

S2 = eiθ2




eiφ2

√

1− |t2|2 i |t2|
i |t2| e−iφ1

√

1− |t2|2



 ✭✷✳✸✹✮

❚❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① S12 ❢♦r t❤❡ ❢✉❧❧ ♣♦t❡♥t✐❛❧ V (x) ✐s ❡♥t✐r❡❧② ♦❜t❛✐♥❡❞ ✐♥
t❡r♠s ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ s✐♥❣❧❡ ❜❛rr✐❡rs ❛♥❞ t❤❡ ❧❡♥❣t❤ ♦❢
t❤❡ ❣❛❜ ❜❡t✇❡❡♥ t❤❡ t✇♦✳ ■♥st❡❛❞ ♦❢ s♦❧✈✐♥❣ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❢♦r t❤❡
t✇♦ ❜❛rr✐❡rs t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢♦r t❤❡ ❢✉❧❧ s②st❡♠ ❝♦✉❧❞ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞
✉s✐♥❣ ❛ ❋❡②♥♠❛♥ ♣❛t❤ ✐♥t❡❣r❛❧ ❝♦♥❝❡♣t✳ ❚❤✐s ♠❡❛♥s✱ ✇❡ s✉♠ ✉♣ ❛❧❧ ♣♦ss✐❜❧❡
♣❛t❤s✱ ✇❡✐❣❤t❡❞ ✇✐t❤ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❜❛❜✐❧✐t② ❛♠♣❧✐t✉❞❡s✱ t❤❛t t❤❡
❡❧❡❝tr♦♥ ❝♦✉❧❞ ❤❛✈❡ t❛❦❡♥ t❤r♦✉❣❤ t❤❡ ❞♦✉❜❧❡ ❜❛rr✐❡r✳ ❚❤✐s ✇❛② ✇❡ ❛✐♠ t♦
✜♥❞ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢♦r t❤❡ ❢✉❧❧ ❜❛rr✐❡r✳

❚♦ ❛♣♣❧② t❤❡ ❋❡②♥♠❛♥ ♣❛t❤ ✐❞❡❛ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❡❧❡❝tr♦♥ ❛s ❛ ✇❛✈❡✳ ❚❤❡
❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✇❛✈❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♣r♦❜❛❜✐❧✐t②✳ ❋♦r t❤❡ tr❛♥s♠✐ss✐♦♥ ❛♠♣❧✐t✉❞❡ ✇❡ ❝♦♥s✐❞❡r ❛ ✇❛✈❡ ❝♦♠✐♥❣ ✐♥
❢r♦♠ t❤❡ ❧❡❢t✳ ❚❤✐s ✇❛✈❡ ✐s ♣❛rt❧② tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ t❤❡ ✜rst ❜❛rr✐❡r✳ ❚❤❡
❛♠♣❧✐t✉❞❡ ✐s r❡❞✉❝❡❞ ❜② |t1| ❛♥❞ t❤❡ ✇❛✈❡ ❛❝q✉✐r❡s ❛ ♣❤❛s❡ s❤✐❢t ieiθ1 ✭★✶✮✳
■t t❤❡♥ tr❛✈❡❧s ❛ ❧❡♥❣t❤ L ✇✐t❤♦✉t r❡❞✉❝✐♥❣ ✐ts ❛♠♣❧✐t✉❞❡ ❜✉t ❛❝q✉✐r✐♥❣ ❛
♣❤❛s❡ s❤✐❢t eikL ✭★✷✮✳

❇② ♥♦✇ t❤❡r❡ ✇❛s ♦♥❧② ♦♥❡ ♣❛t❤ ❢♦r t❤❡ ❡❧❡❝tr♦♥ t♦ ❣❡t t❤r♦✉❣❤ t❤❡ ❜❛rr✐❡r✳
❋r♦♠ ❤❡r❡ t❤❡r❡ ❛r❡ ✐♥✜♥✐t❡ ♠❛♥② ✇❛②s t❤❡ ❡❧❡❝tr♦♥ ❝♦✉❧❞ t❛❦❡ t♦ ❣❡t t♦
t❤❡ ♦t❤❡r s✐❞❡ ♦❢ t❤❡ ❜❛rr✐❡r✳ ❊❛❝❤ ♣❛t❤ ❝♦♥s✐sts ♦❢ ③❡r♦ ♦r ♠♦r❡ ❜♦✉♥❝❡s
❜❡t✇❡❡♥ t❤❡ ❜❛rr✐❡rs ❜❡❢♦r❡ t❤❡ ❡❧❡❝tr♦♥ ✐s tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ t❤❡ s❡❝♦♥❞
❜❛rr✐❡r✳ ❋♦r ❡❛❝❤ ❜♦✉♥❝❡ t❤❡ ✇❛✈❡ ✐s ❜❛❝❦ s❝❛tt❡r❡❞ ♦✛ t❤❡ s❡❝♦♥❞ ❜❛rr✐❡r✱
❛❝q✉✐r✐♥❣ ❛ ♣❤❛s❡ s❤✐❢t ei(θ2+φ2) ❛♥❞ ✐ts ❛♠♣❧✐t✉❞❡ ✐s r❡❞✉❝❡❞ ❜② ❛ ❢❛❝t♦r

|r2| =
√

1− |t2|2✳ ■t t❤❡♥ tr❛✈❡❧s ❛ ❞✐st❛♥❝❡ L✱ ❛❝q✉✐r✐♥❣ ❛ ♣❤❛s❡ s❤✐❢t

eikL✱ ✐s r❡✢❡❝t❡❞ ❢r♦♠ t❤❡ ✜rst ❜❛rr✐❡r ❛❝q✉✐r✐♥❣ ❛ ♣❤❛s❡ s❤✐❢t ei(θ1−φ1) ❛♥❞
✐ts ❛♠♣❧✐t✉❞❡ ✐s r❡❞✉❝❡❞ ❜② |r2| ❜❡❢♦r❡ ✐t ❛❝q✉✐r❡s ❛♥♦t❤❡r ♣❤❛s❡ s❤✐❢t eikL

✇❤✐❧❡ tr❛✈❡❧✐♥❣ t❤❡ ❞✐st❛♥❝❡ L ❜❡t✇❡❡♥ t❤❡ t✇♦ ❜❛rr✐❡rs✳ ❚❤❡ ♣♦ss✐❜❧❡ ♣❛t❤s
✐♥❝❧✉❞✐♥❣ ✉♣ t♦ ✸ ❞♦✉❜❧❡✲r❡✢❡❝t✐♦♥s ❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✷✳✺✳

✶✺
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x x

x x

❋✐❣✉r❡ ✷✳✺✿ P♦ss✐❜❧❡ ❡❧❡❝tr♦♥ ♣❛t❤s ❢♦r tr❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ t❤❡ ❞♦✉❜❧❡ ❜❛r✲
r✐❡r s❡t✉♣✳ ❚❤❡ ❜❛rr✐❡rs ❛r❡ ✐♥❞✐❝❛t❡❞ ❛s ❣r❛② ❜♦①❡s✱ t❤❡✐r s❤❛♣❡ ❞♦❡s♥✬t
♠❛tt❡r ❢♦r t❤✐s ❝♦♥s✐❞❡r❛t✐♦♥✳ ❚♦♣✲❧❡❢t✿ ♥♦ ❞♦✉❜❧❡ r❡✢❡❝t✐♦♥❀ t♦♣✲r✐❣❤t ❛
s✐♥❣❧❡ ❞♦✉❜❧❡✲r❡✢❡❝t✐♦♥❀ ❜♦tt♦♠✲❧❡❢t✿ t✇♦ ❞♦✉❜❧❡ r❡✢❡❝t✐♦♥s❀ ❜♦tt♦♠✲r✐❣❤t✿
t❤r❡❡ ❞♦✉❜❧❡ r❡✢❡❝t✐♦♥s✳

❚❤✐s ❜♦✉♥❝✐♥❣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣♦t❡♥t✐❛❧s ♠❛② ❤❛♣♣❡♥ ✉♣ t♦ ❛♥ ✐♥✜♥✐t❡
❛♠♦✉♥t ♦❢ t✐♠❡s ✭★✸✮ ❜✉t ❧❡ss ❛♥❞ ❧❡ss ♣r♦❜❛❜❧❡✳ ❋✐♥❛❧❧② ❛❢t❡r s♦♠❡ ❜♦✉♥❝✐♥❣
❜❡t✇❡❡♥ t❤❡ t✇♦ ❜❛rr✐❡rs ♣❛rt |t2| ♦❢ t❤❡ ✇❛✈❡ ✐s tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ t❤❡
s❡❝♦♥❞ ❜❛rr✐❡r ❛❝q✉✐r✐♥❣ ❛ ♣❤❛s❡ s❤✐❢t ♦❢ ieiθ2 ✭★✹✮✳ ❆❧❧ ✐♥ ❛❧❧✱ t❤❡ r❡s✉❧t✐♥❣
tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ✇❤♦❧❡ s❝❛tt❡r✐♥❣ ♣r♦❝❡ss ✐s

t12 = ieiθ1 |t1|
︸ ︷︷ ︸

✭★✶✮

eikL
︸︷︷︸

✭★✷✮

∞∑

n=0

(

ei(θ2+φ2) |r2| eikL ei(θ1−φ1) |r1| eikL
)n

︸ ︷︷ ︸

✭★✸✮

ieiθ2 |t2|
︸ ︷︷ ︸

✭★✹✮

.

✭✷✳✸✺✮

❆s t❤❡ s✉♠ ❤❛s ❛♥ ❛r❣✉♠❡♥t t❤❛t ❤❛s ❛ ♠♦❞✉❧✉s ❧❡ss t❤❡♥ ♦♥❡ ✇❡ ❝❛♥ ✉s❡ ❛
❣❡♦♠❡tr✐❝ s❡r✐❡s ✐❞❡♥t✐t② t♦ s✐♠♣❧✐❢② t❤❡ s✉♠ ❡①♣r❡ss✐♦♥ ✭★✸✮✳

∞∑

n=0

(

ei(θ2+φ2) |r2| eikL ei(θ1−φ1) |r1| eikL
)n

=

1

1−
(
ei(θ2+φ2) |r2| eikLei(θ1−φ1) |r1| eikL

) ✭✷✳✸✻✮

❙♦ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ✐s

t12 = − eiθ1 |t1| eikLeiθ2 |t2|
1−

(
ei(θ2+φ2) |r2| eikL ei(θ1−φ1) |r1| eikL

) . ✭✷✳✸✼✮

◆❡①t ✇❡ ✇✐❧❧ ❝❛❧❝✉❧❛t❡ t❤❡ r❡✢❡❝t✐♦♥ ❤❛♣♣❡♥✐♥❣ t♦ ❛ ✇❛✈❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡
❧❡❢t✳ ❲❤❡♥ ❤✐tt✐♥❣ ❜❛rr✐❡r t❤❡ ❧❡❢t ❜❛rr✐❡r ♣❛rt |r1| ♦❢ t❤❡ ✇❛✈❡ ✐s r❡✢❡❝t❡❞
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❛❝q✉✐r✐♥❣ ❛ ♣❤❛s❡ s❤✐❢t ei(θ1+φ1) ✇❤❡r❡❛s ❛ ♣❛rt |t1| ✐s tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ t❤❡
♣♦t❡♥t✐❛❧ 1 ❣❡tt✐♥❣ ♣❤❛s❡ s❤✐❢t❡❞ ❜② ieiθ1 ✳ ❚❤❡ ✇❛✈❡ t❤❡♥ tr❛✈❡❧s ❛ ❞✐st❛♥❝❡ L✱
✐s r❡✢❡❝t❡❞ ♦❢ t❤❡ s❡❝♦♥❞ ❜❛rr✐❡r✬s ❧❡❢t s✐❞❡ ❛♥❞ t❤❡♥ tr❛✈❡❧s ❛♥♦t❤❡r ❞✐st❛♥❝❡
L✳ ❚❤❡ s❛♠❡ ❜♦✉♥❝❡ ❡✛❡❝t t❛❦❡s ♣❧❛❝❡ ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❧❡❛❞✐♥❣ t♦ t❤❡
s❛♠❡ ✐♥✜♥✐t❡ s✉♠✳ ❚❤✐s ✐s ♦♥❧② ✈❛❧✐❞ ❛s ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ ❛ ✶❉ ♣r♦❜❧❡♠
✇✐t❤ ♦♥❧② ♦♥❡ s❝❛tt❡r✐♥❣ ❝❤❛♥♥❡❧✳ ❆❢t❡r t❤❡ ✐♥✜♥✐t❡ ❜♦✉♥❝❡ ❤❛s t❛❦❡♥ ♣❧❛❝❡
♣❛rt |t1| ✐s tr❛♥s♠✐tt❡❞ ❢r♦♠ t❤❡ r✐❣❤t t❤r♦✉❣❤ t❤❡ ✜rst ❜❛rr✐❡r ❜❡✐♥❣ ♣❤❛s❡
s❤✐❢t❡❞ ❜② ieiθ1 ✳ ❙♦ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ✇❤♦❧❡ s❡t✉♣ ✐s

r12 = ei(θ1+φ1) |r1| −
e2ikL e2iθ1 |t1|2 ei(θ2+φ2) |r2|

1−
(
ei(θ2+φ2)ei(θ1−φ1)e2ikL |r1| |r2|

) . ✭✷✳✸✽✮

■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❝❛♥ ❣❡t t❤❡ r❡✢❡❝t✐♦♥ ❛♥❞ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥ts ❢♦r
❛ ✇❛✈❡ ❝♦♠✐♥❣ ✐♥ ❢r♦♠ t❤❡ r✐❣❤t✱ ❜❡✐♥❣ r❡✢❡❝t❡❞ ✇✐t❤ ❛ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t
r′12 ♦r ❜❡✐♥❣ tr❛♥s♠✐tt❡❞ ✇✐t❤ ❛ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t t′12✳

r′12 = |r2| ei(θ2−φ2) − e2ikLei(θ1−φ1)e2iθ2 |r1| |t2|2

1−
(
ei(θ2+φ2)ei(θ1−φ1)e2ikL |r1| |r2|

) ✭✷✳✸✾✮

t′12 = − eikL eiθ1 |t1| eiθ2 |t2|
1−

(
ei(θ2+φ2)ei(θ1−φ1)e2ikL |r1| |r2|

) ✭✷✳✹✵✮

❲❡ s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts ✉s✐♥❣
∣
∣r1/2

∣
∣2 +

∣
∣t1/2

∣
∣2 = 1✳

r12 =
ei(θ1+φ1) |r1| −

(
e2iθ1e2ikLei(θ2+φ2)

)
|r2|

1−
(
ei(θ2+φ2)ei(θ1−φ1)e2ikL |r1| |r2|

) ✭✷✳✹✶✮

r′12 =
ei(θ2+φ2) |r2| −

(
e2iθ2e2ikLei(θ1+φ1)

)
|r1|

1−
(
ei(θ2+φ2)ei(θ1−φ1)e2ikL |r1| |r2|

) ✭✷✳✹✷✮

❖❢ ✐♥t❡r❡st t♦ ✉s ✐s t❤❡ r❡s♦♥❛♥❝❡ t❤❛t ❛♣♣❡❛rs ✇❤❡♥ t❤❡ ❜♦✉♥❝❡ ♣❤❛s❡ s❤✐❢t
✭s❡❡ t❤❡ ♣❤❛s❡s ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦rs ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts✮ ✐s ❡q✉❛❧ t♦
−1✳ ❚❤✐s ♠❡❛♥s t❤❡ ♠♦❞✉❧✉s ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ r❡❛❝❤❡s t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡
❬✶❪✳ ■❢ ✇❡ ❢✉rt❤❡r ❝♦♥s✐❞❡r t✇♦ ✐❞❡♥t✐❝❛❧ ❜❛rr✐❡rs ✭t❤❡✐r ♣r♦❜❛❜✐❧✐t② ❛♠♣❧✐t✉❞❡s
❛r❡ ✐❞❡♥t✐❝❛❧✮ ✇❡ ✜♥❞ ❛ ♣✉r❡ tr❛♥s♠✐ss✐♦♥ r❡s♦♥❛♥❝❡ ✇✐t❤ |t12|2 = 1✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t t❤❡ r❡✢❡❝t✐♦♥ ♣r♦❜❛❜✐❧✐t② |r12|2 ✈❛♥✐s❤❡s✳ ❚❤✐s ♠✐❣❤t s❡❡♠ q✉✐t❡
str❛♥❣❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s❝❛tt❡r✐♥❣ s❝❡♥❛r✐♦ ❢♦r ❛ ✇❛✈❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❧❡❢t
✇❤✐❝❤ ✐s ♣❛rt❧② r❡✢❡❝t❡❞ ✇✐t❤ ❛♥ ❛♠♣❧✐t✉❞❡ r1 ❜❡❢♦r❡ r❡❛❧❧② ❡♥t❡r✐♥❣ t❤❡
s❝❛tt❡r✐♥❣ r❡❣✐♦♥✳ ❇✉t ✐t ✐s ♥♦ ♣r♦❜❧❡♠ ❛s ✇❡ s❤♦✉❧❞ ♥♦t t❤✐♥❦ ♦❢ t❤❡ ✇❛✈❡
tr❛✈❡❧✐♥❣ ✐♥ t✐♠❡ t❤r♦✉❣❤ t❤❡ ❞♦✉❜❧❡ ❜❛rr✐❡r✳ ❲❡ r❛t❤❡r tr② t♦ ✜♥❞ ❛❧❧ ♣♦ss✐❜❧❡
✇❛②s t❤❛t ❧❡❛❞ t♦ t❤❡ s❛♠❡ r❡s✉❧t✳

❚♦ ♦❜t❛✐♥ t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t ❧❡❛❞ t♦ t❤❡ r❡s♦♥❛♥❝❡ ✇❡ ♥♦t❡ t❤❛t ♣❛rt |r1| ✐s
r❡✢❡❝t❡❞ ♦✛ t❤❡ ✜rst ❜❛rr✐❡r ❜✉t t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ✇❤♦❧❡ ❜❛rr✐❡r
✈❛♥✐s❤❡s s♦ t❤❡r❡ ❤❛s t♦ ❜❡ s♦♠❡ ❛♥♥✐❤✐❧❛t✐♥❣ ♣❛rt✳ ▲❡t ✉s t❤❡r❡❢♦r❡ ❝♦♥s✐❞❡r

✶✼
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t❤❡ ♣❛rt t❤❛t ✐s tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ t❤❡ ✜rst ❜❛rr✐❡r✳ ❆❢t❡r t❤❡ tr❛♥s♠✐ss✐♦♥
✐t tr❛✈❡❧s ❢r❡❡❧②✱ ✐t ✐s r❡✢❡❝t❡❞ ♦✛ t❤❡ s❡❝♦♥❞ ❜❛rr✐❡r✱ tr❛✈❡❧s ❢r❡❡❧② ❛❣❛✐♥ ❛♥❞
✐s tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ ❜❛rr✐❡r 1 ❢r♦♠ t❤❡ r✐❣❤t s✐❞❡✳ ❚❤❡ ✇❤♦❧❡ ♣❤❛s❡ s❤✐❢t
t❤✐s ♣❛rt ♦❢ t❤❡ ✇❛✈❡ ❛❝q✉✐r❡s ✐s −e2iθ1ei(θ2+φ2)e2ikL ✇❤❡r❡❛s t❤❡ r❡✢❡❝t❡❞
♣❛rt ❛❝q✉✐r❡❞ ❛ ♣❤❛s❡ s❤✐❢t ♦❢ ei(θ1+φ1) ♦♥❧②✳ ❋♦r ❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡
t❤❡② ❤❛✈❡ t♦ ❜❡ ❛♥t✐✲♣❛r❛❧❧❡❧ ✇❤✐❝❤ ❧❡❛❞s t♦

−e2iθ1ei(θ2+φ2)e2ikL = −ei(θ1+φ1). ✭✷✳✹✸✮

❲❡ ❧❡❢t ♦✉t t❤❛t ♣❛rt ♦❢ t❤❡ ✇❛✈❡ t❤❛t ✐s r❡✢❡❝t❡❞ ♦✛ t❤❡ r✐❣❤t ❡♥❞ ♦❢ t❤❡
✜rst ❜❛rr✐❡r ❛♥❞ t❤✉s ❜❡❣✐♥s t❤❡ ✐♥✜♥✐t❡ ❜♦✉♥❝❡✳ ❚❤✐s ♣❛rt ✐♥✐t✐❛❧❧② ❤❛s t❤❡
s❛♠❡ ♣❤❛s❡ s❤✐❢t ❛s t❤❡ ♦♥❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❜✉t ❛❝q✉✐r❡s ♠♦r❡ ✇✐t❤ ❡❛❝❤
❞♦✉❜❧❡ r❡✢❡❝t✐♦♥✳ ❋♦r ❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧❧② r❡✢❡❝t❡❞ ✇❛✈❡
t❤❡ ❢✉rt❤❡r ❛❝q✉✐r❡❞ ♣❤❛s❡ s❤✐❢t ❤❛s t♦ ❜❡ ♦♥❡ ✭❝♦♠♣❛r❡ ❡q✉❛t✐♦♥ ✭✷✳✸✻✮✮✳ ❙♦
t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❢♦r ♣❡r❢❡❝t tr❛♥s♠✐ss✐♦♥ ✐s

e2ikLei(θ1−φ1)ei(θ2+φ2) = 1. ✭✷✳✹✹✮

❊✈❡♥ t❤♦✉❣❤ t❤❡ ❡q✉❛t✐♦♥s ✭✷✳✹✸✮ ❛♥❞ ✭✷✳✹✹✮ ✇❡r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❞✐✛❡r❡♥t
❛♣♣r♦❛❝❤❡s t❤❡s❡ t✇♦ ❡q✉❛t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❋♦r ❛ r❡s♦♥❛♥❝❡ ✇✐t❤ tr❛♥s♠✐ss✐♦♥ ♣r♦❜❛❜✐❧✐t② ♦♥❡ t❤❡ ❛♠♦✉♥t ♦❢ ♣r♦❜❛❜✐❧✐t②
❧♦st ✐♥ ♦♥❡ ❜♦✉♥❝❡ r♦✉♥❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❜❛rr✐❡rs ❤❛s t♦ ❜❡ ❡q✉❛❧❧② ❞✐s✲
tr✐❜✉t❡❞ ❜❡t✇❡❡♥ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ✇❤♦❧❡ ❜❛rr✐❡r✳ ❲❡ ❝❛♥ t❤❡♥
t❤✐♥❦ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦♥ t❤❡ ❧❡❢t s✐❞❡ ✐s ✧st♦❧❡♥✧ ❛♥❞ tr❛♥s❢❡rr❡❞ t♦ t❤❡
r✐❣❤t s✐❞❡ ✇✐t❤ ❡❛❝❤ ❞♦✉❜❧❡ r❡✢❡❝t✐♦♥✳ ■♥ t❤❡ ❡♥❞✱ t❤❡ ❡♥t✐r❡ ♣r♦❜❛❜✐❧✐t② ✐s
❝♦♥✜♥❡❞ t♦ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ❜❛rr✐❡r✳

❲❤❡♥ t❤❡ ♣❤❛s❡ s❤✐❢t e2ikLei(θ1−φ1)ei(θ2+φ2) ✐s ♥♦t ♣r❡❝✐s❡❧② 1 ❛ ♣❤❛s❡ s❤✐❢t
♦❢ ∆α ✐s ❛❝q✉✐r❡❞ ✇✐t❤ ❡❛❝❤ ❜♦✉♥❝❡✳ ❙♦ ❛❢t❡r ❛ ✜♥✐t❡ ♥✉♠❜❡r N = π

∆α ♦❢
❜♦✉♥❝❡s ❢r♦♠ t❤❡ ❧❡❢t t♦ r✐❣❤t✱ t❤❡ ♣❛rt t❤❛t ✜rst ✐♥t❡r❢❡r❡❞ ❝♦♥str✉❝t✐✈❡❧② ✭❞❡✲
str✉❝t✐✈❡❧②✮ ✇✐❧❧ t❤❡♥ st❛rt t♦ ✐♥t❡r❢❡r❡ ❞❡str✉❝t✐✈❡❧② ✭❝♦♥str✉❝t✐✈❡❧②✮✳ ❆❢t❡r
❛♥♦t❤❡r N ❜♦✉♥❝❡s t❤❡ ❡✛❡❝t ✐s s❤✐❢t❡❞ ❛❣❛✐♥✳ ❙♦ t❤❡ t♦t❛❧ tr❛♥s♠✐ss✐♦♥ ❝♦✲
❡✣❝✐❡♥t ❞r♦♣s ✇❤❡♥ t❤❡ r❡s♦♥❛♥❝❡ ❝♦♥❞✐t✐♦♥ ❊q✳ ✭✷✳✹✹✮ ✐s ♥♦ ❧♦♥❣❡r ❢✉❧✜❧❧❡❞✳

❋♦r ❧♦✇ tr❛♥s♣❛r❡♥❝②
∣
∣t1/2

∣
∣2 ≈ 0 ✇❡ ✜♥❞ t❤❛t ✭❢❛r✮ ❛✇❛② ❢r♦♠ t❤❡ r❡s♦♥❛♥t

❝❛s❡ t❤❡ tr❛♥s♣❛r❡♥❝② ✐s ❛❧♠♦st ✈❛♥✐s❤✐♥❣ t12 ≈ |t1| |t2| ≈ 0✱ ✇❤❡r❡❛s ✐♥ t❤❡
r❡s♦♥❛♥t ❝❛s❡ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t t12 ♠✐❣❤t ❡✈❡♥ ❜❡❝♦♠❡ 1✳

❋✐♥❛❧❧②✱ t❤❡r❡ ✐s ❧❡❢t t♦ s❛② t❤❛t s✐♠✐❧❛r ❢♦r♠✉❧❛s ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r ❛
❝♦♥st❛♥t ♣♦t❡♥t✐❛❧ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣♦t❡♥t✐❛❧ ❜❛rr✐❡rs✳ ❚❤❡r❡❢♦r ②♦✉ ❤❛✈❡
t♦ t❛❦❡ ❝❛r❡ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ♦♥❡ s❝❛tt❡r✐♥❣ ♣♦t❡♥t✐❛❧ t♦ t❤❡ ❝♦♥st❛♥t
♣♦t❡♥t✐❛❧ ❛s t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐❝❡s ❡①♣❡❝t ❢r❡❡ ♣r♦♣❛❣❛t✐♦♥ ♦♥ ❜♦t❤ s✐❞❡s✳

✷✳✹ ❚✇♦ ❘❡❝t❛♥❣✉❧❛r ❇❛rr✐❡rs

❖❜t❛✐♥✐♥❣ t❤❡ ❢♦r♠✉❧❛s ❞❡s❝r✐❜✐♥❣ t❤❡ s❤✉tt❧❡ ✐s ❞♦♥❡ str❛✐❣❤t❢♦r✇❛r❞❧② ✉s✐♥❣
s❡❝t✐♦♥ ✷✳✸✳ ❚❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐❝❡s ❢♦r ❡❛❝❤ s✐♥❣❧❡ ❜❛rr✐❡r ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥

✶✽
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t❤❡ t✉♥♥❡❧✐♥❣ ❧✐♠✐t ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✷✳✶✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❧❡❢t✴r✐❣❤t
❜❛rr✐❡r ❤❛s ✇✐❞t❤ w1/w2 ❛♥❞ t❤❛t ❜♦t❤ ❛r❡ ♦❢ ❤❡✐❣❤t V0✳ ❚❤❡ ❣❛♣ ❜❡t✇❡❡♥
t❤❡ t✇♦ ✐s ♦❢ ✇✐❞t❤ L✳ ❚❤❡ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts ❢♦r t❤❡ ❞♦✉❜❧❡ ❜❛rr✐❡r
s②st❡♠ ❛r❡ t❤❡♥ ❣✐✈❡♥ ❛s

r12 =
e2ikL

√

1− 16
(
k
v

)2
e−2vw2 −

√

1− 16
(
k
v

)2
e−2vw1

1− e2ikL
√

1− 16
(
k
v

)2
e−2vw1

√

1− 16
(
k
v

)2
e−2vw2

✭✷✳✹✺✮

r′12 =
e2ikL

√

1− 16
(
k
v

)2
e−2vw1 −

√

1− 16
(
k
v

)2
e−2vw2

1− e2ikL
√

1− 16
(
k
v

)2
e−2vw1

√

1− 16
(
k
v

)2
e−2vw2

✭✷✳✹✻✮

t12 = t′12 = −
16k2

v2
eikLe−v(w1+w2)

1− e2ikL
√

1− 16
(
k
v

)2
e−2vw1

√

1− 16
(
k
v

)2
e−2vw2

✭✷✳✹✼✮

❚❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡s❡ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts ✐s ✐♥❞❡❡❞
✉♥✐t❛r②✳

✷✳✺ ❘❡s♦♥❛♥❝❡ ❢♦r t✇♦ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡rs

❆s ❛❧r❡❛❞② ♣♦✐♥t❡❞ ♦✉t ✐♥ s❡❝t✐♦♥ ✷✳✸ ✇❡ ❝❛♥ ✜♥❞ ❛ r❡s♦♥❛♥t ❜❡❤❛✈✐♦r ❢♦r ❛
❝♦♠♣♦s❡❞ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐❢ t❤❡ r❡s♦♥❛♥❝❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✹✹✮ ✐s ❢✉❧✜❧❧❡❞✳ ❋♦r
t❤❡ s❡t✉♣ ♦❢ t✇♦ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡rs t❤❡ r❡s♦♥❛♥❝❡ ❝♦♥❞✐t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t
♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ t✇♦ ❜❛rr✐❡rs ❛♥❞ s✐♠♣❧✐✜❡s t♦

kL = nπ, ✭✷✳✹✽✮

✇✐t❤ n ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❚❤❡ ❜❡❤❛✈✐♦r ♥❡❛r t❤❡ ✜rst r❡s♦♥❛♥❝❡ ❛t kL = π ✐s
✐♥✈❡st✐❣❛t❡❞✳ ❙✐♠✐❧❛r r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ♦t❤❡r r❡s♦♥❛♥❝❡s✳ ❚❤❡ ❛♥❛❧✲
②s✐s ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐s ❝♦♥❞✉❝t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ t❤r❡❡ ✐♥❞❡♣❡♥❞❡♥t
♣❛r❛♠❡t❡rs |t12|✱ φ ❛♥❞ θ ✐♥ t❤❡ ❇ütt✐❦❡r r❡♣r❡s❡♥t❛t✐♦♥ ❊q✳ ✭✷✳✶✵✮✳ ❲❡ ✇✐❧❧
st❛rt ❜② ♦❜t❛✐♥✐♥❣ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r |t12| ❛♥❞ eiθ = t12/|t12| ❢r♦♠ ❛♥ ❛♣♣r♦①✲
✐♠❛t❡❞ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t t12✳ ❚❤❡ t❤❡ ❛♥❛❧②s✐s ✐s ❝♦♥❞✉❝t❡❞ ✐♥ t❡r♠s
♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts |t1| = 4k/ve−vw1 ≪ 1 ❛♥❞ |t2| = 4k

v e
−vw2 ≪ 1 ✇❡

✶✾
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❛❧r❡❛❞② ❡♥❝♦✉♥t❡r❡❞ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ s✐♥❣❧❡ ❜❛rr✐❡rs✳

t12 = − eikL |t1| |t2|

1− (e2ikL + 1− 1)
√

1− |t1|2
√

1− |t2|2
✭✷✳✹✾✮

= −

eikL

=tres
︷ ︸︸ ︷

|t1| |t2|

1−
√

1− |t1|2
√

1− |t2|2

1− (e2ikL − 1)

√

1− |t1|2
√

1− |t2|2

1−
√

1− |t1|2
√

1− |t2|2
︸ ︷︷ ︸

= 1

2
αtres

✭✷✳✺✵✮

❲❡ ❞❡✜♥❡❞ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❢♦r ❛ s②♠♠❡tr✐❝ ❜❛rr✐❡r ❛s α(k)✳ ❲❡
✇✐❧❧ s❡❡ t❤❛t ✇❡ ❝❛♥ ❝♦♥s✐❞❡r α t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ k✳ ❲✐t❤ kL = π✱ tres
❞❡s❝r✐❜❡s t❤❡ ❞r♦♣ ♦❢ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ✇✐t❤ t❤❡ ❛s②♠♠❡tr② ♦❢ t❤❡ ❜❛rr✐❡r✳
❆s ✇❡ ❛ss✉♠❡❞ t❤❛t e−vw1/2 ≪ 1 ❛♥❞ k ≪ v ✇❡ ❝❛♥ s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥s
✐♥✈♦❧✈✐♥❣ t0,1/2 ∝ e−vw1/2 ≪ 1✳ ❲❡ ✇✐❧❧ ✜rst ❛♣♣❧② t❤❡s❡ ❛♣♣r♦①✐♠❛t✐♦♥s t♦
tres✳

tres =
|t1| |t2|

1−
√

1− |t1|2
√

1− |t2|2
≈ |t1| |t2|

1−
(

1− 1
2 |t1|

2
)(

1− 1
2 |t2|

2
) ✭✷✳✺✶✮

≈ |t1| |t2|
1
2

(

|t1|2 + |t2|2
) =

1

cosh (2va)
✭✷✳✺✷✮

■♥ t❤❡ ❧❛st st❡♣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t0,1/2 ✇❡r❡ ✉s❡❞ ❛♥❞ t❤❡ ✇❤♦❧❡ s②st❡♠ ✇❛s
♣❛r❛♠❡tr✐③❡❞ ✐♥ t❡r♠s ♦❢ ❛♥ ❛♥t✐s②♠♠❡tr② ♣❛r❛♠❡t❡r a ❛♥❞ t❤❡ t♦t❛❧ ❧❡♥❣t❤
♦❢ t❤❡ ❜❛rr✐❡rs L0 = w1 + w2 ✭s❡❡ ❋✐❣✳ ✷✳✻✮✳

L
L+L

0

a

❋✐❣✉r❡ ✷✳✻✿ ◆❛♥♦♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs a ❛♥❞ L0✳

✷✵
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❚❤❡ ❛♥t✐s②♠♠❡tr② ♣❛r❛♠❡t❡r a ❛❧❧♦✇s ❢♦r ❛ ♠♦t✐♦♥ ♦❢ t❤❡ s❤✉tt❧❡ ❛s 2a ✐s t❤❡
❧❡♥❣t❤ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ t✇♦ ❜❛rr✐❡rs✳ ❑❡❡♣✐♥❣ L0 ✜①❡❞ ❝❤❛♥❣✐♥❣ a ❡♥❧❛r❣❡s
♦♥❡ ❜❛rr✐❡r ✇❤✐❧❡ t❤❡ ♦t❤❡r ♦♥❡ s❤r✐♥❦s✳ ❚❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ t✇♦ ✐♥❞✐✈✐❞✉❛❧
❜❛rr✐❡rs ❛r❡ t❤❡♥ ❣✐✈❡♥ ❛s

w1 =
L0

2
+ a ✭✷✳✺✸✮

w2 =
L0

2
− a ✭✷✳✺✹✮

a = 0 ❝♦rr❡s♣♦♥❞s t♦ t✇♦ ❜❛rr✐❡rs ♦❢ ❡q✉❛❧ ❧❡♥❣t❤ ✇❤✐❝❤ t❤❡♥ ❧❡❛❞s t♦ ❛
r❡s♦♥❛♥❝❡ ✇✐t❤ |t12| = 1 ❢♦r kL = π✳ ❋♦r a > 0 ✭a < 0✮ t❤❡ ✜rst ✭s❡❝♦♥❞✮
❜❛rr✐❡r ✐s ❧♦♥❣❡r t❤❛♥ t❤❡ s❡❝♦♥❞ ✭✜rst✮ ♦♥❡✳ ❚❤❡ r❡str✐❝t✐♦♥s ♦♥ w1/2 ✐♠♣❧②
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s vL0 ≫ va ≫ 1 ❢♦r t❤❡ ♥❡✇ ♣❛r❛♠❡t❡rs ♦❢ ♦✉r s②st❡♠✳
❲❡ ❝❛♥ ❛❧s♦ ✉s❡ t❤❡ t✉♥♥❡❧✐♥❣ ❧✐♠✐t t♦ s✐♠♣❧✐❢② 1/2α(k)tres✳

1

2
α(k)tres =

√

1− |t1|2
√

1− |t2|2

1−
√

1− |t1|2
√

1− |t2|2
≈

1 + 1
2

(

|t1|2 + |t2|2
)

1
2

(

|t1|2 + |t2|2
) ✭✷✳✺✺✮

≈ 1

1
2

(

|t1|2 + |t2|2
) =

1
16

v2

k2
evL0

cosh (2va)
✭✷✳✺✻✮

⇒ α(k) =
2

16

v2

k2
evL0 ✭✷✳✺✼✮

❆s t❤❡ ❞❡♣❡♥❞❡♥❝② ♦❢ α(k) ♦♥ k ✐s ♥♦t ✈❡r② str♦♥❣✱ ✇❡ ❞❡✜♥❡ α ❝❧♦s❡ t♦
k = π/L

α =
2

16π2
L2v2evL0 . ✭✷✳✺✽✮

❲❡ s❡❡ t❤❛t α ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❧❛r❣❡ ❜❡❝❛✉s❡ t❤❡ t✉♥♥❡❧✐♥❣ ❧✐♠✐t ✐♠♣❧✐❡s
vL0 ≫ 1✳ ■t ✐s ♥♦✇ ♣♦ss✐❜❧❡ t♦ r❡✇r✐t❡ t12 ❝❧♦s❡ t♦ k = π/L ✐♥ t❡r♠s ♦❢ α ❛♥❞
tres✳

t12 ≈
eikLtres

1− i (kL− π)αtres
✭✷✳✺✾✮

⇒ |t12| =
tres

√

1 + (kL− π)2 α2t2res

✭✷✳✻✵✮

⇒ eiθ = eikL

√

1 + (kL− π)2 α2t2res

1− i (kL− π)αtres
✭✷✳✻✶✮

❆s α ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❧❛r❣❡✱ ✇❡ ✜♥❞ t❤❛t t❤❡ ✇✐❞t❤ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ∝ α−2

✐s ❡①♣♦♥❡♥t✐❛❧❧② s♠❛❧❧ ♦♥ t❤❡ kL✲s❝❛❧❡✳ ❉✐sr❡❣❛r❞✐♥❣ t❤✐s s❤❛r♣♥❡ss ✇❡ ✜♥❞

✷✶
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✭❛✮ ❈♦♥t♦✉r ♣❧♦t ❢♦r |t12| ✭❜✮ ❈♦♥t♦✉r ♣❧♦t ❢♦r |t12| cosh(2va)

❋✐❣✉r❡ ✷✳✼✿ ❘❡s♦♥❛♥❝❡ ❢♦r r❡s♦♥❛♥t t✉♥♥❡❧✐♥❣ t❤r♦✉❣❤ t✇♦ ♣♦t❡♥t✐❛❧ ❜❛rr✐❡rs
✭❊q✳ ✷✳✻✵✮✳ ❇♦t❤ ♣❧♦ts ✭❛✮ ❛♥❞ ✭❜✮ ❞✐s♣❧❛② t❤❡ s❛♠❡ ❝❤♦✐❝❡ ♦❢ α = 1/8e8✳ ✭❛✮
s❤♦✇s t❤❡ r❡s♦♥❛♥❝❡✬s s❤❛♣❡ ✇❤❡r❡❛s t❤❡ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ✇✐t❤
a ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡ ✐♥ ✭❜✮✳

t❤❛t t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ |t12| ❢♦r s②♠♠❡tr✐❝ ❜❛rr✐❡rs ✭a = 0✮ r❡♠❛✐♥s t❤❡
s❛♠❡ ❛s ❢♦r s②♠♠❡tr✐❝ ❜❛rr✐❡rs✳

❋♦r ❛s②♠♠❡tr✐❝ ❜❛rr✐❡rs t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ s❤r✐♥❦s ❡①♣♦✲
♥❡♥t✐❛❧❧② ✇✐t❤ |va| ✐♥ ✐ts ♠❛①✐♠❛❧ ❤❡✐❣❤t ✇❤❡r❡❛s t❤❡ r❡s♦♥❛♥❝❡ ❜r♦❛❞❡♥s ✐♥
t❡r♠s ♦❢ kL ✭s❡❡ ❋✐❣✳ ✷✳✼❜✮✳ ❚❤✐s ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ❧❡❛❞s t♦ ❛♥ a
✐♥❞❡♣❡♥❞❡♥t ✐♥t❡❣r❛❧ ♦✈❡r k✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ av
❛♥❞ k/Lπ ✐s ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✼✳

❲❡ ❝❛♥ ❛❧s♦ s❡❡ ❢r♦♠ ❊q✳ ✭✷✳✻✶✮ t❤❛t t❤❡ ♣❤❛s❡ θ ✐s ✇❡❧❧ ❜❡❤❛✈❡❞ ❝❧♦s❡ t♦
t❤❡ r❡s♦♥❛♥❝❡✳ ❯s✐♥❣ e2iφ = r12

r′
12

✇❡ ❞❡r✐✈❡ ❛♥ ❡①♣r❡ss✐♦♥ e2iφ ❢♦r t❤❡ ♣❤❛s❡

✷✷



❙❝❛tt❡r✐♥❣ ❚❤❡♦r② ✷✳✺✳ ❘❊❙❖◆❆◆❈❊ ❋❖❘ ❚❲❖ ❘❊❈❚❆◆●❯▲❆❘ ❇❆❘❘■❊❘❙

❛s②♠♠❡tr② ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts✳

e2iφ =
e2ikL

√

1− 16k2

v2
e−L0ve+2va −

√

1− 16k2

v2
e−L0ve−2va

e2ikL
√

1− 16k2

v2
e−L0ve−2va −

√

1− 16k2

v2
e−L0ve+2va

✭✷✳✻✷✮

kL≈π≈
(1 + i (kL− π))

√

1− 2
αe

+2va − (1− i (kL− π))
√

1− 2
αe

−2va

(1 + i (kL− π))
√

1− 2
αe

−2va − (1 + i (kL− π))
√

1− 2
αe

+2va

✭✷✳✻✸✮

α≫1≈ (1 + i (kL− π))
(
1− 1

αe
+2va

)
− (1− i (kL− π))

(
1− 1

αe
−2va

)

(1 + i (kL− π))
(
1− 1

αe
−2va

)
− (1 + i (kL− π))

(
1− 1

αe
+2va

)

✭✷✳✻✹✮

=
−i (kL− π) + i(kL−π)

α cosh (2va) + 1
α sinh (2va)

−i (kL− π) + i(kL−π)
α cosh (2va)− 1

α sinh (2va)
✭✷✳✻✺✮

≈ −−i (kL− π) + 1
α sinh (2va)

i (kL− π) + 1
α sinh (2va)

✭✷✳✻✻✮

❋♦r t❤❡ ❧❛st ❛♣♣r♦①✐♠❛t✐♦♥ ✇❡ ❞r♦♣♣❡❞ t❤❡ t❡r♠s t❤❛t ❛r❡ s♠❛❧❧ ✐♥ ❜♦t❤ s♠❛❧❧
q✉❛♥t✐t✐❡s α−1 ❛♥❞ kL− π✳ ❆❧❧ ❛♣♣r♦①✐♠❛t✐♦♥s ✉♣❤♦❧❞ |r12/r′

12
| = 1✳ ❚❤✐s ✐s

♥❡❝❡ss❛r② ❛s r12/r′
12
s❤♦✉❧❞ st✐❧❧ r❡♣r❡s❡♥t t❤❡ ♣❤❛s❡ ❢❛❝t♦r e2iφ✳ ◆♦t❡ t❤❛t ❢♦r

a = 0✱ e2iθ = 1 ✇❤❡r❡❛s ❢♦r kL = π✱ e2iθ = −1✳ ❙♦ e2iφ ✐s ❞✐s❝♦♥t✐♥✉♦✉s ❛t
kL = π ❛♥❞ a = 0✳

✷✸



❚❤❡ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥

❚♦ ❞❡s❝r✐❜❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ s❤✉tt❧❡✬s ♠♦✈❡♠❡♥t ♦♥ t❤❡ ♣❤②s✐❝❛❧ s②st❡♠ ✇❡
✇♦✉❧❞ ❤❛✈❡ t♦ s♦❧✈❡ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❆s t❤❡ s♦❧✉✲
t✐♦♥ t♦ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐s ❤❛r❞ t♦ ✜♥❞ ✇❡ t❤✉s ✉s❡
t❤❡ s♦ ❝❛❧❧❡❞ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥✳ ❚❤❡ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ✐s ❛♥ ❡①♣❛♥s✐♦♥
♦❢ t❤❡ ❡①❛❝t r❡s✉❧t ❢♦r t❤❡ ♣❛r❛♠❡tr✐❝❛❧❧② t✐♠❡ ❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠ ❢♦r s♠❛❧❧
❢r❡q✉❡♥❝② ♦❢ t❤❡ ♠♦t✐♦♥✳ ■t ✉s❡s ❛ s❡♣❡r❛t✐♦♥ ♦❢ t✐♠❡✲s❝❛❧❡s✳ ❚❤❡ ❡❧❡❝tr♦♥s✬
❞✇❡❧❧ t✐♠❡ ✇✐t❤✐♥ t❤❡ s❝❛tt❡r✐♥❣ r❡❣✐♦♥ ✐s ❝♦♥s✐❞❡r ✈❡r② s❤♦rt ❝♦♠♣❛r❡❞ t♦
t❤❡ s❤✉tt❧❡s ♦s❝✐❧❧❛t✐♦♥ ♣❡r✐♦❞✳ ❚♦ ♠♦❞❡❧ t❤❡ s❤✉tt❧❡s ♠♦✈❡♠❡♥t ✇❡ ✇✐❧❧
✈❛r② t❤❡ ❛♥t✐s②♠♠❡tr② a = a(t)✳ ❚❤❡ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ t❤❡♥ ❝♦♥s✐sts ♦❢
❛♥ ❡①♣❛♥s✐♦♥ ✐♥ t❡r♠s ♦❢ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠
a(t) ❬✶✵❪✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ③❡r♦t❤ ❛♥❞ ✜rst ♦r❞❡r ♦❢ t❤✐s ❡①♣❛♥s✐♦♥✳ ❚❤❡
❢r♦③❡♥ s❝❛tt❡r✐♥❣ ♠❛tr✐① St ✐s t❤❡ ③❡r♦t❤ ♦r❞❡r t❡r♠ ✐♥ t❤❡ ❡①♣❛♥s✐♦♥✳ ■♥ t❤❡
③❡r♦t❤ ♦r❞❡r t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t s②st❡♠ ✐s t❤❛t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡✲
✐♥❞❡♣❡♥❞❡♥t s②st❡♠ ✇✐t❤ t❤❡ s❛♠❡ ♣❛r❛♠❡t❡r a✳ ❚❤❡ ✜rst ♦r❞❡r t❡r♠ ȧAt

❝♦♥s✐sts ♦❢ t❤❡ ❝♦rr❡❝t✐♦♥ str❡♥❣t❤ ♠❛tr✐① At ❛♥❞ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ∂ta = ȧ
♦❢ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ♣❛r❛♠❡t❡r✳ ❲✐t❤ t❤❡s❡ t✇♦ t❡r♠s ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❡①❛❝t
s❝❛tt❡r✐♥❣ ♠❛tr✐① S ❛s

S = St + ȧAt + ... ✭✸✳✶✮

✸✳✶ ❚❤❡ ③❡r♦t❤ ♦r❞❡r ✭St✮

❚❤❡ ③❡r♦t❤ ♦r❞❡r ✐♥ t❤❡ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ✐s t❤❡ St✲♠❛tr✐① ♦r ❢r♦③❡♥ s❝❛t✲
t❡r✐♥❣ ♠❛tr✐①✳ ❚❤❡ ❢r♦③❡♥ s❝❛tt❡r✐♥❣ ♠❛tr✐① St ✐s t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢♦r
t❤❡ t✐♠❡ ✐♥❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠ ✇❤❡r❡ t❤❡ ❝❧❛ss✐❝❛❧ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ a ✐s ♥♦✇
❝♦♥s✐❞❡r❡❞ t✐♠❡ ❞❡♣❡♥❞❡♥t ❜② s❡tt✐♥❣ a = a(t)✳ ❋♦r t❤❡ t❤❡♦r② ♦♥ t❤❡ t✐♠❡
✐♥❞❡♣❡♥❞❡♥t ♣r♦❜❧❡♠ s❡❡ s❡❝t✐♦♥ ✷✳✶✳

❚♦ ♠♦❞❡❧ t❤❡ ♠♦✈✐♥❣ s❤✉tt❧❡ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ♦❜t❛✐♥❡❞
✐♥ s❡❝t✐♦♥ ✷✳✺ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t✇♦ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡rs ♦❢ ❡q✉❛❧ ❤❡✐❣❤t ✇❤✐❝❤
❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ❧❡♥❣t❤ ♦❢ ✇✐❞t❤ L ✇✐t❤ ✈❛♥✐s❤✐♥❣ ♣♦t❡♥t✐❛❧✳ ❚♦ ♠♦❞❡❧ t❤❡
♠♦✈❡♠❡♥t ♦❢ t❤❡ s❤✉tt❧❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❛s②♠♠❡tr② ♣❛r❛♠❡t❡r a t♦ ❜❡ t✐♠❡
❞❡♣❡♥❞❡♥t a = a0 sin(ωt)✳

✷✹



❚❤❡ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ✸✳✷✳ ❚❍❊ ❋■❘❙❚ ❖❘❉❊❘ ❈❖◆❚❘■❇❯❚■❖◆ ✭AT ✮

✸✳✷ ❚❤❡ ✜rst ♦r❞❡r ❝♦♥tr✐❜✉t✐♦♥ ✭At✮

❚❤❡ ✜rst ♦r❞❡r t❡r♠ ȧAt ✐♥ t❤❡ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ✇❛s ❛❧r❡❛❞② ❞❡✜♥❡❞ ✐♥
❊q✳ ✭✸✳✶✮✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss t❤❡ At ♠❛tr✐① ❡♥t✐r❡❧② ✐♥ t❡r♠s ♦❢ t❤❡
❢r♦③❡♥ s❝❛tt❡r✐♥❣ st❛t❡s ❬✶✵❪✿

Ank
t : =

~

2

(
〈∂EΨ−

nat |∂aVt|Ψ+
k at

〉 − 〈Ψ−
nat |∂aVt|∂EΨ+

k at
〉
)

✭✸✳✷✮

✇❤❡r❡ |∂EΨ+/−
nX 〉 = ∂E |Ψ+/−

nX 〉 ✇✐t❤ n = R/L ❞❡♥♦t❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤

r❡s♣❡❝t t♦ ❡♥❡r❣②✳ ❚❤❡ s❝❛tt❡r✐♥❣ st❛t❡s |Ψ+/−
R/LX〉 ✇❡r❡ ❛❧r❡❛❞② ✐♥tr♦❞✉❝❡❞

✐♥ s❡❝t✐♦♥ ✷✳✶✳ ∂a ❞❡♥♦t❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❧♦✇❧② ✈❛r②✐♥❣
♣❛r❛♠❡t❡r a✳

❆ r❡❧❛t✐♦♥ ♦❢ t❤❡ St ❛♥❞ At ✇❛s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ✉♥✐t❛r✐t② ♦❢ t❤❡ s❝❛t✲
t❡r✐♥❣ ♠❛tr✐①❬✽✱ ✷❪✳

S
†
tAt +A

†
tSt =

i~

2

(

∂aS
†
t∂ESt − ∂ES

†
t∂aSt

)

✭✸✳✸✮

■❢ t❤❡ ❢r♦③❡♥ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐s s②♠♠❡tr✐❝✱ t❤❡ At ♠❛tr✐① ✐s ❛♥t✐s②♠♠❡✲
tr✐❝ ❬✽❪✳ ❚❤✐s ♠❡❛♥s t❤❡ ✜rst ♦r❞❡r ❛❞✐❛❜❛t✐❝ ❝♦rr❡❝t✐♦♥ ❛❝ts ♦♥ t❤❡ ♦✛✲
❞✐❛❣♦♥❛❧ ❡♥tr✐❡s ♦❢ t❤❡ ❢r♦③❡♥ s❝❛tt❡r✐♥❣ ♠❛tr✐①✳ ❚❤❡ s❝❛tt❡r✐♥❣ ❝♦❡✣❝✐❡♥ts
❞❡s❝r✐❜✐♥❣ t❤❡ r❡✢❡❝t✐♦♥ ❛r❡ ❧❡❢t ✉♥❝❤❛♥❣❡❞✳ ❙♦ ✇✐t❤ t❤❡ ❛❞✐❛❜❛t✐❝ ❝♦rr❡❝t✐♦♥
t❤❡ S ♠❛tr✐① ✐s ♥♦ ❧♦♥❣❡r s②♠♠❡tr✐❝✳ ■t ✐s ✈❡r② ✉s❡❢✉❧ t♦ ✉s❡ t❤❡ ❇ütt✐❦❡r
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢r♦♠ ❊q✳ ✭✷✳✶✵✮✳ ❚❤❡ ❛♥t✐s②♠♠❡tr②
♦❢ At ❛❧s♦ ❧❡❛❞s t♦ ❛♥ ❛♥s❛t③ ❢♦r t❤❡ At ♠❛tr✐① ✇❤✐❝❤ ✜ts ✇✐t❤ t❤❡ s❝❛tt❡r✐♥❣
♠❛tr✐① ❢r♦♠ ❊q✳ ✭✷✳✶✵✮✳

At = eiθ
(

0
(
A⊥ + iA‖

)

−
(
A⊥ + iA‖

)
0

)

. ✭✸✳✹✮

❚❤❡ ♣❛r❛♠❡t❡r θ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❣❡♥❡r✐❝ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❊q✳ ✭✷✳✶✵✮✳ ❚❤❡
♣❛r❛♠❡t❡rs A⊥, A‖ ∈ R ❛r❡ ♦❢ ❢✉rt❤❡r ✐♥t❡r❡st✳ ❚❤❡ ❢❛❝t♦r A‖ ✐s t❤❡ str❡♥❣t❤
♦❢ t❤❡ ❝♦rr❡❝t✐♦♥ ♦♥ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❉✉❡ t♦ t❤❡ ❛♥s❛t③✱ A‖
❛♥❞ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ❤❛✈❡ t❤❡ s❛♠❡ ♣❤❛s❡✳ ❚❤❡ ♣❛r❛♠❡t❡r A⊥
❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦rr❡❝t✐♦♥ t❤❛t ✐s✱ t❤✐♥❦✐♥❣ ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡r ❛s ✈❡❝t♦rs
✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✱ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❚♦ ❢✉rt❤❡r
s♣❡❝✐❢② A⊥ ❛♥❞ A‖ ✇❡ ✉s❡ t❤❡ ✉♥✐t❛r✐t② ❝♦♥❞✐t✐♦♥ ❢r♦♠ ❊q✳ ✭✸✳✸✮✳ ❲✐t❤
t❤❡ ❣❡♥❡r❛❧ t❤r❡❡ ♣❛r❛♠❡t❡r s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢r♦♠ ❊q✳ ✭✷✳✶✵✮ ✇❡ ✜♥❞ ❛♥
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✭✸✳✸✮✳

S
†
tAt +A

†
tSt =




−2 |t|A‖ 2ie−iφ

√

1− |t|2A‖

−2ieiφ
√

1− |t|2A‖ 2 |t|A‖



 ✭✸✳✺✮

✷✺



❚❤❡ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ✸✳✷✳ ❚❍❊ ❋■❘❙❚ ❖❘❉❊❘ ❈❖◆❚❘■❇❯❚■❖◆ ✭AT ✮

◆♦t❡ t❤❛t A⊥ ✐s ♥♦t ♣❛rt ♦❢ t❤❡ ✉♥✐t❛r✐t② ❝♦♥❞✐t✐♦♥✳ ❚❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢
❊q✳ ✭✸✳✸✮ ❝♦✉❧❞ ❛❧s♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❣❡♥❡r✐❝ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢r♦♠
❊q✳ ✭✷✳✶✵✮✳ ■t r❡s❡♠❜❧❡s t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡✳

i~

2

(

∂aS
†
t∂ESt − ∂ES

†
t∂aSt

)

=

~ (∂E |t| ∂aφ− ∂a |t| ∂Eφ)




− |t| ie−iφ

√

1− |t|2

−ieiφ
√

1− |t|2 |t|



 ✭✸✳✻✮

■t ✐s ♥♦✇ ♣♦ss✐❜❧❡ t♦ s♦❧✈❡ ❢♦r t❤❡ ♣❛r❛❧❧❡❧ ❝♦rr❡❝t✐♦♥ str❡♥❣t❤ A‖ ✐♥ t❡r♠s ♦❢
❞❡r✐✈❛t✐✈❡s ♦❢ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐①✳

A‖ =
~

2
(∂E |t| ∂aφ− ∂a |t| ∂Eφ) =

m

2k~
(∂k |t| ∂aφ− ∂a |t| ∂kφ) . ✭✸✳✼✮

❲❡ ❝❛♥ s❡❡ t❤❛t A‖ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♣❤❛s❡ θ ❛♥❞ ❞♦❡s ♦♥❧② ❞❡♣❡♥❞ ♦♥
t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ ❜♦t❤ t❤❡ ❛s②♠♠❡tr② ♦❢ t❤❡ r❡✢❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts φ ❛♥❞
t❤❡ tr❛♥s♠✐ss✐♦♥ ♣r♦❜❛❜✐❧✐t② ❛♠♣❧✐t✉❞❡ |t|✳ ❚❤✐s ❡♥❛❜❧❡s ✉s t♦ ❝❛❧❝✉❧❛t❡ t❤❡
❝♦rr❡❝t✐♦♥ str❡♥❣t❤ A‖ ❢♦r ❛♥② t✇♦ ❧❡❛❞s ✲ s✐♥❣❧❡ ❝❤❛♥♥❡❧ s❝❛tt❡r✐♥❣ ♠❛tr✐①✳
❆s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ s✐♥❣❧❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r ✭s❡❡ s❡❝✳ ✷✳✷✮ ❤❛s ✈❛♥✐s❤✐♥❣ A‖✳
◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ✜♥❞ ❛ ♥♦♥✲✈❛♥✐s❤✐♥❣ A‖ ❢♦r t❤❡ ❞♦✉❜❧❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r✳
❙♦ ✇❡ ❝❛❧❝✉❧❛t❡ A‖ ❢♦r t❤❡ t✇♦ ❜❛rr✐❡rs s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢r♦♠ s❡❝t✐♦♥ ✷✳✺✳

✷✻
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✸✳✸ St ❛♥❞ At ❢♦r t✇♦ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡rs

❚❤❡ ❛✐♠ ✐s t♦ ❞❡s❝r✐❜❡ t❤❡ ♣❤②s✐❝s ♦❢ ❛ ♠♦✈✐♥❣ s❤✉tt❧❡✳ ❲❡ t❤❡r❡❢♦r❡ ❝❛❧❝✉✲
❧❛t❡❞ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢♦r ❛ s❡t✉♣ ♦❢ t✇♦ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡rs ♦❢ ❡q✉❛❧
❤❡✐❣❤t ✇✐t❤ ❢r❡❡ s♣❛❝❡ ✐♥ ❜❡t✇❡❡♥✳ ❙❡❡ s❡❝t✐♦♥ ✷✳✺ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s ❛♥❞
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛s②♠♠❡tr② ♣❛r❛♠❡t❡r a✳ ❲❡ ✇✐❧❧ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❛s②♠✲
♠❡tr② ♣❛r❛♠❡t❡r a t♦ ❜❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ✭❡✳❣✳ a = a0 sin(ωt)✮✳ ❚❤❡ t✐♠❡
✐♥❞❡♣❡♥❞❡♥t s❝❛tt❡r✐♥❣ ♠❛tr✐① ✇❛s ❛❧r❡❛❞② ❝❛❧❝✉❧❛t❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✹ ❛♥❞ ❛♣✲
♣r♦①✐♠❛t❡❞ ❝❧♦s❡❧② t♦ t❤❡ ✜rst r❡s♦♥❛♥❝❡ ✐♥ s❡❝✳ ✷✳✺✳ ❲❡ ✇✐❧❧ ✉s❡ t❤✐s ❛♣♣r♦①✲
✐♠❛t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐①✳ ❚❤❡ ❢r♦③❡♥ s❝❛tt❡r✐♥❣ ♠❛tr✐① S12,t

✐s ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ a = a(t)✳

❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ At✲♠❛tr✐① ✇❡ ❝❛♥ ✉s❡ ❊q✳ ✭✸✳✼✮ ✇❤❡r❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ |t12|
❛r❡ ❝❛❧❝✉❧❛t❡❞ str❛✐❣❤t❢♦r✇❛r❞❧② ❛s

∂k |t12| = −L |t12|3 α2 (kL− π) , ✭✸✳✽✮

∂a |t12| = −2v |t12|3 sinh (2va) cosh (2va) . ✭✸✳✾✮

❈❛❧❝✉❧❛t✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ φ ✇❡ ✉s❡

∂k/aφ =
1

2i
∂k/a ln

(
r12
r′12

)

. ✭✸✳✶✵✮

❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ φ ❢♦r t❤❡ ❡①♣r❡ss✐♦♥ ❢r♦♠ ❊q✳ ✭✷✳✻✻✮

∂kφ = − Lα sinh (2va)

α2 (kL− π)2 + sinh (2va)2
, ✭✸✳✶✶✮

∂aφ = 2
vα cosh (2va) (kL− π)

α2 (kL− π)2 + sinh (2va)2
. ✭✸✳✶✷✮

◆♦t❡ t❤❛t t❤❡s❡ ❞❡r✐✈❛t✐✈❡s ❤❛✈❡ ❛ s✐♥❣✉❧❛r✐t② ❛t kL = π ❛♥❞ a = 0 ✇❤✐❝❤
✇✐❧❧ ❣❡t s♠♦♦t❤❡❞ ♦✉t ✐❢ ✇❡ ♠✉❧t✐♣❧② t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ φ ❜② t❤♦s❡ ♦❢ |t12|✳
❯s✐♥❣ ❛❧❧ ♥❡❝❡ss❛r② ❞❡r✐✈❛t✐✈❡s ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦rr❡❝t✐♦♥ str❡♥❣t❤ A‖✳

A‖ = −mkvLα

~
|t12|3 cosh (2va) ✭✸✳✶✸✮

A‖
kL≈π≈ −mπvα

~

1
√

1 + α2

cosh2(2va)
(kL− π)2

3

1

cosh2(2va)
✭✸✳✶✹✮

❚❤❡ ❝♦rr❡❝t✐♦♥ str❡♥❣t❤ ✐s ♦❢ s✐♠✐❧❛r s❤❛♣❡ ❛s |t12|✳ ■t ✐s ❞❡❝r❡❛s✐♥❣ ❡①♣♦♥❡♥✲
t✐❛❧❧② ✇✐t❤ |av| t♦ 0 ❛♥❞ ❤❛s ❛ ▲♦r❡♥t③✲❧✐❦❡ s❤❛♣❡ ✐♥ t❡r♠s ♦❢ kL ❝❡♥t❡r❡❞
❛r♦✉♥❞ kL = π✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ❞r♦♣♣✐♥❣ q✉✐❝❦❡r t♦ ③❡r♦ ✇✐t❤ ❜♦t❤ av
❛♥❞ kL✳ ❋✉rt❤❡r✱ t❤❡ ❝♦rr❡❝t✐♦♥ str❡♥❣t❤ A‖ ✐s ❡①♣♦♥❡♥t✐❛❧❧② ❧❛r❣❡ ❜❡❝❛✉s❡
✐t ✐s ♣r♦♣♦rt✐♦♥❛❧ α✳ ❚❤❡ ❝♦rr❡❝t✐♦♥ str❡♥❣t❤ ✐s ✈✐s✉❛❧✐③❡❞ ✐♥ ❋✐❣✳ ❆❜❜✳ ✸✳✶❛✳

✷✼
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✭❛✮ ❈♦♥t♦✉r ♣❧♦t ❢♦r − ~

mπvα
A‖

✭❜✮ ❈♦♥t♦✉r ♣❧♦t ❢♦r |t12|

❋✐❣✉r❡ ✸✳✶✿ ❇♦t❤ ♣❧♦ts ✭❛✮ ❛♥❞ ✭❜✮ ❞✐s♣❧❛② t❤❡ s❛♠❡ ❝❤♦✐❝❡ ♦❢ α = 1/8e8✳ ✭❛✮
s❤♦✇s − ~

mπvαA‖ ❛♥❞ ✐s t❤✉s ❛ ❞✐♠❡♥s✐♦♥❧❡ss ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ A‖ ❢♦r ❝♦♠♣❛r✲
✐s♦♥ ♣✉r♣♦s❡s t12 ✐s ✈✐s✉❛❧✐③❡❞ ✐♥ ✭❜✮✳

❚❤❡ s✐❣♥ ♦❢ A‖ ✐♥❞✐❝❛t❡s t❤❛t ❢♦r ȧ > 0 t✉♥♥❡❧✐♥❣ ❢r♦♠ t❤❡ ❧❡❢t t♦ t❤❡ r✐❣❤t ✐s
❢❛✈♦r❡❞ ✇❤❡r❡❛s t✉♥♥❡❧✐♥❣ ❢r♦♠ t❤❡ ❧❡❢t t♦ t❤❡ r✐❣❤t ✐s ❤✐♥❞❡r❡❞✳ ❚❤✐s ❡✛❡❝t ✐s
♣r♦❜❛❜❧② ❞✉❡ t♦ t❤❡ s❤✉tt❧❡ ❛♣♣r♦❛❝❤✐♥❣ t❤❡ r✐❣❤t ❧❡❛❞ ❛♥❞ t❤✉s s❤♦rt❡♥✐♥❣
t❤❡ ❣❛♣✳ ❲✐t❤ ❛ s❤♦rt❡r ❣❛♣ t✉♥♥❡❧✐♥❣ ♦✛ t❤❡ ✐s❧❛♥❞ t♦ t❤❡ r✐❣❤t ❧❡❛❞ ✐s
❢❛✈♦r❡❞✳
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❈♦♥❝❧✉s✐♦♥

❘❡s♦♥❛♥t t✉♥♥❡❧✐♥❣ t❤r♦✉❣❤ ❛ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✇❛s st✉❞✐❡❞✳ ❙t❛rt✲
✐♥❣ ✇✐t❤ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❢♦r ❛ s✐♥❣❧❡ r❡❝t❛♥❣✉❧❛r ❜❛rr✐❡r✱ t❤❡ t✉♥♥❡❧✲
✐♥❣ ❧✐♠✐t ✇❛s ❞✐s❝✉ss❡❞ ❛♥❞ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ❛❝❝♦r❞✐♥❣❧② ❛♣♣r♦①✐♠❛t❡❞✳
❚❤❡♥ t✇♦ ♦❢ t❤❡s❡ s❝❛tt❡r✐♥❣ ♠❛tr✐❝❡s ✇❡r❡ ❝♦♠❜✐♥❡❞ t♦ ❢♦r♠ ❛ s✐♥❣❧❡ s❝❛tt❡r✲
✐♥❣ ♠❛tr✐① t❤❛t ❞❡s❝r✐❜❡s t❤❡ t✉♥♥❡❧✐♥❣ ♣r♦❝❡ss t❤r♦✉❣❤ ❛ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t
♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✳

L
L+L

0

a

❋✐❣✉r❡ ✹✳✶✿ ❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ❝❡♥t❡r ✐s ❛ s❤✉tt❧❡ ✇✐t❤ t❤❡ ❧❡♥❣t❤ L✳
◆❛♥♦♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r✿ ■♥ t❤❡ ❝❡♥t❡r t❤❡r❡ ✐s t❤❡ s❤✉tt❧❡ ♦❢ ❧❡♥❣t❤ L✳
❚♦ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t s✐❞❡ ❛r❡ ❧❡❛❞s ✇❤✐❝❤ ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ❧❡♥❣t❤ ♦❢ L +
L0✳ ❋♦r t❤❡ s❤✉tt❧❡ ♥♦t ❜❡✐♥❣ ❝❡♥t❡r❡❞✱ t❤❡ ❛s②♠♠❡tr② ♣❛r❛♠❡t❡r a ✐s t❤❡
❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ s❤✉tt❧❡ ❢r♦♠ t❤❡ ❝❡♥t❡r✳

❘❡s♦♥❛♥t t✉♥♥❡❧✐♥❣ ❢♦r t❤❡ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ✇❛s
❢✉rt❤❡r ❞✐s❝✉ss❡❞ ❛♥❞ ❛ r❡s♦♥❛♥❝❡ ❝♦♥❞✐t✐♦♥ ✇❛s ♦❜t❛✐♥❡❞✳ ❚❤❡ r❡s♦♥❛♥❝❡
❝♦♥❞✐t✐♦♥ ❞❡♣❡♥❞s ♦♥ t✇♦ ♣❛r❛♠❡t❡rs✿ ❛✮ t❤❡ ✇❛✈❡✲✈❡❝t♦r ♠❛❣♥✐t✉❞❡ k =√
2mE/~ ✭✇✐t❤ E ❜❡✐♥❣ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ✐♥❝♦♠✐♥❣ ❡❧❡❝tr♦♥ ❛♥❞ m ✐ts ♠❛ss✮✱

❜✮ t❤❡ ❧❡♥❣t❤ L ♦❢ t❤❡ s❤✉tt❧❡✳ ❋✉rt❤❡r✱ t❤❡ r❡s♦♥❛♥❝❡ ✇✐t❤ t❤❡ s♠❛❧❧❡st k ❛t
kL = π ✇❛s ❞✐s❝✉ss❡❞✳ ❈❧♦s❡ t♦ t❤❡ r❡s♦♥❛♥❝❡ t❤❡ tr❛♥s♠✐ss✐♦♥ ♣r♦❜❛❜✐❧✐t②
|t12|2 ✐s ❛ ▲♦r❡♥t③✲❢✉♥❝t✐♦♥ ♦❢ kL❀ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ ♦♥❡✱ ✉♥❞❡r t❤❡
❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ s❤✉tt❧❡ ❜❡✐♥❣ ❝❡♥t❡r❡❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧❡❛❞s✳ ❚❤❡ ▲♦r❡♥t③✲
❢✉♥❝t✐♦♥ ❤❛s ❡①♣♦♥❡♥t✐❛❧❧② s♠❛❧❧ ✇✐❞t❤ ❢♦r ❧♦♥❣ ❛♥❞ ❤✐❣❤ ❜❛rr✐❡rs✳ ❋✉rt❤❡r✱
✐t ❞❡❝r❡❛s❡s ✐♥ ✐ts ♠❛①✐♠✉♠ ❤❡✐❣❤t ❛♥❞ ❜r♦❛❞❡♥s ✇✐t❤ t❤❡ ❛s②♠♠❡tr② a ♦❢
t❤❡ s❤✉tt❧❡✬s ♣♦s✐t✐♦♥✳ ▲❡❛❞✐♥❣ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t
❛t kL = π ❞r♦♣♣✐♥❣ ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t❤❡ ❛s②♠♠❡tr② ♦❢ a t❤❡ s❤✉tt❧❡✬s
♣♦s✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧❡❛❞s✳
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❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ❢♦❝✉s❡s ♦♥ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ s❤✉tt❧❡✳ ❚♦ ✜♥❞ ❛♥
❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✱ ✇❡ ✉s❡❞ ❛ s❡♣❛r❛t✐♦♥ ♦❢ t✐♠❡ s❝❛❧❡s✳ ❚❤✐s ♠❡❛♥s t❤❛t✱
✇❡ ❛ss✉♠❡ t❤❛t✱ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ s❤✉tt❧❡ ✐s r❡❧❛t✐✈❡❧② st❛❣♥❛♥t ✐♥ ❝♦♠✲
♣❛r✐s♦♥ t♦ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❡❧❡❝tr♦♥s t❤r♦✉❣❤ t❤❡ ♦s❝✐❧❧❛t♦r✳ ❲✐t❤ t❤✐s
❛ss✉♠♣t✐♦♥ ✇❡ ♠❛❞❡ ❛♥ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ s❧♦✇ ♠♦t✐♦♥
♦❢ t❤❡ s❤✉tt❧❡✳ ❚❤❡ ③❡r♦t❤ ♦r❞❡r ♦❢ t❤❡ ❡①♣❛♥s✐♦♥✿ t❤❡ St✲♠❛tr✐① ✐s ❡❛s✐❧②
❝❛❧❝✉❧❛t❡❞ r❡♣❧❛❝✐♥❣ s♣❡❝✐✜❝ t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡rs ✇✐t❤✐♥ t❤❡ t✐♠❡✲
✐♥❞❡♣❡♥❞❡♥t s❝❛tt❡r✐♥❣ ♠❛tr✐① ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡rs✳ ❚❤❡ ✜rst
♦r❞❡r ✐♥ t❤❡ ❛❞✐❛❜❛t✐❝ ❡①♣❛♥s✐♦♥ ✐s Atȧ ✇❤❡r❡ At ✐s ❛♥ ❛♥t✐s②♠♠❡tr✐❝ ♠❛✲
tr✐① ❛♥❞ ȧ ✐s t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ s❧♦✇❧② ✈❛r②✐♥❣ ♣❛r❛♠❡t❡r a(t)✳ ❚❤❡
❝♦rr❡❝t✐♦♥ str❡♥❣t❤ ♠❛tr✐① At ❤❛s ♦♥❧② ♦♥❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❡♥tr②✿ A✳
❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❛s ✈❡❝t♦rs ✐♥ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡✱ t❤❡
♣❛rt ♦❢ A t❤❛t ✐s ♣❛r❛❧❧❡❧ t♦ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ St ✇❛s ❢✉rt❤❡r
❞✐s❝✉ss❡❞✳ ❋♦r t❤✐s ♣❛r❛❧❧❡❧ ♣❛rt A‖ ❛♥ ❡①♣r❡ss✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ s❝❛tt❡r✐♥❣
♠❛tr✐① St ✇❛s ♦❜t❛✐♥❡❞✳ ❋✐♥❛❧❧②✱ A‖ ✇❛s ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧
s❤✉tt❧❡✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♦rt❤♦❣♦♥❛❧ ♣❛rt A⊥ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ A‖✮ ♦❢ t❤❡ ❝♦r✲
r❡❝t✐♦♥ str❡♥❣t❤ ❞♦❡s ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ ❜❛❝❦ ❛❝t✐♦♥s ♦❢ ♥❡✐t❤❡r t❤❡ ❡❧❡❝tr♦♥
✢♦✇ ♦♥ t❤❡ s❤✉tt❧❡s✬ ♠♦✈❡♠❡♥t ♥♦r ✈✐❝❡ ✈❡rs❛✳ ❲✐t❤ t❤✐s ❛ss✉♠♣t✐♦♥✱ ❜♦t❤
t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① St ❛♥❞ t❤❡ ✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ str❡♥❣t❤ ♠❛tr✐① At

✲ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦ ✲ ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧ ♦s❝✐❧❧❛t♦r ❢♦r ✈❛r✐♦✉s ❡❧❡❝tr♦♥ r❡s❡r✈♦✐rs ❛♥❞ ✈❛r✐♦✉s
♠♦✈❡♠❡♥t ♣❛tt❡r♥s a(t)✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ ❡✐t❤❡r ❜❛❝❦❛❝t✐♦♥s ♦❢ r❡s♦♥❛♥t
t✉♥♥❡❧✐♥❣ ❡❧❡❝tr♦♥s ♦♥ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ s❤✉tt❧❡ ✭t❤❡ ❛❞✐❛❜❛t✐❝ r❡❛❝t✐♦♥
❢♦r❝❡s✮ ♦r ❜❛❝❦❛❝t✐♦♥s ♦❢ t❤❡ s❤✉tt❧❡✬s ♠♦✈❡♠❡♥t ♦♥ t❤❡ ❡❧❡❝tr♦♥ ✢♦✇✳ ■♥
♦r❞❡r ❞❡s❝r✐❜❡ t❤❡s❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s t❤✐s r❡♣♦rt ♣r❡s❡♥ts t❤❡ ✜rst st❡♣✱
❝❛❧❝✉❧❛t✐♦♥ ♦❢ St ❛♥❞ At ❢♦r r❡s♦♥❛♥t t✉♥♥❡❧✐♥❣ t❤r♦✉❣❤ t❤❡ ♥❛♥♦♠❡❝❤❛♥✐❝❛❧
♦s❝✐❧❧❛t♦r✱ ❛♥❞ ❧❡❛❞s t♦ t❤❡ ♥❡①t st❡♣✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❛❞✐❛❜❛t✐❝ r❡❛❝t✐♦♥
❢♦r❝❡s ♦r ❜❛❝❦✲❛❝t✐♦♥s ♦♥ t❤❡ ❝✉rr❡♥t✳ ❚❤❡ ❛❞✐❛❜❛t✐❝ r❡❛❝t✐♦♥ ❢♦r❝❡s ❛r❡ ❞✐s✲
❝✉ss❡❞ ✐♥ t❡r♠s ♦❢ St ❛♥❞At ✐♥ ❛ ✇♦r❦ ❜② ▼✳ ❚❤♦♠❛s ❡t ❛❧✳ ❬✶✵❪✳ ❇❛❝❦❛❝t✐♦♥s
♦♥ t❤❡ ❡❧❡❝tr♦♥ ✢♦✇ ❛r❡ ❞✐s❝✉ss❡❞ ❜② ▼✳ ▼♦s❦❛❧❡ts ❛♥❞ ▼✳ ❇ütt✐❦❡r ❬✽❪ ✇✐t❤
❛ q✉✐t❡ s✐♠✐❧❛r ❛♣♣r♦❛❝❤✳
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❆♣♣❡♥❞✐①

❚♦ s❤♦✇ t❤❡ ✉♥✐t❛r✐t② ♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✇❡ st❛rt ♦❢ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ s❝❛tt❡r✐♥❣ ♠❛tr✐① ✐♥ ❊q✳ ✭✷✳✺✮ ❛♥❞ ✐♥s❡rt t❤✐s ❞❡✜♥✐t✐♦♥ ✐♥t♦ t❤❡ ❧❡❢t
❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✭✷✳✻✮✳

S
†
XSX =

(
〈Ψ+

RX |Ψ−
LX〉 〈Ψ+

RX |Ψ−
RX〉

〈Ψ+
LX |Ψ−

LX〉 〈Ψ+
LX |Ψ−

RX〉

)(
〈Ψ−

LX |Ψ+
RX〉 〈Ψ−

LX |Ψ+
LX〉

〈Ψ−
RX |Ψ+

RX〉 〈Ψ−
RX |Ψ+

LX〉

)

=

(
a11 a12
a21 a22

)

,

❚❤❡ ❡♥tr✐❡s aij ❛r❡ ❣✐✈❡♥ ❛s✿

a11 = 〈Ψ+
RX |

(
|Ψ−

LX〉 〈Ψ−
LX |+ |Ψ−

RX〉 〈Ψ−
RX |

)

︸ ︷︷ ︸

=1

|Ψ+
RX〉

= 〈Ψ+
RX |Ψ+

RX〉 = 1

a22 = 〈Ψ+
LX |

(
|Ψ−

LX〉 〈Ψ−
LX |+ |Ψ−

RX〉 〈Ψ−
RX |

)
|Ψ+

LX〉
= 〈Ψ+

L,X |Ψ+
LX〉 = 1

a12 = 〈Ψ+
RX |

(
|Ψ−

LX〉 〈Ψ−
LX |+ |Ψ−

RX〉 〈Ψ−
RX |

)
|Ψ+

LX〉
= 〈Ψ+

RX |Ψ+
LX〉 = 0

a21 = 〈Ψ+
LX |

(
|Ψ−

LX〉 〈Ψ−
LX |+ |Ψ−

RX〉 〈Ψ−
RX |

)
|Ψ+

RX〉
= 〈Ψ+

LX |Ψ+
RX〉 = 0.

❲❡ ❤❛✈❡ ✉s❡❞ t❤❛t t❤❡ |Ψ−
R/LX〉 ❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s✳ ❚♦ s❤♦✇ t❤❛t

SXSX
† = 1 ❣♦❡s t❤❡ s❛♠❡ ✇❛② ✉s✐♥❣ ❤❛t t❤❡ |Ψ−

R/LX〉 ❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧

❜❛s✐s✳ ❚❤✐s ✇❛② ✇❡ ❤❛✈❡ ♣r♦♦✈❡♥ ❊q✳ ✭✷✳✻✮✳
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