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Abstract
The Faraday-effect circulator is a key component of modern low-temperature microwave engineering. It is essential for the measurement of superconducting qubits and resonators. A
present-day qubit experiment involving one qubit uses four circulators [1] and the number can
be as high as eleven circulators for a three-qubit experiment [2].
The key characteristic of the circulator is the nonreciprocal transmission of signals: it is a
three port device where any signal incident at one port leaves the device at the next port in
clockwise direction. When one port is terminated, the circulator becomes an isolator, which
transmits any signal perfectly in one direction while transmitting no signal in the other.
Due to the interferometric implementation of the device by Hogan [3, 4], the Faraday-effect
circulator has an intrinsic size which is the same as the wavelength of the signal to be circulated. This results in physical dimensions in the centimeter scale for devices operating in
the gigahertz band. Due to the fact that the circulators in low-temperature experiments are
usually placed inside the refrigerator (e.g. at 15 mK in [2]), naive scaling of experiments
would require a large portion of refrigerator volume devoted to circulators.
Viola and DiVincenzo presented a solution to that problem by proposing a capacitively
coupled Quantum Hall circulator “with a physical dimension 10-100 times smaller” than a
modern Faraday-effect circulator [5]. They solved the field problem for their device in the
case that transversal resistance is zero (i.e. when electric field and current density are perpendicular). In that case, the current is transmitted through edge channels only. However, they
did not find an analytic solution for the case of finite bulk transport. Furthermore, utilization
of the Quantum Hall effect introduces no intrinsic size of the device, but it introduces an
intrinsic load impedance in the kiloohms scale. This makes the use of impedance matching
necessary to avoid reflection. Additionally, the use of capacitive contacts in close proximity
can lead to parasitic channels between neighboring terminals.
In this work, I solve multiple field problems of capacitively coupled Quantum Hall devices
numerically by implementing the Laplace equation and corresponding boundary conditions
using finite differences. I use real-world Quantum Hall effect data to simulate the behavior
of the Quantum Hall circulator realistically and find that circulation is very good if the
device is perfectly matched. After that, I review impedance matching a three port device
and simulate impedance matching of the Quantum Hall circulator. I find that impedance
matching works for a very narrow band of frequency and that bandwidth gets better when
matching at lower magnetic fields and higher circulator frequencies. Finally, I simulate the
parasitic channel between terminals and find that interference effects between the circulator
and parasitic channels changes circulation significantly. I also shortly review the first approach
on realizing such a device (by Mahoney et al. [6]).
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Nomenclature
~

reduced Planck constant. ~ ' 6.582 · 10−16 eV · s

e

elementary charge. e = 1.902 · 10−19 J

brc

lower Gauss bracket of any real number r ∈ R. brc is the closest integer smaller than
r.

1

identity matrix defined by 1ij = δij

M −1

inverse of a matrix M , i.e. M −1 M = M M −1 = 1

◦

S

interior of a set S

∂S

edge of a set S
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Introduction
In this chapter, I will give a short introduction of the theories used in this work. These include
the integer Quantum Hall effect, nonreciprocal devices and how they can be realized using
the Quantum Hall effect. Finally, I give short overview of the finite difference method as a
method of numerically solving two-dimensional partial differential equations.

1.1

The Quantum Hall Effect

1.1.1

The Classical Hall Effect

The classical Hall bar can be described using the Drude model. The Ohmic picture of resistivity leads to the local law [7, Chapter 3.1.2]:
~ = ρ~j − 1 ~j × H
~
E
(1.1)
en
where n is the electron density and ρ is the resistivity of the material.
Consider a geometry which is so thin that the current can be descried as being twodimensional. Further, we consider the magnetic field to be perpendicular to that plane.
Rewriting Equation 1.1 using the conductivity tensor σ̂ yields:
  
 
jx
σxx σxy
Ex
=
(1.2)
jy
σyx σyy
Ey
where
σ̂ = σ 2





ρ
H/en
cos ΘH
=σ
−H/en
ρ
− sin ΘH

sin ΘH
cos ΘH



1
σ=p
2
ρ + (H/en)2

(1.3)

where the scalar parameter σ gives the magnitude of conductivity in the material. Further~ are not parallel, but have a fixed
more, Equation 1.2 states that the local current ~j and E
angle between them, which is called Hall angle ΘH :
tan ΘH =

σyx
ρxy
H
=
=
σxx
ρxx
ρen

where ρ̂ is the resistivity tensor defined by

1 cos ΘH
−1
ρ̂ = σ̂ =
σ sin ΘH

− sin ΘH
cos ΘH

(1.4)


.

Note that σxy and tan ΘH are not linear in H because n = n(H).

(1.5)
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The Integer Quantum Hall Effect

In the quantum mechanical case, the quantization of energy in a magnetic field has to be
considered. In a two-dimensional electron gas (2DEG), this is given by the Landau levels:
ωc = eH/m∗

En = ~ωc (n + 1/2)

(1.6)

where ωc is the cyclotron frequency and m∗ is the effective mass of the material. An important
role is played by the filling factor
ν = EF /~ωc = nh/eH

(1.7)

where EF is the Fermi energy of the 2DEG given by EF = 2π~2 n/m∗ in the 2D tightbinding model. Experimentally, if transversal and longitudinal conductance inside a Hall bar
is measured, the following is observed: for large magnetic fields the off-diagonal elements of
the resistivity develop plateaus while the diagonal elements of the resistivity go to zero, rising
sharply only at magnetic fields where the filling factor is between two integers [8, p. 499 f.].
The transverse resistance Rxy shows the same qualitative characteristics while additionally
having characteristic values of
Rxy =

h
e2 bνc

'

25812Ω
.
bνc

(1.8)

A measurement taken from the Master’s practicum of the RWTH Aachen is shown in Figure 1.1. If the diagonal elements of the resistivity are zero, while the off-diagonal elements
are finite, the Hall angle defined in Equation 1.4 is π/2. This means that the current density
~ in the plateau region. This fact, as well as the quan~j is perpendicular to the electric field E
titative behavior of σ̂ and ρ̂, can be understood in the edge channel picture of the Quantum
Hall effect [9, Chapter 3.2]. However, I will not need a detailed theory of the Quantum Hall
effect, but point the interested reader to [9, Chapter 3] for further details.

1.2
1.2.1

Microwave Network Analysis
Transmission Lines

Electromagnetic Microwaves are usually transmitted through transmission lines, which have
at least two conductors (for transverse electromagnetic [TEM] wave propagation, e.g. in a
coaxial cable) [10, Chapter 2.1]. For such a TEM-type transmission line, voltages and currents
are uniquely defined by [10, Chapter 4.1]:
Z −
Z
~
~
~ · d~l
V =
E · dl
I=
H
(1.9)
C+

+

where in the case of V , one can integrate any path from the + to the − conductor and in
the case of I, C + is any closed path around the + conductor which does not enclose the −
conductor. In this case, the characteristic impedance Z0 is defined by [10, Chapter 4.1]
Z0 =

V
.
I

(1.10)

For non TEM lines, one can define equivalent voltages and currents for each mode by requiring
that they fulfill similar properties as V and I. Discussing this would go beyond the scope of

5

1.2. Microwave Network Analysis

160

6000

Rxx
Rxy

140

5000

120
4000
Rxy [Ohm]

Rxx [Ohm]

100
80

3000

60

2000

40
1000

20
0

0

1

2

3
B [T]

4

5

6

0

Figure 1.1: Measurement of the Hall resistance in strong magnetic field. For large magnetic
fields the resistance develops plateau regions, where Rxy is constant and the diagonal element
Rxx goes to zero. The plateau regions are those magnetic fields, where the filling factor ν is
not an integer. The plateau values of the off-diagonal resistance are Rxy = h/e2 bνc.
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this introduction, but it is valuable to note that it is possible and that many of the results
presented in this chapter are true for non-TEM lines as well.
The characteristic impedance of a transmission line is an important quantity because reflection
occurs every time a transmission line with characteristic impedance Z0 is terminated by a
device with some load impedance ZL 6= Z0 . In general, if a transmission line is connected to
a load impedance ZL , reflection is given by [10, Chapter 2.3]:
Γ :=

V0−
ZL − Z0
+ = Z +Z
V0
0
L

where V0− is the amplitude of the reflected wave and V0+ is the amplitude of the incident wave
at the terminal where the load impedance is connected to the transmission line. A load is
called matched when reflection is zero, i.e. when the characteristic impedance is the same as
the load impedance [10, Chapter 2.3].

1.2.2

Impedance Matching

As pointed out before, it is important to match a transmission line to avoid reflection. However, a given device might not always have the right impedance, or it might be necessary
to use devices with different load impedances in one circuit. In this case, reflection can be
avoided using impedance matching.
The simplest circuits to implement impedance matching are L networks. If the load
impedance is ZL = RL + iXL where RL and XL are real and RL > Z0 , then the L network
is given by the circuit depicted in Figure 1.2 [10, Chapter 5.1]. The values of B and X are
given by
XL ±
B=

p

Rl /Z0

q
2 + X2 − Z R
RL
0 L
L

2 + X2
RL
L
1
XL Z0
Z0
X=
+
−
.
B
RL
BRL

(1.11a)
(1.11b)

If these equations are fulfilled, reflection is indeed zero. The load impedance is matched,
although Z0 6= ZL . Note that for positive B and X, B = Cωm and X = Lωm where ωm is
the frequency where impedance matching occurs. If the load impedance if purely ohmic, i.e.
XL = 0, and B is taken positive, Equation 1.11 simplifies to:
r
1
Z0
B=
1−
Z0
RL
r
Z0
X = Z0 1 −
RL

(1.12a)
(1.12b)

which means that the resonance frequency of the resulting resonant circuit is given by



1
ωm
Z0
2
ω0 = √
=p
= ωm 1 +
+ O (Z0 /RL )
.
(1.13)
2RL
LC
1 − Z0 /RL
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iX
ZL

iB

Figure 1.2: L-type impedance matching network for the RL > Z0 case. The values of X and B
as a function of the load impedance ZL and matching imedance Z0 are given by Equation 1.11.
Positive X imply an inductor, while negative values imply a capacitor. Positive B meanwhile
imply a capacitor and negative B imply an inductor. Note that [B] = 1/Ω, so e.g. B = ωC
for positive B.

1.2.3

Impedance and Admittance Matrices

For an N-port network the impedance matrix Zij and the admittance matrix Yij are defined
by [10, Chapter 4.2]:
X
X
Ui =
Zij Ij
Ii =
Yij Uj
(1.14)
j

j

where Ui is the voltage and Ii is the ingoing current at the i-th port. For an N-terminal
network, the terminal impedance and admittance matrices are the same as for the N-port
network obtained by adding a grounded terminal next to each of the existing terminals. From
their definition, it is straightforward that Y and Z are related by:
Y = Z −1 .

1.2.4

(1.15)

Scattering Matrix

While the impedance and admittance matrices of a network relate ingoing currents and voltages applied at the ports, the so called scattering matrix (S matrix) relates the amplitudes of
the voltage waves incident at each port, to the voltage waves reflected from each port. The S
matrix of a microwave network is defined by [10, Chapter 4.3]:
X
Vi− =
Sij Vj+
(1.16)
i,j

where Vi+ is the amplitude of the voltage wave incident on the i-th port and Vi− is the
amplitude of the voltage wave reflected from the i-th port. The voltage and the current at
the i-th port is given by: [10, Chapter 4.3]

Vi = Vi+ + Vi−
Ii = Ii+ − Ii− = Vi+ − Vi− /Z0 .
(1.17)
(i)

(i)

If the characteristic impedance Z0 of the ports is equal for all ports, so that Z0 := Z0 ∀i,
than the S matrix is related to the Y and S matrix by [10, Chapter 4.3]:
S = (Z − Z0 1)(Z + Z0 1)−1

(1.18a)

−1

(1.18b)

S = (1 − Z0 Y )(1 + Z0 Y )

8
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where Equation 1.18b follows straightforward from Equation 1.18a by substituting Y −1 for Z
(Equation 1.15).
If a network is perfectly matched, the diagonal elements of the S matrix are zero, i.e. Sii = 0 ∀i.
That means no reflection occurs on any port.
If the network is lossless, energy conservation yields that the S matrix is unitary in that case,
i.e. S † = S −1 .
If the S matrix is symmetric, the network is called reciprocal. The same holds for the Y and
Z matrices. A network is always reciprocal as long as the device represented by the network
is passive and contains no anisotropic materials [10, Chapter 7.1]. Physically speaking, to
design a nonreciprocal device one has to break time reversal invariance.

1.3
1.3.1

Quantum Hall Effect Gyrators and Circulators
Gyrators and Circulators

Gyrators and circulators are important nonreciprocal devices. The ideal gyrator was introduced by Bernhard D.H. Tellegen in 1948 to complete electrical circuit theory and to include
nonreciprocal phenomena [11]. Tellegen defines the ideal gyrator as a two-port (four-terminal)
device where the currents and voltages at the two ports fulfill the equation:
V1 = −Zg I2
V2 = Zg I1

(1.19)

where Zg is called gyration resistance. From Equation 1.19 and the definition of Z and Y
(Equation 1.14), if follows that the Z and Y matrix of the ideal gyrator are given by:


1
0 1
Ygy =
(1.20a)
Zg −1 0


0 −1
−1
.
(1.20b)
Zgy = Ygy = Zg
1 0
From Equation 1.18b follows the S matrix of the ideal, matched (Z0 = Zg ) gyrator:


0 1
Sgy =
−1 0

(1.21)

because of S † S = E we see that the ideal gyrator is lossless and as S is asymmetric the device
defined by Equation 1.19 is indeed nonreciprocal.
The ideal circulator is a three-port device which is also nonreciprocal, lossless and matched
(in fact, any three-port device that is lossless and matched is also nonreciprocal [10, Chapter 7.1]). Its scattering matrix has the form [10, Chapter 9.6]:


0 0 1
Scirc = 1 0 0 .
(1.22)
0 1 0
A signal incident at the first port goes out at the second port, a signal incident at the second
port goes out at the third port and a signal coming in at the third port leaves the device

1.3. Quantum Hall Effect Gyrators and Circulators

9

at the first port. Thus, if port numbering is done clockwise (anticlockwise), the signal is
circulated clockwise (anticlockwise). By terminating one port with a matched absorber, one
can construct a perfect isolator from a circulator. An isolator is a device where signals are
perfectly transmitted in one direction, but are completely absorbed in the other. The isolator
is one of the main application of circulators in today’s qubit experiments. For example in [1],
three of the four circulators used are configured to form an isolator.

1.3.2

Hall Effect Gyrators

Ohmic Coupling
What may seem a natural way to build a gyrator as defined by Equation 1.19 is by utilizing
the (Quantum) Hall effect. Equation 1.3 shows that a Hall bar with a Hall angle close to 90
degrees would be a strong candidate for a perfect gyrator. To calculate the behavior of such
a device, one has to solve a boundary condition problem: if no charge accumulation happens
inside the conductor, the potential V (x, y) satisfies the two-dimensional Laplace equation:
∇2 V (x, y) = 0.

(1.23)

The ohmic contacts of the Hall bar then define Dirichlet boundary conditions
V (x, y) = Vi

(1.24)

where Vi is the voltage applied at each contact. For the rest of the boundary, it holds that
n̂ · ~j(x, y) = 0 where ĵ(x, y) is the current density and n̂ is the normal unit vector of the
boundary. Together with 1.3, this leads to rotated derivative boundary conditions:
cos ΘH

∂V
∂V
+ sin ΘH
=0
∂n
∂s

(1.25)

∂
∂
where ∂n
is the normal derivative at the boundary and ∂s
is the partial derivative along the
boundary. This problem was solved by Wick [12] for any 2D conductor of polygonal shape.
He found that a classical Hall bar with ohmic coupling is not able to approximate an ideal
gyrator well because of singular fields at the end of the ohmic contacts. Dissipation in such a
device is given by the Joule power density:
Z
Z
~
~
Pdiss = E · j dx dy = σ cos ΘH |∇V |2 dx dy .
(1.26)

Because of the singular fields, this quantity is not zero, even in the ΘH → π/2 limit. In fact,
dissipation is so strong that ideal gyration becomes impossible using such a device. This does
not change in the Quantum Hall regime, despite the dissipationless nature of this effect.

Capacitive Coupling
The fact that critical losses appear exactly at the edges of the ohmic contacts already indicates
that a different coupling might be more successful for such a device. In fact, Viola and
DiVincenzo [5] found out that a capacitive coupling is successful. The arrangement they
proposed is depicted in Figure 1.3. Mathematically, capacitive coupling changes the boundary

10
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Figure 1.3: (Viola and Divincenzo 2014 [5]) Four-terminal Hall-bar of arbitrary shape with
capacitive coupling as proposed by Viola and DiVincenzo. The perimeter coordinate is called
s ∈ [0, P ] as in Equation 1.25 and has its origin s = 0 at point O. Terminals T are separated
by insulating segments U . Port i is formed by the two terminals Ti and Ti0 .
condition of the contacts. Instead of Dirichlet boundary conditions, one has to apply capacitive
boundary conditions [5]:

∂V
d
∂V
(s, t) + sin ΘH
(s, t) = c(s)
V (t) − V (s, t)
(1.27)
∂n
∂s
dt
or written in frequency domain with V (x, y, t) = Re{V (x, y, ω)} cos(ωt)+Im{V (x, y, ω)} sin(ωt):
− σn̂H · ∇V (s, t) = cos ΘH


∂V
∂V
(s, ω) + sin ΘH
(s, ω) = iωc(s) V (ω) − V (s, ω) (1.28)
∂n
∂s
where n̂H is the normal unit vector of the boundary rotated by the hall angle ΘH , σ is the
magnitude of the conductivity defined in Equation 1.3, V (s, ω) is the electrical potential on
the perimeter, V (ω) is the potential applied at each terminal and c(s) is the capacitance per
unit length as a function of the perimeter coordinate s. Because Equation 1.25 corresponds to
Equation 1.28 with c(s) = 0, the whole perimeter can be treated using a capacitive boundary
condition with a characteristic function c(s) describing the nature of each segment of the
boundary.
The Laplace equation with capacitive boundary conditions defines a well-posed boundary
condition problem which, for a given function c(s) and given numbers V (ω), ω, σ, and ΘH ,
can be solved for V (s, ω). Then, the current at each terminal is given by integrating the
normal currents [5]:
Z
Z
~
Ii (ω) =
n̂H · j(s, ω) = −σ
n̂H · ∇V (s, ω) ds .
(1.29)
− σn̂H · ∇V (s, ω) = cos ΘH

Ti

Ti

When the terminal pairs Ti -Ti0 indeed form ports, i.e. when Ii = −Ii0 , then one can identify
Ui = Vi − Vi0 as the port voltage and write the current Ii as a linear function of Ui to obtain
the admittance matrix of the device Yij as defined in Equation 1.14.

Analytical Solution of the 90-degree-Hall Angle-Case
For a Hall angle of 90 degrees (which is the case in the quantum Hall regime as noted before)
and c(s) being a constant capacitance per unit length c = CL /L (when L is the length of the
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Figure 1.4: (Viola and Divincenzo 2014 [5]) Carlin construction of a circulator using a nonreciprocal device with the terminal Y matrix of a circulator. Three of the six terminals are
grounded, making the terminal Y matrix the same as the port Y matrix. The device in the
center of the construction is a rectangular piece of 2D Hall material (e.g. a two-dimensional
electron gas (2DEG) like an integrated GaAs device [6]) with three capacitively coupled terminals. Each of the terminals has an equal contact capacitance CL .
terminal and CL is equal for all terminals) on the contacts and zero on the insulating segments
in between, Viola and DiVincenzo find that the admittance matrix of the capacitively coupled
device is given by [5]:


L
L
σ i tan ωC
−1 + sec ωC
σ
σ
Ygy =
.
(1.30)
L
L
i tan ωC
2 1 − sec ωC
σ
σ
Ideal gyration is achieved for equally spaced gyration frequencies
ωgy =

πσ
(1 + 2n) , n ∈ N0 .
CL

(1.31)

This result is independent of the shape of the conductor as the perimeter can be solved
completely independent of the bulk and involves only an integral over c(s) along the perimeter.

1.3.3

Three-Terminal Hall Effect Circulator

Using capacitive coupling, one can also directly construct a circulator using a three-terminal
Hall bar [5]. The device is sketched in Figure 1.4 and includes a three terminal device which
is required to have the terminal Y matrix of the ideal circulator. Since the second terminal
of each port is grounded, the port Y matrix is identical to the terminal Y matrix, making the
whole construction an ideal circulator. The device used in the center is a rectangular (in fact,
for Hall angles of 90 degrees the shape of the Hall conductor will again be arbitrary) piece of
Hall material (e.g a GaAs 2DEG as used in [6], although they use a round geometry), which
is capacitively coupled to three terminals using an equal contact capacitance CL .
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For a Hall angle of 90 degrees, one can again solve the resulting Laplace equation for the
Hall conductor. Viola and DiVincenzo find that the terminal Y matrix of the device is given
by [5]:


ia
b
−b∗
b 
Ycirc (ω) = −b∗ ia
(1.32a)
∗
b
−b
a
where a and b are given by:
a=

L
2σ sin ωC
σ

(1.32b)

L
1 + 2 cos ωC
σ

b=σ

L
−1 + exp i ωC
σ
L
1 + 2 cos ωC
σ

.

(1.32c)

For equally spaced circulator frequencies
fcirc =

σ
(1 + 2n), n ∈ N0
2CL

(1.33)

one finds that a = 0 and b = b∗ = 2σ. If the device is matched with a characteristic impedance
of Z0 = 1/(2σ), ideal circulation is obtained.
However, it follows from Equation 1.8 and Figure 1.1, that when the Hall angle is 90
degrees, device resistance R = 1/σ is very large. To match the Hall circulator, Z0 would have
to be at least some kiloohms, which is problematic, as most modern microwave devices have
a characteristic impedance of 50 Ω. This requires the use of impedance matching as used for
example in [6].

1.4

The Finite Difference Method

The finite difference method is an easy way of approximating multidimensional differential
equations. One uses differences to approximate differentials, which is a valid approach for any
function that has a Taylor expansion.

1.4.1

Difference Formulas for Differentials

Suppose a function f (x, y). The (1D-)Taylor expansion of this function around a point z0 =
(x0 , y0 ) is [13, p. 267 f.]:
f (x, y0 ) = f (x0 , y0 ) + (x − x0 )

∂f
∂x

x=x0

1
∂2f
+ (x − x0 )2
2
∂x2

+ · · · + Rn+1

Rn+1 ∝ (x − x0 )n+1
on a Nx × Ny 2D grid G with grid spacing ∆x and ∆y (cf. 1.5)

G = (i · ∆x, j · ∆y) ∈ R2 ; i, j ∈ N0 ; i ≤ Nx ; j ≤ Ny
Equation 1.34a for grid points becomes:

(1.34a)

x=x0

(1.34b)

(1.35)
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y
(0, 0)
x

(0, 1) (0, 2) (0, 3)

(0, Ny − 1)

(0, Ny )

(1, 0)

(0, Ny )

(2, 0)

(1, Ny )

(3, 0)

(Nx − 1, Ny )

(Nx − 1, 0)

(Ny , 0)

(Nx , 1)

(Nx , Ny − 1) (Nx , Ny )

Figure 1.5: Grid convention used in the present work. The origin of the grid is at the upper
left corner, so point (i, j) is the j-th point in the i-th row. A point (i, j) corresponds to a
point (i · ∆x, j · ∆y) in a solution domain D = [0, Lx ] × [0, Ly ] ⊂ R2 .
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f (xi±1 , y) = f (x0 , y) ±


∂f
1
∂2f
(xi ) + (∆x)2 2 (xi ) + O (∆x)3 .
∂x
2
∂x

(1.36)

using this equation(+) yields the first forward difference:
f (xi+1 , yj ) − f (xi , yj )
∂f
=
(xi , yj ) + O(∆x)
∆x
∂x

(1.37)

where any terms of order ∆x where neglected. Thus, the forward difference approximates the
derivative with an error that vanishes linearly in ∆x.
Considering the difference of Equation 1.36 (+) and (−) gives the first central difference
[13, p. 267]

f (xi+1 , yj ) − f (xi−1 , yj )
∂f
=
(xi , yj ) + O (∆x)2 .
(1.38)
2∆x
∂x
Using the central difference eliminates the linear error and approximates the derivative with
an error that vanishes quadratically in ∆x. Considering the sum of Equation 1.36 (+) and
(−), gives the second central difference [13, p. 267 f.]
f (xi+1 , yj ) − 2f (xi , yj ) + f (xi−1 , yj )
(∆x)2

=



∂2f
3
+
O
(∆x)
∂x2

(1.39)

which approximates the second partial derivative of f with an error that vanishes cubicly
in ∆x. Substituting the derivatives in the Laplace operator by Equation 1.39 yields the
corresponding difference operator:




fi+1,j − 2fi,j + fi−1,j
fi,j+1 − 2fi,j + fi,j−1
3
3
2
+
=
∇
f
+
O
(∆y)
+
O
(∆x)
(1.40)
i,j
(∆x)2
(∆y)2
where the notation fi,j := f (xi , yj ) was used to shorten the equation.

1.4.2

Finite Difference Solution of the 2D Laplace Equation

Suppose solving a 2D Laplace Equation
∇2 f (x, y) = 0;

◦

(x, y) ∈ D

(1.41)

with some boundary condition on some 2D solution domain D ⊂ R. If D is rectangular, i.e.
D = [0, Lx ]×[0, Ly ], then one can find a corresponding grid G as defined in Equation 1.35 with
Nx · ∆x = Lx and Ny · ∆y = Ly to discretize the solution domain. In this case, Equation 1.41
becomes [13, Chapter 9.4]
fi+1,j + β 2 fi,j+1 + fi−1,j + β 2 fi,j−1 − 2(1 + β 2 )fi,j = 0; 0 < i < Nx ; 0 < j < Ny

(1.42)

where β = ∆x/∆y is the grid aspect ratio. For a grid with ∆x = ∆y the equation above
becomes
fi+1,j + fi,j+1 + fi−1,j + fi,j−1 − 4fi,j = 0;

0 < i < Nx ; 0 < j < Ny .

(1.43)

This is called the five-point approximation of the Laplace equation.
Equation 1.43 defines Nx · Ny − 2Nx − 2Ny + 4 linear equations. The whole grid is defined
by Nx · Ny unknowns. Therefore 2Nx + 2Ny − 4 additional equations are required to determine
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the complete discretized solution. These equations are defined by the boundary conditions.
For a point with Dirichlet boundary conditions defined by some function g : D → R, the
resulting equation is
fi,j − gi,j = 0
(1.44)
where gi,j := g(xi , yj ). For Neumann boundary conditions, the resulting equation is a forward
difference in the direction away from the boundary:
f (xi+1 , yj ) − f (xi , yj ) = 0

(1.45)

where the exact form of the equation depends on the boundary considered. The equation
above is for the i = 0 boundary. Equation 1.43, 1.44 and 1.45 give Nx · Ny equations for
Nx · Ny unknowns. These equations are called finite difference equations (FDE) [13, p. 539 f.].
The linear system formed by these FDEs is called the system equation. Solving the system
equation, we get an approximate solution of the Laplace equation in D.
The system equation is only well-defined if the discretized function fi,j is vectorized. The
obvious vectorization is
fn = f(n mod Nx ),

bn/Nx c ;

0 < n < Nx · Ny .

(1.46)

Using this vectorization, the system equation becomes banded, with the all nonzero elements
being not more than Nx away from the diagonal. For a square grid with N = Nx = Ny , the
system equation results in a N 2 × N 2 matrix where all nonzero elements are within a distance
of N from the diagonal. For big N , the system equation therefore becomes narrowly banded
around its diagonal.

1.4.3

Convergence of the Finite Difference Solution of the 2D Laplace
Equation

A finite difference method is called convergent if the approximate solution fi,j approaches the
exact solution f (xi , xj ) as grid spacing ∆x and ∆y goes to zero [13, p. 545].
A finite difference method is called consistent if the system equation approaches the PDE as
grid spacing goes to zero [13, p. 544].
The five point approximation Equation 1.43 is a consistent approximation of the Laplace equation [13, p. 544 f.]. Furthermore, Equation 1.44 is trivially consistent and 1.45 is a consistent
approximation of the corresponding boundary condition as we know from Equation 1.37.
For an elliptical PDE as Equation 1.41, it is assumed that every consistent approximation
is also a convergent approximation [13, p. 545 f.].

Chapter 2

Numerical Treatment of Capacitive
Boundary Conditions
In the present work, I want to give a numerical real-case analysis of Hall effect gyrators and
circulators proposed by Viola and DiVincenzo. I use their mathematical model discussed
in section 1.3 and solve the resulting Laplace equation using finite differences. To do that, I
develop a FDE for capacitive boundary conditions and discuss the consistence and convergence
of this FDE. Moreover, numerical integration of current and a way to compute the Y matrix
of the device from the numerical solutions are analyzed.

2.1
2.1.1

Finite Difference Equation for Capacitive Boundary Conditions
The FDE

Capacitive boundary conditions as defined by Viola and DiVincenzo [5] have been discussed
in section 1.3. In frequency domain, they are given by Equation 1.28:
cos ΘH


∂V
∂V
(s, ω) + sin ΘH
(s, ω) = iωc(s) V (ω) − V (s, ω) .
∂n
∂s

It is important to note that V (x, y) in this case is complex valued, while the functions discussed in section 1.4 were real. However, as only component-wise derivatives appear in these
equations, one can still apply the difference methods discussed before.
Using forward differences (Equation 1.37), the corresponding FDE for the j = 0 border is:
cos ΘH Vi+1,j + sin ΘH Vi,j+1 + Vi,j (i∆xωci,j − cos ΘH − sin ΘH ) = i∆xωci,j V i,j .

(2.1)

where the grid is supposed to be equally spaced in both x and y. For the other three borders,
the corresponding FDE follows straightforward by replacing Vi+1,j by the next point in the
normal direction for this border and Vi,j+1 by the next point clockwise along the border.

2.1.2

Consistency of the FDE

Equation 2.1 can be written in the form:
cos ΘH


Vi+1,j − Vi,j
Vi,j+1 − Vi,j
+ sin ΘH
= iωci,j V i,j − Vi,j
∆x
∆x
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∂V
so that identifying ∂V
∂n and ∂t and using Equation 1.37 gives the equivalent equation:





∂V
∂V
⇐⇒ cos ΘH
(s, ω) + O(∆x) +sin ΘH
(s, ω) + O(∆x) = iωc(s) V (ω) − V (s, ω) .
∂n
∂s

For ∆x −→ 0 the FDE approaches Equation 1.28. Thus, Equation 2.1 is a consistent approximation of capacitive boundary conditions.
I assume that for an elliptical PDE such as the Laplace equation any consistent FDE is
already a converging one. This is also done in [13].

2.2
2.2.1

Numerical Integration of the Terminal Current
Numerical Integration

Suppose a discretized function fi (xi ), xi = i · ∆x. The easiest way of integrating this function
is to sum the areas of the rectangles spanned by fi and ∆x:
Z

b

f (x) dx =
a

ib
X

∆x · fi + O(∆x),

a = x ia , b = x ib .

i=ia

This is known as the rectangle rule or the zeroth Newton-Cotes formula [13, Chapter 6.3].
For the n-th Newton-Cotes formula the function is approximated by a polynomial of degree
n (by a Newton forward-difference polynomial [13, Chapter 4.6.2]). The error of numerical
integration using the rectangle rule is linear in ∆x. A much better but still very easy approach
is the trapezoid rule [13, Chapter 6.3.1]
!
Z b
iX
b −1


1
1
f (x) dx = ∆x
fia +
a = x ia , b = x ib
·fi + fib + O (∆x)2 ,
(2.2)
2
2
a
i=ia +1

where the error is quadratic in ∆x.
In my program, I will utilize the trapezoid rule for numerical integration of current densities.

2.2.2

Kahan Summation

Equation 2.2 involves summation over very small numbers fi to form one large number (the
Integral) which we will call I. Assume that machine precision is . If one of the contributions
to I is smaller than I, then
I + fi = I.
Thus, if the c++ code for summation is:
1
2
3

float sum = 0.0l;
for(fi : fi_list)
sum += fi;

then sum can be significantly different from the actual sum of fi_list if the list becomes long
while its elements stay small. However there is a solution for that, called Kahan summation,
which has a constant error (independent of n) when neglecting second orders in  [14]. The
c++ code of this algorithm is given by [15]:
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1
2
3
4
5
6
7
8

float sum = 0.0l;
for (fi: fi_list)
{
auto y = fi - c;
auto t = sum + y;
auto c = (t - sum) - y;
sum = t;
}

I will use this code for some large sums.

2.2.3

Integrating Current Density

Numerical integration defined in Equation 2.2 can be used to to integrate the current density
as defined in Equation 1.29:
Z
Ii (ω) =
n̂H · ~j(s, ω)
Ti
Z
n̂H · ∇V (s, ω) ds
= −σ
Ti
Z
∂V
∂V
= −σ
cos ΘH
(s, ω) + sin ΘH
(s, ω)ds
∂n
∂s
Ti
Z
∂V
= −σ
cos ΘH
(s, ω)ds − σ sin ΘH (V (Tend , ω) − V (Tbegin , ω)) .
∂n
Ti
Using Equation 1.37 and Equation 2.2 this can be rewritten in a difference form. At the i = 0
border, when a terminal reaches from y = a to y = b, one finds:




jX
b −1

V1,jb − V0,jb
V1,j − V0,j
1 V1,jb − Vi,jb
+
+
+ O(∆x) ∆x + O (∆x)2
Ii = −σ cos ΘH 
2
∆x
∆x
∆x
j=ja +1

−σ sin ΘH (V0,jb − V0,ja )


jX
b −1

1
V1,j − V0,j  − σ sin ΘH (V0,jb − V0,ja ) + O (∆x)2 .
= −σ cos ΘH  (V1,jb − Vi,jb + V1,jb − V0,jb ) +
2
j=ja +1

(2.3)

2.3

Numerical Calculation of the Y matrix

The Y matrix of any (linear) device can be calculated using the superposition principle. That
means that the response of Û = (1V, 0, 0), (0, 1V, 0) and (0, 0, 1V) is calculated. The response
of (1V, 0, 0) is:

   
Y11 Y12 Y13
1V
Y11
Y21 Y22 Y23  0  = Y21  · 1V.
(2.4)
Y31 Y32 Y33
0
Y31
Thus, integrating the current at all terminals gives the first column of the Y matrix. Generally,
if all port voltages are zero except Vj = 1V, then:
Yi,j = Ii [A] ·

A
.
V

(2.5)
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Therefore, three boundary condition problems have to be solved to get the full admittance
matrix of the device. After this is done, the S Matrix can be calculated using Equation 1.18b.
As only three by three matrices will be inverted, the matrix inverse in this equation is implemented explicitly using Kramer’s rule.

Chapter 3

Remodeling the 90-Degree Case
After having worked out the numerical treatment of capacitive boundary conditions, I will
try to reproduce the analytical results of Viola and DiVincenzo. First, a capacitively coupled
Hall bar is simulated for the case of a Hall angle of 90 degrees. Second, the three-terminal
circulator is simulated and the Y matrix is calculated as a function of frequency and compared
to the analytic results. The analytic results are reproduced with good accuracy.

3.1

The Capacitively Coupled Hall Bar

The Hall bar is a four-terminal device, consisting of a rectangular piece of 2D Hall material
where a capacitive contact is connected to every side of the rectangle. A sketch of a possible
setup is depicted in Figure 3.1.
As explained before, the device can be described using
capacitive boundary conditions with a function c(s) defined on the perimeter describing the coupling at each
point.
In the case of sharp edges and ideal capacitive coupling, c(s) can be taken to be constant
on each terminal and to be zero between the terminals.
This boundary condition problem can be solved
numerically for any ΘH and σ.
However, to be
able to compare to the analytic result, the Hall angle has to be 90 degrees.
The numerical result for
the potential V for σ = 1/Ω and c(s) = 0.5 F/m
at the contacts is shown in Figure 3.2.
The contacts span a length of L = 2 m.
A driving potential of V̄
= ±0.5 V is applied to the terminals 1 respectively 10 while V̄ = 0 at terminals 2
and 20 .
The frequency of the applied field is ω =
πσ/CL .

1

20

2

10

Figure 3.1: Sketch of a caThe problem is solved on a 100 × 300 grid using the finite pacitively coupled Hall bar.
difference method discussed in chapter 2. The resulting sparse
linear system is solved using the Intel Math Kernel Library (Intel MKL) in c++.
The numerical result coincides with that of Viola and DiVincenzo [5]. The in-phase
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1

1

20

2

10

20

2

10

Figure 3.2: Numerical result for the in-phase (left) and out-of-phase (right) field inside a
capacitively coupled Hall bar. The Hall bar is 2 meters by 6 meters, while the capacitive
contacts span one third of the left and right edge and the complete upper and lower edge.
Every contact has a length of 2 meters resulting in a capacitance of CL = 1 F. The magnitude
conductivity is assumed to be σ = 1/Ω and the Hall angle is taken to be ΘH = π/2. The
driving potential is V̄ = ±0.5 V at terminals 1 and 10 and V̄ = 0 at terminals 2 and 20 . The
result coincides exactly with that of Viola and DiVincenzo [5].
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potential has a transition from 0.5 V at the top terminal to −0.5 V at the bottom terminal.
However, this transition happens mainly in the region of terminals 2 and 20 , because ∂V
∂s = 0 is
the boundary condition for a non-terminal segment at ΘH = π/2. The out-of-phase potential
at terminals 2 and 20 is proportional to the derivative of the in-phase potential along the
perimeter, which is consistent with Equation 1.28 for ΘH = π/2 and V̄ = 0.

3.2

The Three-Terminal Circulator at ΘH = π/2

The three-terminal circulator can also be simulated for any Hall angle, but analytic results
are available for the ΘH = π/2 case only. The circulator will be simulated for this case using
σ = 1/Ω, CL = 1 F and a square piece of Hall material. The problem is solved using a
300 × 300 grid for ω = 0 . . . 2π using 300 steps in ω. A sketch of the geometry is depicted in
Figure 3.3.
The numerical result is showed in Figure 3.4. The numerical result is very close to the analytical result despite
at those frequencies where Y diverges. Circulator frequencies for this configuration are ω = π(1 + 2N ), N ∈ Z.
At ω = π, the diagonal element Y11 goes to zero while
Y12 = −Y13 which is expected from a perfect circulator.

1

2

The numerics are strongly imprecise for frequencies close
to ωcirc (1 ± 1/3) which is where Equation 1.32 diverges. This
3
is something to keep in mind when interpreting results later.
However, the regions of interest in this work will be those close Figure 3.3: Sketch of a
capacitively coupled threeto ωcirc itself.
terminal circulator.
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Figure 3.4: Numerical result for Yij of the three-terminal circulator at Θ = π/2, compared
with the analytic result. The circulator simulated is a square piece of Hall material with
σ = 1/Ω, with three capacitively coupled terminals with CL = 1 Farad. The simulation uses
finite differences on a 300 × 300 grid.

Chapter 4

The Real-Case Three-Terminal
Circulator
After having verified that the numerical approach does indeed produce useful results in the
ΘH = π/2 case, I simulate the three terminal circulator for a real-case scenario now. For this
purpose, I use Quantum Hall effect data from the Master’s practicum of the RWTH Aachen
University to calculate admittance and scattering parameters of the device as a function of
frequency and magnetic field. I deal with impedance matching, discuss how this can be done,
and how scattering at the device changes when impedance matching is used. Furthermore,
the influence of parasitic capacitances between the terminals is modeled and discussed.

4.1

Circulator Parameters as a Function of Magnetic Field and
Frequency

Suppose a three terminal circulator as sketched in Figure 3.3. To model this kind of device
as a function of frequency and magnetic field, the device parameters have to be determined
as a function of these variables.

4.1.1

Magnitude of Conductivity and Hall Angle as a Function of Magnetic
Field

The magnitude of conductivity of the device σ is given by Equation 1.3 where one can identify:
1
σ=q
(4.1)
2 + R2
Rxx
xy
where Rxx and Rxy are longitudinal (Rxx ) and transversal (Rxy ) resistance and can be simulated or extracted from experimental data like those shown in Figure 1.1. σ is taken to be
independent of ω.
For the Hall angle, using Equation 1.4 and identifying Rxx and Rxy yields


Rxy
.
ΘH = atan
Rxx

(4.2)

The substitution of the resistivity ρ by the resistance R can be understood by considering
the sample independent nature of the Quantum Hall effect.
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Capacitance as a Function of Magnetic Field
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For a macroscopic capacitor, the capacitance is neither dependent of the magnetic field, nor it is on the frequency.
A macroscopic capacitor has a geometric capacitance, which is solely dependent on its geometry.
For a mesoscopic capacitor however, the story is different.
A quantum capacitance has to
be considered, which can be modeled as
being in series with the geometric capacitance [16, Chapter 5.2.3], [17, 18,
19].

vq [m/s]
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Figure 4.1: Quantum velocity as a function of
To obtain the quantum capacitance as a magnetic field as calculated by Stefano Bosco.
function of magnetic field, it is used that [5] The geometry considered resembles the device
implemented by Mahoney et al.. [6], while the
σ
c=
(4.3) filling factor as a function of magnetic field covpl
incides with Figure 1.1.
where c is the capacitance per unit length
(incorporating both, geometric and quantum capacitance) and vpl is the magneto edge plasmon velocity inside the conductor. The plasmon velocity was recently calculated by Stefano
Bosco (yet to be published) using calculations similar to [20, 21]. He calculated the total
plasmon velocity for a geometry similar to the device implemented by Mahoney et al.. [6].
However, the Fermi energy was chosen so that the filling factor as a function of magnetic field
in his model coincides with the Hall effect data shown in Figure 1.1. This capacitance as a
function of magnetic field is shown in Figure 4.1.
As there are some mismatches between the theoretical capacitance and the experimental
data for small magnetic fields, I will not use this capacitance as a function of the magnetic
field. Instead, I assume that the capacitance does not depend on B and use a constant value
of C = 50 fF. This corresponds to a device in the millimeter scale, what is the scale of the
device implemented by Mahoney et al. [6].

4.2

The Perfectly Matched Circulator

Using the parameters discussed in the previous section, the three-terminal circulator can be
simulated. The S matrix of a perfectly matched (i.e. matched with Z0 = 1/2σ for every B)
circulator is shown in Figure 4.2. The simulation uses a 200 × 200 grid. The plots show the
quantities
Q

= |S12 | + |S23 | + |S31 |

(4.4a)

Q

= |S21 | + |S13 | + |S32 |

(4.4b)



which are a good measure for circulation. If Q = 3, perfect anticlockwise circulation is
archived because of unitarity of S. If Q = 3, perfect clockwise circulation is archived.


4.2. The Perfectly Matched Circulator
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Figure 4.2: The S matrix of a perfectly matched three terminal circulator. σ, as well as ΘH
is extracted from the experimental data depicted in Figure 1.1. CL is taken to be 50 fF for
all B. When one of the quantities plotted is three, perfect circulation is archived because
of unitarity. In this case, nearly perfect anticlockwise circulation is archived on small spots
along periodical 1/B lines.

28

Chapter 4. The Real-Case Three-Terminal Circulator

The simulated device achieves perfect anticlockwise circulation when f = σ/2Cl ·(1+2N ).
As σ ∼ 1/B, perfect circulation is reached at
fcirc ∼

1
(1 + 2N ), N ∈ N.
B

The maximum value of Q is Qmax = 2.917. Possible explanations for such a low value are
rough discretization in f (f is never equal to fcirc ) or the fact that the Hall angle is never
exactly 90 degrees in the data set used.
Numerical error can be estimated by calculating the same value for the perfect circulator
at ΘH = π/2 with the same grid but better resolution in frequency. For this perfect device
one finds Qmax = 3.078, while this number would be expected to be 3.0. Thus, the value
for Qmax must be used carefully for quantitative analysis. For a 400 × 400 Grid, one finds
Qmax = 3.038 for the perfect circulator, which is a strong indicator that this indeed an effect
of discretization that vanishes as ∆x −→ 0.

4.3
4.3.1

The 50 Ohms-Matched Circulator
Matching Circulation at ν = 8

If the circulator simulated in section 4.2 is matched with a characteristic impedance of 50 Ω
rather than 3227 Ω or 3687 Ω (which are the load impedances for filling factors of 7 and 8),
reflection dominates the response of the device. However, matching with 50 Ω or at least a
constant (in B) characteristic impedance is much more realistic, especially if other microwave
devices are used in the same network. For this reason, I will implement an impedance matching circuit.
A straightforward approach to impedance matching is done by Mahoney et al. [6]. The
network used is sketched in Figure 4.3. This network implements impedance matching as
discussed in section 1.2.2 for each port separately. In theory, one would have to solve for a
self consistent network with six degrees of freedom because the resonance circuits interact
with each other. However, it turns out that the port-wise matching approach leads to perfect
(i)
(i)
results. The matching capacitances and inductances, Lmatch and Cmatch are all set to the
values given by Equation 1.12.
Different load impedances ZL = 1/2σ can be matched, as σ is a function of magnetic
field. Different values of σ correspond to different matching frequencies, because the matching should coincide with perfect circulation.
The response of the network in Figure 4.3 can be calculated using simple matrix arithmetic.
The parasitic channel will be ignored in this section, setting Cp = 0, which is equivalent to an
open circuit at these points. In this case, the outgoing current at Bi (outgoing meaning, to
the corresponding inductor and the port) is given by the current from the circulator terminal,
plus the current from the matching capacitor. Additionally, the voltage at Bi is the same as
the voltage at Ai . Using this yields
IBi = UBi · iωCmatch +

X
j

UBj Yij
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Port 1

(1)

(1)

Cmatch

Lmatch
Cp

B1

Cp

A1

Port 3

(3)

Lmatch
B3

(3)

Cmatch

(2)

Lmatch

Ycirc
A3

A2

Cp

Port 2

B2

(2)

Cmatch

Figure 4.3: Impedance matching circuit used for the three terminal circulator with paracitic
channels. For Cp = 0, the paracitic channels can be omitted. The network implements
impedance matching as discussed in section 1.2.2 in a “per-port” way. The second terminals
of the ports 1-3 are grounded. The capital letters A and B serve as identifiers for the nodes
to their upper left.
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which means that a constant term YCmatch is added to the circulator Y matrix, where
YCmatch = iωCmatch 1
The matching inductor can be dealt with by using that
UP ort i = iωLmatch + UBi
where UBi is given by UBi =
is then given by

P

−1
j IBi ((YCmatch +Ycirc ) )ij .

The Y matrix of the whole network

−1

Ytot = ZLmatch + (YCmatch + Ycirc )−1

(4.5)

where ZLmatch = iωLmatch 1. The S matrix of the 50 Ω matched circulator can be obtained
using Equation 1.18b on Ytot with a characteristic impedance of 50 Ω.
The result of this calculation applied to the data from Figure 4.2 is shown in Figure 4.4.
Impedance matching is targeted at a filling factor of ν = 8, corresponding to a load impedance
of 3227 Ω and a matching frequency of 3.1 GHz. The best circulation that is achieved is
Qmax = 2.918. This is the same as for the perfectly matched device. It is achieved on a much
smaller region however. Only one filling factor is matched, so perfect circulation appears only
at one frequency and one magnetic field. Furthermore, matching is very narrow in frequency,
so circulation is only good for a very narrow band of frequencies.

4.3.2

Matching Bandwidth

Bandwidth Without Impedance Matching
Due to the multitude of circulation frequencies in Figure 4.2, there is a multitude of possibilities for impedance matching. As a general feature, the spots get narrower in magnetic
field for high filling factors (i.e. low B), but get broader in frequency. This is easy to understand as the plateaus of the Quantum Hall effect are expected to be smaller at low magnetic
fields, while the circulation frequency is higher at low magnetic fields. A higher circulation
frequency leads to more bandwidth, because aberration from perfect circulation is suppressed
with 1/fcirc :


2π
a=
σ (f − fcirc ) + O (f − fcirc )3
(4.6a)
fcirc


iπ
3π 2 σ
σ (f − fcirc ) + 2 (f − fcirc )2 + O (f − fcirc )3 .
(4.6b)
b = 2σ +
fcirc
2fcirc
Bandwidth of Impedance Matching
A first guess on the bandwidth of impedance matching might be that impedance matching works better when the difference between the characteristic impedance Z0 and the load
impedance ZL is small. For the three terminal circulator, that would result in a higher
bandwidth for high filling factors, as
ZL − Z0 =

25812 Ω
− 50 Ω
ν

(4.7)

This guess can be verified by plotting the reflection coefficient Γ = |S11 | against frequency
for different filling factors. The resulting plot is shown in Figure 4.5. It is clear from this

4.3. The 50 Ohms-Matched Circulator
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Figure 4.4: Impedance matching for a characteristic impedance of 50 Ω applied to the data
showed in Figure 4.2. The matching is targeted at a filling factor of ν = 8.
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Figure 4.5: Reflection coefficient Γ = |S11 | as a function of driving frequency, for the perfect
circulator, impedance matched with a characteristic impedance of 50 Ω at the circulator
frequencies which are marked by black dashed lines. The Y matrix of the circulator is the
perfect Y matrix for every frequency, which is not the real case but a good approximation
justified by Equation 4.6. It is clear from this plot that impedance matching has a significantly
larger bandwidth for large filling factors.
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plot that impedance matching has a significantly better bandwidth for large filling factors,
which is what we expected because the difference between load impedance and characteristic
impedance is smaller in the case of large ν.
Taken as a whole, it might be better to match high a filling factor, even if circulation is
more narrow in magnetic field in this case, to get a balance between bandwidth in frequency
and magnetic field. For a filling factor of ν = 1 for example, impedance matching is barely
perceptible.
Impedance matching for the same circulator as before, but targeted at a filling factor of
ν = 20 is shown in Figure 4.6. Bandwidth is much better although circulation is not as strong
as before with Qmax = 2.874. In addition to the higher bandwidth in frequency, more landau
levels can be matched because the Hall effect levels R = 25812 Ω/ν are closer together for
high filling factors.
Impedance matching in experiments
As mentioned before, impedance matching was performed by Mahoney et al. [6], who tried
to realize the three terminal circulator. They try to match a filling factor of ν = 2, which has
a very small bandwidth in frequency, but a large one in magnetic field. They use a matching
inductance of 47 nH and no capacitor, but only stray capacitance.√ The inductor is chosen
so that the resonance frequency of the resulting LC-circuit is 1/ LC = 1 GHz. Indeed,
the resonance frequency and the impedance matching frequency fall together for real load
impedances which are much greater than the matching impedance:
 2 !!
ωmatch
Z0
Z0
ωres = p
+O
.
(4.8)
= ωmatch 1 +
2ZL
ZL
1 − Z0 /ZL
While
√ every LC-circuit that does impedance matching has a resonance frequency close to
1/ LC, not every LC-circuit which has a resonance frequency of ωmatch can also be used
for impedance matching. In the case under consideration, when matching a filling factor of
ν = 2 and a coupling frequency of about C = 50 fF, one would have to use an inductance
of Lmatch = 116 nH and a capacitance of Cmatch = 360 fF. This is quite far away from the
values Mahoney et al.. used.
When simulating such a device (using simulated quantum hall effect data) with impedance
matching implemented with the parameters given in their paper, one finds that reciprocity is
present, but circulation is not strong with Qmax = 1.14 and Qmax = 0.69.


4.4
4.4.1

Parasitic Capacitance
Modeling the Parasitic Channel

Parasitic Capacitance is an effect important for devices in close proximity when driven with
high frequencies. Both of these apply to the three terminal circulator as presented here, so
I will incorporate additional parasitic channels into the circulator as proposed by Mahoney
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Figure 4.6: Impedance matching for a characteristic impedance of 50 Ω applied to the data
showed in Figure 4.2. The matching is targeted at a filling factor of ν = 20.
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et al. [6]. The parasitic capacitances are shown in Figure 4.3 and are in parallel to every
circulator channel. Thus, the outgoing current at terminal i is given by:
X
Ii = iωCp (Ui − Ui+1 ) + iωCp (Ui − Ui−1 ) +
Yij Uj
(4.9)
j

where Ui is the voltage at the terminal i and Ui±1 denotes the voltage at the terminal to the
right/left. Equation 4.9 can be written for all terminals by adding a parasitic Y matrix to
the circulator Y matrix:


2 −1 −1
Yp = iωCp −1 2 −1
(4.10)
−1 −1 2
leading to a new total Y matrix of the network:
−1

.
Ytot = ZLmatch + (Yp + YCmatch + Ycirc )−1

(4.11)

Using this equation, one can compute the scattering matrix of the whole device with parasitic
channels. The parasitic channel contributes to the device response when iωCp is the same
order of magnitude as 2σ. For a filling factor of ν = 8 and a frequency of f = 5 GHz, this
corresponds to a parasitic capacitance of about Cp = 20 fF. This is also a realistic scale for
the real parasitic capacitance, considering that the coupling capacitance is about 50 fF and
the distance between the terminals is similar to the coupling distance (about 20 µm).
It is valuable to note that the parasitic channel is completely out-of-phase, which will lead
to interference effects when the parasitic channel is strong.

4.4.2

The Three-Terminal Circulator with Parasitic Channels

Weak Parasitics
For a very low parasitic capacitance, transport through the parasitic channel is expected be
negligible. However, already very small parasitic capacitances could have an influence on
the device. The S matrix of an impedance-matched device with a parasitic capacitance of
Cp = 2 fF (i.e one order of magnitude below the significance level derived in section 4.4.1) is
shown in Figure 4.7. Circulation is nearly the same as without parasitics with Qmax = 2.910.
The region of good circulation is a little bit smaller. However, such small parasitics obviously
do not influence circulation very much.


Strong Parasitics
For very large parasitic capacitances, the parasitic channel is expected to dominate and make
the device reciprocal. Circulation for a parasitic capacitance of Cp = 500 fF is shown in
Figure 4.8. The device is nearly reciprocal for all frequencies and magnetic fields.
Moderate Parasitics
Another S matrix of the device with parasitics is shown as a function of magnetic field and
frequency in Figure 4.9. The parasitic capacitance used in this plot is Cp = 120 fF while the
coupling capacitance is still C = 50 fF. Matching is targeted at a filling factor of ν = 8.
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Figure 4.7: Device response including a parasitic capacitance of Cp = 2 fF. Impedance matching is still targeted at ν = 8, and all device parameters are the same as in Figure 4.2.

4.4. Parasitic Capacitance
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Figure 4.8: Device response including a parasitic capacitance of Cp = 500 fF. Impedance
matching is still targeted at ν = 8, and all device parameters are the same as in Figure 4.2.
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Figure 4.9: Device response including a parasitic capacitance of Cp = 120 fF. Impedance
matching is still targeted at ν = 8, and all device parameters are the same as in Figure 4.2.
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Figure 4.10: Maximum clockwise and anticlockwise circulation quality (as defined in Equation 4.4) as a function of the parasitic capacitance. The circulator is impedance matched
at 50 Ω with matching targeted at a filling factor of ν = 8. The coupling capacitance is
C = 50 fF. Periodicity in Cp gives a hint that backwards circulation is a product of interference as Mahoney et al. suggested [6]. For small Cp , strong circulation in both directions can
be achieved.
The result is quite surprising as both, clockwise and anticlockwise circulation is achieved.
The circulation frequency for both cases is nearly the same, but the circulation direction is
dependent on the magnetic field. Circulation is equally good in both directions with
Qmax = 2.59

Qmax = 2.55.



Circulation is still best at Hall angles close to 90 degrees. The fact that circulation in both
directions is achieved was already observed experimentally [6] and can be understood as the
result of interference between the parasitic channel and the circulator channel.
To get a deeper understanding of the behavior of the device, one has to do a more detailed analysis of the Cp dependence of circulation. Maximum clockwise and anticlockwise
circulation quality as a function of the parasitic capacitance is shown in Figure 4.10. The
circulator is impedance matched at 50 Ω with matching targeted at a filling factor of ν = 8.
The coupling capacitance is C = 50 fF. Note that the maximum values of Q and Q are
probably achieved at different frequencies and magnetic fields.


The periodicity in Cp gives a hint that backwards (clockwise) circulation is a product of
interference as Mahoney et al. suggested [6]. For parasitic capacitances of about Cp = 25 fF,
strong circulation in both directions can be achieved. This value corresponds to the case
where ωCp ' 2σ. Because of this, certain parasitic capacitances may even be used to enhance
functionality of the device.
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For example in the case of a device like Mahoney et al. in [6] used (including their values for impedance matching as descriped in 1.2.2), circulation actually gets better thanks to
the parasitic channel. For a parasitic capacitance Cp = 120 fF, one finds Qmax = 1.98 and
Qmax = 1.81.


Chapter 5

Conclusion
Viola and DiVincenzo proposed an important scheme for a miniaturized circulator utilizing
the Quantum Hall effect. This thesis tests their idea for real world applicability and discusses
difficulties of the concept as well as possible solutions. The experimental work of Mahoney et
al. already examined some real-world aspects of the device. During this work I was able to give
a comprehensive analysis of the influence of many features of the device. Hall angles that are
easily achieved in 2DEG experiments permit nearly perfect circulation. Also, neither the need
of impedance matching nor the presence of parasitic channels limits the device’s capability
significantly but, in the case of the parasitic channel, can even enhance functionality.
Still, more work is required as this study focuses on classical effects and, as already Viola
and DiVincenzo noted, Quantum effects do play a key role to the behavior of the device.
Due to the fact that none of the real-world effects examined limits circulation significantly,
the results of this thesis will hopefully be encouraging to further exploration of the concept of
capacitively coupled Quantum Hall devices, leading to the development of new, miniaturized
tools for low-temperature Quantum technologies.
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Appendices

Appendix A

Hall Bar Fields for Various Hall
Angles and Frequencies
The in-phase and out-of-phase potential fields of a capacitively coupled Hall bar at a Hall
angle of 90 degrees are given in 3.2. In this chapter, I will show the potential fields for Hall
angles different from 90 degrees. This way, the reader might get a better impression what
happens inside capacitively coupled devices when the magentic field changes.
The Hall bar is always 2 meters by 6 meters while the capacitive contacts span one third of
the left and right edge and the complete upper and lower edge. Every contact has a length of
2 meters resulting in a capacitance of CL = 1 Farad. The magnitude conductivity is assumed
to be σ = 1/Ω. The driving potential is V̄ = ±0.5 Volt at terminals 1 and 10 and V̄ = 0 at
terminals 2 and 20 The frequency is always given by ω = πσ/CL · (1 + 2N ) where N ∈ N.
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Figure A.1: Potential Field inside a capacitively coupled Hall bar for ΘH = π/2 (or 90 degrees)
and N = 1.
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Figure A.2: Potential Field inside a capacitively coupled Hall bar for ΘH = π/2 (or 90 degrees)
and N = 2.
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Figure A.3: Potential Field inside a capacitively coupled Hall bar for ΘH = 0 and N = 0.
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Figure A.4: Potential Field inside a capacitively coupled Hall bar for ΘH = π/4 (or 45 degrees)
and N = 0.
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Figure A.5: Potential Field inside a capacitively coupled Hall bar for ΘH = 49 π (or 80 degrees)
and N = 0.

Appendix B

S Matrices as Functions of Frequency
and Magnetic Field


Q

and Q

= |S12 | + |S23 | + |S31 |

defined in Equation 4.4
Q



In chapter 4, the quantities Q

= |S21 | + |S13 | + |S32 |

where shown s a function of magnetic field and frequencies, for multiple devices, including
cases with and without parasitics and impedance matching. The entries of the S matrix where
not shown because Q and Q make a better measure for circulation. I will instead show
them in this part of the appendix.


The conductivity σ, as well as the Hall angle ΘH are extracted from the experimental
data depicted in Figure 1.1. CL is taken to be 50 fF for all magnetic fields.

B.1. Perfectly Matched Circulator
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Figure B.1: The S matrix of a perfectly matched three terminal circulator without parasitics.
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Figure B.2: The S matrix of a perfectly matched three terminal circulator without parasitics.

B.1. Perfectly Matched Circulator

57

Figure B.3: The S matrix of a perfectly matched three terminal circulator without parasitics.
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Figure B.4: The S matrix of a perfectly matched three terminal circulator without parasitics.

B.1. Perfectly Matched Circulator
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Figure B.5: The S matrix of a perfectly matched three terminal circulator without parasitics.

B.2. Impedance Matched Circulator Matched at ν = 8
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Figure B.6: The S matrix of a 50 Ω impedance matched three terminal circulator without
parasitics. Impedance matching targeted at a filling factor of ν = 8
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Figure B.7: The S matrix of a 50 Ω impedance matched three terminal circulator without
parasitics. Impedance matching targeted at a filling factor of ν = 8

B.2. Impedance Matched Circulator Matched at ν = 8
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Figure B.8: The S matrix of a 50 Ω impedance matched three terminal circulator without
parasitics. Impedance matching targeted at a filling factor of ν = 8
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Figure B.9: The S matrix of a 50 Ω impedance matched three terminal circulator without
parasitics. Impedance matching targeted at a filling factor of ν = 8

B.2. Impedance Matched Circulator Matched at ν = 8
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Figure B.10: The S matrix of a 50 Ω impedance matched three terminal circulator without
parasitics. Impedance matching targeted at a filling factor of ν = 8

B.3. Impedance Matched Circulator Matched at ν = 20
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Figure B.11: The S matrix of a 50 Ω impedance matched three terminal circulator without
parasitics. Impedance matching targeted at a filling factor of ν = 20
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Figure B.12: The S matrix of a 50 Ω impedance matched three terminal circulator without
parasitics. Impedance matching targeted at a filling factor of ν = 20

B.3. Impedance Matched Circulator Matched at ν = 20
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Figure B.13: The S matrix of a 50 Ω impedance matched three terminal circulator without
parasitics. Impedance matching targeted at a filling factor of ν = 20
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Figure B.14: The S matrix of a 50 Ω impedance matched three terminal circulator without
parasitics. Impedance matching targeted at a filling factor of ν = 20

B.3. Impedance Matched Circulator Matched at ν = 20
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Figure B.15: The S matrix of a 50 Ω impedance matched three terminal circulator without
parasitics. Impedance matching targeted at a filling factor of ν = 20

B.4. Impedance Matched Circulator with Weak Parasitics
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Figure B.16: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 2 fF. Impedance matching targeted at a filling factor of ν = 8
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Figure B.17: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 2 fF. Impedance matching targeted at a filling factor of ν = 8

B.4. Impedance Matched Circulator with Weak Parasitics
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Figure B.18: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 2 fF. Impedance matching targeted at a filling factor of ν = 8
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Figure B.19: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 2 fF. Impedance matching targeted at a filling factor of ν = 8

B.4. Impedance Matched Circulator with Weak Parasitics
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Figure B.20: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 2 fF. Impedance matching targeted at a filling factor of ν = 8

B.5. Impedance Matched Circulator with Strong Parasitics
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Figure B.21: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 500 fF. Impedance matching targeted at a filling factor of ν = 8
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Figure B.22: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 500 fF. Impedance matching targeted at a filling factor of ν = 8

B.5. Impedance Matched Circulator with Strong Parasitics
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Figure B.23: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 500 fF. Impedance matching targeted at a filling factor of ν = 8
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Figure B.24: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 500 fF. Impedance matching targeted at a filling factor of ν = 8

B.5. Impedance Matched Circulator with Strong Parasitics
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Figure B.25: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 500 fF. Impedance matching targeted at a filling factor of ν = 8

B.6. Impedance Matched Circulator with Moderate Parasitics
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Figure B.26: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 120 fF. Impedance matching targeted at a filling factor of ν = 8
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Figure B.27: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 120 fF. Impedance matching targeted at a filling factor of ν = 8

B.6. Impedance Matched Circulator with Moderate Parasitics
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Figure B.28: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 120 fF. Impedance matching targeted at a filling factor of ν = 8

88

Appendix B. S Matrices as Functions of Frequency and Magnetic Field

Figure B.29: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 120 fF. Impedance matching targeted at a filling factor of ν = 8

B.6. Impedance Matched Circulator with Moderate Parasitics
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Figure B.30: The S matrix of a 50 Ω impedance matched three terminal circulator with a
parasitic capacitance of Cp = 120 fF. Impedance matching targeted at a filling factor of ν = 8

