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Abstract
Quantum information processing with surface acoustic waves has several interesting aspects over
its photonic counterpart. There are a number of interesting quantum optics experiments which
could be repeated in the quantum acoustics domain, however, there are some differences such as
the possibility of in-flight manipulation of phonons that cannot be easily achieved in photonic
systems.
In the first part of the present work, I’m going to investigate the wave propagation in cubic
piezoelectric crystals such as GaAs and also wave generation by interdigital transducers. In the
second part, I propose and investigate the idea of looking at spiral IDT-like structures, which might
permit the simultaneous coupling to two cavities in orthogonal directions. Using COMSOL
simulations, I’ve calculated several parameters of the spiral transducer, such as its capacitance,
input admittance and response function. The coupling rate of the spiral transducer has also been
calculated using semi-classical model for the qubit.
Moreover, I have studied the IDT-transmons of Delsing's group. The physics of this is rather
different than in conventional "circuit QED", because the transmon capacitor will be much bigger
than the wavelength of the bosonic mode, makes it a giant atom. For this transmon I have
calculated the transmon-phonon coupling by using time domain COMSOL simulations in order to
extract the equivalent circuit of the transmon-phonon system, from which the Hamiltonian of the
equivalent circuit is derived and the transmon-phonon coupling is calculated.
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1. Introduction
1.1 Prelude
Quantum mechanics has revolutionized our understanding of the nature. Unlike the macroscopic world
we experience, atoms have an uncertain existence, i.e. they can be here and there or this or that in the
same moment, which enables us to do many things simultaneously. Within this strange phenomenon
lies a power that many scientists are trying to harness. Using this quantum multitasking we can build
computers that do computations that no classical computer could do even if it were the size of the whole
universe. The first thought about utilizing quantum effects for performing computations with quantum
objects was proposed by Feynman and Manin [1]. Feynman proposed the idea of a universal quantum
simulator in 1982 and Seth Lloyd showed in 1996 that a quantum computer is the Feynman’s universal
quantum simulator [2]. This means that we can program a quantum computer in order to simulate the
behavior of arbitrary quantum systems whose dynamics are determined by local interactions [2]. But
how should a quantum computer look like? David P. DiVincenzo [3] has answered this question with
his five criteria for implementing a quantum computer.
According to these criteria we need (1) a scalable physical system with well characterized two-level
quantum systems called Qubits. (2) It is also necessary to be able to initialize a quantum register to a
known value before the start of computation. Initialization requirement is also essential for quantum
error correction. A quantum algorithm is a sequence of unitary transformations 𝑈1 = 𝑒 𝑖𝐻1 𝑡/ħ ,
𝑈2 = 𝑒 𝑖𝐻2 𝑡/ħ , ... where the Hamiltonians which generate these transformations must be identified. Now
we need (3) a set of universal quantum gates to which any transformation possible on a qubit can be
reduced, i.e. any other unitary operation can be expressed as a finite sequence of gates from the set. This
idea is very similar to implementation of an arbitrary Boolean function with a set of classical logic gates
like a NAND gate. The unitary transformations are called quantum logic gates (or quantum gates). Just
like the classical logic gates operate on one or two bits, the most common quantum gates operate on
spaces of one or two qubits. This means that quantum gates can be described by 2×2 or 4×4 unitary
matrices. A universal set of quantum operations consists of arbitrary single qubit operations and an
entangling two-qubit operation, typically a controlled-NOT (CNOT) gate. (4) Finally we need to be able
to read out the result of a computation. (5) All these must be done with high fidelity and sufficient speed
such that decoherence processes do not destroy the information. Once we have such a set implemented
in a system, every conceivable quantum algorithm can be implemented using this system. The actual
details of the set of gates might differ a lot from setup to setup. In summary, the main challenge is [4]:

In a scalable system (a system with many qubits) combine
access to qubits (initialization, control, readout) with high
degree of isolation (coherence).
As we've seen a quantum computer must fulfill contradictory requirements. On one hand it must be
controlled, namely somehow coupled to environment. On the other hand, it must be decoupled from
environment, because coupling to environment deteriorates the quantum behavior of the system. Two
further criteria were also proposed by DiVincenzo for implementing quantum communication [3].
Well, now that we know how a quantum computer would possibly look like, the next question would
be probably what a quantum computer is good for. Certain quantum algorithms can be done with an
unprecedented speed, which is impossible to reach by their classical counterpart. An example is a
quantum algorithm proposed by Peter Shor [5], which finds the prime factors of an integer. Simulation
of quantum systems is another application of a quantum computer, which could revolutionize chemistry
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and the production of new medications. However, keep in mind that quantum computers are not
necessarily faster than classical computers in all types of computations, actually in certain types of
computations they are much slower! It is also good to know that the quantum circuits can perform all
the operations performed by classical circuits.
As mentioned earlier any two-level quantum system can be used as a qubit such as polarization of a
photon, spin of an electron, flux or charge of a superconducting circuit etc. Figure 1.1 shows various
types of qubits. Of course each qubit has its own advantages and disadvantages, e.g. photons interact
weakly with each other and they are easily lost, whereas electrons in solids naturally interact and readily
exchange information with each other. On the other hand, photons have desirable properties e.g. they
are the preferred choice for sending quantum information over large distances. Some scientists also think
about hybrid systems, where the advantages of different systems are combined into a single system [6].

Figure 1.1: Various types of qubits: (a) trapped atoms in an optical lattice, (b) a planar trap of ions, (c) an
electrostatically defined quantum dot, and (d) a nitrogen-vacancy (NV) center in diamond. Picture taken from
[6].

1.2 Spin qubits and coupling
Semiconductor technology has several advantages including a relatively cheap and easy fabrication
technology and scalability. The spin qubit is physically realized as the spin of the excess electron on a
single-electron quantum dot [7]. The computational basis consists of the spin singlet state |𝑆〉 =
(| ↑↓〉 − | ↓↑〉)/√2 = |0〉 and one of the spin triplet states |𝑇0 〉 = (| ↑↓〉 − | ↓↑〉)/√2 = |1〉, where the
z-component of the spin angular momentum is zero. In a magnetic field of around 100 mT other two
triplet states |𝑇+ 〉 = | ↑↑〉 and |𝑇− 〉 = | ↓↓〉 undergo Zeeman splitting and therefore can be neglected [8].
A single qubit system is shown in figure 1.2. Metallic gates can be used to control the interactions and
also for reading out the content of the quantum dots using quantum point contacts.
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(a)

(b)

Figure 1.2: (a) Double quantum dot: The three lower and upper contacts are used for trapping up to two
individual electrons. The lateral contacts act as sensors. Credit: University of Basel, Department of Physics (b) A
scanning electron microscope image of the top of the device. Current paths for the sensing dots are shown by
green arrows. The left qubit consists of the electrons labeled LL and LR and the right qubit uses the electrons
labeled RL and RR. Picture taken from [9].

A singlet-triplet qubit consists of two coupled electrons, which can be further coupled to a nearby qubit
electrostatically by the short range interactions (exchange or coulomb interaction). In order to have an
array of interacting qubits it is also needed to have interactions with longer ranges by transferring an
electron coherently to a conveyor which transports individual electrons between qubits [10]. Therefore,
long range as well as short range coupling methods are essential for implementation of quantum
computers. The importance of long-distance coupling is due to the fact that it leads to a significant
improvement of the prospects of fault-tolerant quantum computation using quantum dot arrays. Longdistance coupling methods by moving electrons with surface acoustic waves (SAW) and single electron
conveyor (SEC) were also proposed. Figure 1.3 shows a connected network of quantum dots, where
short range as well as long range couplings are represented. The current methods considered to couple
quantum dot qubits are as follows [11]
1.
2.
3.
4.
5.
6.

direct tunneling couplers (too short a distance)
proximal coulomb coupling (also too short)
coulomb coupling mediated by conductor (fidelity problems)
spin-chain coupler (not practical)
resonator coupling (coupling not strong enough)
Ferromagnetic coupler (not pursued)

Figure 1.3: Network of connected quantum dots. Each red dot is equivalent to two coupled singlet-triplet qubits
(single node level). Channels shown by blue line connect the qubits over a distance of a few microns. In order to
extend to a square lattice for surface code calculations, additional channels (shown in orange) are needed to
connect the electrons of the different subsystems (quantum network level) [11].
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1.3 Motivation
Photons will always be more coherent than phonons and therefore why would one be interested in SAW
phonons at all? The slow propagation velocity and the wavelength of the phonons promises access to
new regimes which are difficult to reach with photonic systems, such as giant atoms and improved
feedback setups. The essential building blocks needed to interface qubits with SAW phonons are SAW
resonators (Quality factors reaching 105 even at GHz frequencies are shown experimentally [12]) and
SAW waveguides. In the following we’re going to explain why surface acoustic waves could be
interesting for the field of quantum information processing.


Long range coupling of remote qubits

In this section we want to see how a surface acoustic wave can be used for removing a single electron
from a quantum dot, put it along a nanowire, and deposit it in a second quantum dot (figure 1.4) [13].

(a)

(b)

Figure 1.4: Moving a single electron with SAW (a) Scanning electron micrograph of device. Applying a voltage
to gates (light grey) create quantum dots (dashed circles). A microwave (RF) pulse generates SAW pulses that
trap and transport electrons (b) The potential-energy landscape. The effect of the surface acoustic wave (green
arrow) on the potential-energy landscape near the first quantum dot is visible. Picture taken from [13].

Today it is possible to have control over single electrons in quantum dots or other semiconductor
nanostructures. In order to make useful quantum systems it is essential for the single electrons to interact
and communicate with each other, and this is where a single-electron shuttle becomes useful. Moving a
specific electron is essential for certain applications, such as in a quantum computer. The natural choice
for doing this is to use a wire but even in nanowires the electrons have to swim in a sea of many other
electrons and therefore would easily be lost [14]. Still a nanowire can be used but its electron sea is
dried up and a potential is applied that creates several minimas and each minimum is able to trap
electrons. By changing the position of these minima it is possible to remove a single electron from a
quantum dot, drag it along the nanowire (and over all the peaks in the potential inside the nanowire),
and deposit it in a second quantum dot. Figure 1.5 shows how a surface acoustic wave lifts an electron
out of a quantum dot and put it in a second quantum dot.
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(a)

(b)

(c)

Figure 1.5: SAW potential for moving an electron (a) A surface acoustic wave lifts an electron out of a static QD
on the right (b) dragging it along to be captured in a second static QD on the left. Picture taken from [15].

The mechanism works for approximately 95% of attempted transfers and therefore is reasonably
reliable. The speed of the electron shuttle is about 3000 m/s corresponding to the speed of surface
acoustic waves. The shuttle can move electrons between quantum dots separated by a few microns in
about a nanosecond. Moreover, loading an electron onto the shuttle and unloading it again also only
takes about a nanosecond. This means transferring an electron from one quantum dot to another can be
done well before the electron loses its spin coherence. Measurements in order to make sure that the spin
coherence can indeed be maintained during transfer between quantum dots, is the next main challenge.
It is also essential to consider the effect of the transfer on the remaining electrons of the quantum dot.
Other interesting aspects of quantum acoustics are as follows [16]


In-flight manipulation: Due to very low propagation velocity of SAW compared to photons,
there is enough time to manipulate a SAW signal “in flight’, which would be very difficult to
do with photons. Particularly, if we want to do measurements and apply the corresponding
suitable feedback signals in real time [16].



Coupling to optical photons: For sending quantum information over large distances, the
preferred choice is to use photons generated by antennas or guided with optical fibers. At the
operating frequencies of circuit QED devices, SAW waves and optical signals have very similar
wavelengths. We also note that many of the piezoelectric materials are transparent at optical
frequencies and are routinely used in optical applications [16].



Ultrastrong coupling between SAWs and artificial atoms: In the SAW-qubit experiment
with weakly piezoelectric GaAs, the coupling between the transmon qubit and the SAW is
similar to the coupling which has been shown between a transmon qubit and open transmission
lines in waveguide QED. Using materials such as Lithium-Niobate would allow much stronger
coupling (above 1GHz), entering the ultrastrong coupling regime, or even the deep ultrastrong
regime [16].



Large atoms: In quantum acoustics with SAW waves, the small-atom approximation used in
quantum optics no longer holds. The transmon used in a SAW experiment is dimensionally
comparable to the SAW wavelength. Such devices thus operate in an unexplored regime, where
the frequency dependence of the coupling strength and the Lamb shift are modified [16].
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Analogues of quantum optics: There are a number of interesting quantum optics experiments
which could be repeated in the quantum acoustics domain. For instance, a generator of single
phonons should be possible to make in a similar way to single photon generators in circuit-QED.
Engineering the couplings of a three level atom should allow the creation of population
inversion and thus “SAW lasing” [16].



SAW resonators: Initial experiments indicate that SAW resonators can reach quality factors of
105 at GHz frequencies, close to what is seen in superconducting transmission line resonators
used in circuit QED. Experiments with a transmon in an open SAW transmission line indicate
that coupling strengths can also be similar to those found in circuit QED, and higher still if
strongly piezoelectric materials are used [16].



A universal quantum bus using surface acoustic wave: Recently Schuetz et al. [17] have
proposed a method which enables the coupling of different qubits and take advantage of the
strength of different qubits in a hybrid system (figure 1.6).

Figure 1.6: SAW as a universal quantum transducer. Bragg reflectors form an acoustic cavity for surface
acoustic waves. Red arrows indicate the relevant decay channels for the cavity mode. Qubits inside and outside
of the solid can be coupled to the cavity mode. Picture taken from [17].

This system has the following properties:
1.
2.

The scheme is not specific to any particular qubit realization
Typical SAW frequencies lie in the GHz range, enabling ground state cooling by conventional
cryogenic techniques.
3. The scheme is built upon an established technology (lithographic fabrication)
4. Since SAWs propagate elastically on the surface of a solid within a depth of approximately one
wavelength, the mode volume is intrinsically confined in the direction normal to the surface.
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1.4 Outline, methods and tools
In the first part, consisting of chapters 2, 3 and 4, we are going to investigate the propagation and
generation of SAW. In particular, Green’s function method and method of moments (MoM) are used
for extracting the charge distribution on the fingers of interdigital SAW transducers. Moreover, a method
for enhancement of bandwidth and reflection coefficient of grooved arrays is proposed in chapter 3. In
chapter 5 a novel type of transducer, a spiral transducer, is introduced and simulated by COMSOL
software. In this chapter, we will see how this transducer can be used as a transmon qubit, which can be
coupled simultaneously to two cavities. Moreover, we’re going to show the potential application of
spiral transducer for acoustic charge transfer and long range coupling of spin qubits. In chapter 6 a
calculation method for extracting the g-factor of the coupled system consisting of a qubit and an acoustic
cavity is presented. The calculation method is based on extraction of the equivalent circuit of the coupled
system using the time-domain response of the qubit’s terminal charge or voltage. The Hamiltonian of
the equivalent circuit is derived in the next step and the g-factor is calculated directly from the
corresponding coefficients of the derived Jaynes-Cummings Hamiltonian.
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2. Acoustic waves in elastic solids
2.1 Piezoelectricity
Let's start to explain the piezoelectricity with an example. There is a piece of piezoelectric material with
electrodes on the two surfaces as shown in figure 2.1. In the first case, we apply a mechanical stress to
the material and we see that electric charges appear on the electrodes. Depending on the tensile or
compressive type of stress the sign of the charge on the electrodes will be different. Thermodynamics
tells us, all piezoelectric materials exhibit also a converse piezoelectric effect (figure 2.1(b)), i.e.,
applying an electric field causes deformation. Again, depending on the direction of the applied electric
field, the sign of the strain (contraction or elongation) will be different.

(a)

(b)

Figure 2.1: Schematic representation of the longitudinal (a) direct (b) converse piezoelectric effects. Picture
taken from [18] with slight modification.

The direct and inverse piezoelectric effects are strongly related to how anisotropic the material is,
which in turn is related to the crystalline structure of the piezoelectric material. Among the thirtytwo crystal classes, twenty-one of them don't have a center of symmetry (called non-centrosymmetric).
Among these twenty-one classes, twenty of them exhibit direct piezoelectricity. Thus, the piezoelectric
effect does not exist in elementary semiconductors Si and Ge, because they possess center of symmetry.
The zinc-blende semiconductors are the simplest crystals with piezoelectric property. In summary, in a
crystal that lacks a center of inversion we have
A voltage can deform (compress or
dilate) a piezo-crystal

Deformation of a piezoelectric crystal
creates a voltage

This voltage-deformation relation can be formulated by considering the relation between the electric
polarization vector P and strain e. Using matrix notation introduced in section 2.1.1, the strain, written
as a six-component vector, and the polarization vector P are related by piezoelectric tensor, which is a
3 × 6 matrix. For zincblende semiconductors, the piezoelectric tensor has only one non-vanishing tensor
element 𝑒14 and the polarization induced by strain is then given by
𝑃𝑥
0 0
(𝑃𝑦 ) = (0 0
0 0
𝑃𝑧

𝑒𝑥𝑥
𝑒𝑦𝑦
0 𝑒14 0 0
𝑒𝑧𝑧
0 0 𝑒14 0) 𝑒
𝑦𝑧
0 0 0 𝑒14
𝑒𝑥𝑥
(𝑒𝑥𝑦 )
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(2 − 1)

2.1.1 Elastic properties of anisotropic materials
In the following table the relevant mechanical quantities are described and their symmetry properties
are also given [19]. The particle displacement is represented by 𝒖 = (𝑢1 , 𝑢2 , 𝑢3 ) and 𝑥1 , 𝑥2 , 𝑥3 are the
coordinates. In table I, the superscript on 𝑐 𝐸 𝑖𝑗𝑘𝑙 identifies this as the stiffness tensor for constant electric
field and 𝑒𝑖𝑗𝑘𝑙 is the piezoelectric tensor.
Table I. Some of the mechanical variables relevant for the explanation of piezoelectricity

quantity/SI unit
Strain tensor 𝑆𝑖𝑗
(dimensionless)

equation / symmetries
Strain at each point is defined by
1 𝜕𝑢𝑖 𝜕𝑢𝑗
𝑆𝑖𝑗 (𝑥1 , 𝑥2 , 𝑥3 ) = (
+
)
2 𝜕𝑥𝑗 𝜕𝑥𝑖
𝑖, 𝑗 = 1,2,3

Definition/
Represents the deformation of a material under
the acoustic approximation.
Diagonal elements (𝑖 = 𝑗) represent the
expansion or contraction of a material along
direction 𝑥𝑖 . Off-diagonal elements represent
shear deformation in the (𝑥𝑖 , 𝑥𝑗 ) plane.

𝑆𝑖𝑗 = 𝑆𝑗𝑖

Stress tensor 𝑇𝑖𝑗
(𝑁/𝑚2 )

Non-piezoelectric (Hooke's law)
𝑇𝑖𝑗 = ∑ ∑ 𝑐𝑖𝑗𝑘𝑙 𝑆𝑘𝑙
𝑘

𝑖, 𝑗, 𝑘, 𝑙 = 1,2,3

𝑙

Piezoelectric
𝑇𝑖𝑗 = ∑ ∑ 𝑐 𝐸 𝑖𝑗𝑘𝑙 𝑆𝑘𝑙 − ∑ 𝑒𝑘𝑖𝑗 𝐸𝑘
𝑘

𝑙

The force per unit area in the direction 𝑥𝑗 on an
infinitesimal surface normal to the direction 𝑥𝑖 .
It is related to the acceleration of an
infinitesimal volume of material, having
density ρ, via the governing equation:
𝜕
𝑇 = −𝜌𝜔2 𝑢𝑖
𝜕𝑥𝑗 𝑖𝑗

𝑘

𝑇𝑖𝑗 = 𝑇𝑗𝑖

Stiffness tensor 𝑐𝑖𝑗𝑘𝑙
(𝑁/𝑚2 )

𝑐𝑗𝑖𝑘𝑙 = 𝑐𝑖𝑗𝑘𝑙
𝑐𝑖𝑗𝑙𝑘 = 𝑐𝑖𝑗𝑘𝑙
𝑐𝑘𝑙𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙
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The symmetry of 𝑆𝑖𝑗 and 𝑇𝑖𝑗 implies that the
stiffness is unchanged if 𝑖 and 𝑗 are
interchanged, or if 𝑘 and 𝑙 are interchanged,
thus, only 36 of the 81 elements are
independent. It can also be shown, from
thermodynamic considerations, that the second
pair of indices can be interchanged with the
first pair, so that the number of independent
elements reduces to 21.

Figure 2.2 shows four crystal systems and their non-zero elements of the corresponding stiffness tensors.
Each system has several classes of crystals, which may have more zero elements than shown (e.g.,
tetragonal and trigonal) [20].

Figure 2.2: Four crystal systems and their non-zero elements of the corresponding stiffness tensors. A bar over a
symbol implies a negative element. Triclinic, monoclinic, and orthorhombic systems are not shown. Picture
taken from [20].

In Table II, equations of motion for piezoelectric and non-piezoelectric cases together with the
corresponding boundary conditions and a comment about their solution are given [19]. In table II, the
permittivity tensor 𝜀𝑖𝑗𝑠 , is given for the constant stress. We assume propagation in the 𝑥1 direction, so
that the wavefronts are parallel to 𝑥2 , as shown in figure 2.4. The (𝑥1 , 𝑥3 ) plane, which contains the
surface normal and the propagation direction, is known as the sagittal plane.

Figure 2.4: Axes for surface wave analysis. Picture taken from [19].

It is usual to use a notation known as the matrix notation, which makes everything more convenient
because it reduces the number of elements to be specified [19]. The stiffness tensor is expressed in terms
𝐸
of a stiffness matrix 𝑐𝑚𝑛
. This is defined by
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𝐸
𝐸
𝑐𝑚𝑛
= 𝑐𝑖𝑗𝑘𝑙
,

𝑚, 𝑛 = 1,2, … ,6

(2 − 2)

where m is related to 𝑖 and 𝑗 by

𝑚={

𝑖
9−𝑖−𝑗

𝑓𝑜𝑟 𝑖 = 𝑗
𝑓𝑜𝑟 𝑖 ≠ 𝑗

𝑖, 𝑗 = 1,2,3

(2 − 3)

A similar definition relates n to 𝑘 and 𝑙. A simplified piezoelectric matrix is also defined by
𝑒𝑘𝑚 = ekij

k = 1,2,3,

m = 1,2, … ,6

(2 − 4)

with m related to 𝑖 and 𝑗 as above.

Table II. Equations of motion for non-piezoelectric and piezoelectric materials
Type of
material
Nonpiezoelectric

Equation of motion

𝜌

𝜕𝑇𝑖𝑗
𝜕 2 𝑢𝑖
=∑
2
𝜕𝑡
𝜕𝑥𝑗

Boundary conditions at
𝑥3 = 0

𝑖, 𝑗 = 1,2,3

using Einstein’s summation
convention

𝑗

Or using Einstein’s summation convention

𝑇𝑖𝑧̂ = 𝑐𝑖𝑧̂ 𝑘𝑙

𝜕𝑢𝑘
=0
𝜕𝑥𝑙

𝜌𝑢̈𝑖 − 𝑐𝑖𝑗𝑘𝑙 𝜕𝑗 𝜕𝑙 𝑢𝑘 = 0

Piezoelectric
𝜌

𝑗

𝑘

𝐸
+ ∑ 𝑐𝑖𝑗𝑘𝑙
𝑙

∑ ∑ {𝜀𝑖𝑗𝑠
𝑖

Continuity of electric
displacement’s normal
component

𝜕 2 𝑢𝑖
𝜕2Φ
=
∑
∑
{𝑒
𝑘𝑖𝑗
𝜕𝑡 2
𝜕𝑥𝑗 𝜕𝑥𝑘

𝑗

𝜕 2 𝑢𝑘
}
𝜕𝑥𝑗 𝜕𝑥𝑙

𝜕 2 𝑢𝑗
𝜕2Φ
− ∑ 𝑒𝑖𝑗𝑘
}=0
𝜕𝑥𝑖 𝜕𝑥𝑗
𝜕𝑥𝑖 𝜕𝑥𝑘

𝐷𝑧 (𝑧 = 0+ ) = 𝐷𝑧 (𝑧 = 0− )
For free surface

𝑘

Or using Einstein’s summation convention

𝜌𝑢𝑖̈ − 𝑐𝑖𝑗𝑘𝑙 𝜕𝑗 𝜕𝑙 𝑢𝑘 = 𝑒𝑘𝑖𝑗 𝜕𝑗 𝜕𝑘 𝜙
𝜖𝑖𝑗 𝜕𝑖 𝜕𝑗 𝜙 = 𝑒𝑖𝑗𝑘 𝜕𝑖 𝜕𝑘 𝑢𝑗
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𝑇𝑖𝑧̂ = 𝑐𝑖𝑧̂ 𝑘𝑙

𝜕𝑢𝑘
𝜕𝜙
+ 𝑒𝑘𝑖𝑧̂
=0
𝜕𝑥𝑙
𝜕𝑥𝑘

solution

Solving a generalized
eigenvalue problem and
making determinant of
two matrices
simultaneously equal to
zero.
3-by-3 matrices for
GaAs

Solution very similar to
the case without
piezoelectricity
(perturbative
treatment).
4-by-4 matrices for
GaAs

2.2Rayleigh waves
Rayleigh waves or surface acoustic waves are nondispersive waves, which decay exponentially into the
medium with a characteristic penetration depth of one wavelength (sometimes much more) [19]. In
figure 2.3 it is shown that the motion of individual atoms is elliptical.

Figure 2.3: The particle displacements for a surface acoustic wave in an isotropic material. The wave has
decayed significantly at a depth of one wavelength and the particles undergo circular displacements. Picture
taken from [19].

As we will see later, for an isotropic media, the solution to the surface wave equation, results in purely
imaginary decay constants - and thus purely exponential decay into the bulk of the material. In the case
of anisotropic media, the surface waves exhibit sinusoidal decay into the bulk. This is due to the fact
that, some if not all of the decay constants attain both a real and imaginary component.

2.2.1 Solving equations for GaAs
When a medium is elastically anisotropic, the restoring force on an atom depends on the direction of
its displacement from equilibrium. Therefore, the velocity of a displacement wave depends on its
propagation direction and polarization [20]. This is true for all crystals.
We consider SAW propagation within the upper surface and along (010) direction for (100)-cut GaAs
crystals. The material parameters needed for characterization of a piezoelectric substrate are as follows

Material parameters for a piezoelectric crystal
𝜀3×3

𝑒6×3

𝐶6×6
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𝜌

For GaAs the 6×6 stiffness matrix is given by [19]:

𝑐11
𝑐12
𝑐12

𝑐12
𝑐11
𝑐12
0

[

𝑐12
𝑐12
𝑐11

0
𝑐44
0
0

0
𝑐44
0

0
0
𝑐44 ]

(2 − 5)

We’ve seen that for zincblende semiconductors, the piezoelectric tensor has only one non-vanishing
tensor element 𝑒14 . In terms of permittivity, GaAs is considered to be isotropic. Numerical values of
the parameters are given in Table III.
Table III. GaAs material constants

𝑒14 = 0.157 𝐶/𝑚2
𝜀𝑟 = 13
𝜌 = 5307 𝑘𝑔/𝑚3
𝑐11 = 12.21×1010 𝑁/𝑚2
𝑐12 = 5.71×1010 𝑁/𝑚2
𝑐44 = 6×1010 𝑁/𝑚2

Piezoelectric constant
Dielectric constant
Mass density
Stiffness matrix components

The corresponding solutions of both Newton’s and Maxwell’s equations are hybrid
elastoelectromagnetic waves, i.e., elastic waves with velocity vs accompanied by electric fields, and
electromagnetic waves with velocity c = 105 vs accompanied by mechanical strain [17]. For the first
type of wave, due to an electric field traveling with a velocity vs much slower than the speed of light c,
the magnetic field is negligible. Therefore, we have a curl free electric field ∇×𝐸 = −𝜕𝐵/𝜕𝑡 ≈ 0, giving
𝐸 = −∇𝜙. The potential 𝜙 and the associated electric field have electrostatic nature and they’re a
component of the predominantly mechanical wave propagating with velocity vs [17].
For materials with weak piezoelectric coupling (such as GaAs), the properties of surface acoustic
waves are primarily determined by the elastic constants and density of the medium. Therefore, we first
solve the equations of motion for the non-piezoelectric case and we will see later that the solution can
2
be corrected with corrections only at the order 𝑒14
[21].
For the three components of the displacement vector 𝑢 = (𝑢1 , 𝑢2 , 𝑢3 )𝑇 (1, 2 and 3 label the Cartesian
coordinates that correspond to the [1, 0, 0], [0, 1, 0], and [0, 0, 1] crystal axes) we have three partial
wave equations given by

𝜌

𝜕 2 𝑢𝑦 𝜕 2 𝑢𝑧
𝜕 2 𝑢𝑥
𝜕 2 𝑢𝑥
𝜕 2 𝑢𝑥 𝜕 2 𝑢𝑥
(𝑐
)
=
𝑐
+
𝑐
+
+
+
𝑐
+
(
)
(
)
11
44
12
44
𝜕𝑡 2
𝜕𝑥 2
𝜕𝑦 2
𝜕𝑧 2
𝜕𝑥𝜕𝑦 𝜕𝑥𝜕𝑧

And cyclic permutations for 𝑢𝑦 and 𝑢𝑧 .
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(2 − 6)

Figure 2.6: Model geometry and coordinates for GaAs. Picture taken from [22]

We assume plane waves solutions for displacements 𝑢𝑖 , with wavevector 𝒌 = (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 ), frequency
𝜔 and amplitude of displacement 𝐴𝑖 with the form [22]
𝑢𝑖 = 𝐴i 𝑒 𝑗(𝑘𝑥 𝑥+𝑘𝑦 𝑦+𝑘𝑧𝑧−𝜔𝑡)

(2 − 7)

As shown in figure 2.6 the components of the wave vector can be written as
𝑘𝑥 = 𝑘∥ 𝑐𝑜𝑠(𝜃)
𝑘𝑦 = 𝑘∥ 𝑠𝑖𝑛(𝜃)
𝑘𝑧 = 𝑞𝑘∥
We can rewrite eq. 4 as
𝑢𝑖 = 𝐴i 𝑒 𝑗𝑞𝑘∥ 𝑧 𝑒 𝑗𝑘∥ (𝑐𝑜𝑠(𝜃)𝑥+𝑠𝑖𝑛(𝜃)𝑦−𝑉𝑡)

(2 − 8)

Where 𝑉 = 𝜔/𝑘|| is the phase velocity of the SAW. Substituting these displacements back into the
partial wave equations gives rise to the following 3-by-3 matrix
𝜌𝑉 2 − (𝑐11 𝑐𝑜𝑠 2 (𝜃) + 𝑐44 (𝑞2 + 𝑠𝑖𝑛2 (𝜃)))
𝑀=

−(𝑐12 + 𝑐44 )𝑠𝑖𝑛(𝜃)𝑐𝑜𝑠(𝜃)
[

−(𝑐12 + 𝑐44 )𝑠𝑖𝑛(𝜃)𝑐𝑜𝑠(𝜃)
𝜌𝑉 2

− (𝑐11

−(𝑐12 + 𝑐44 )𝑞 𝑐𝑜𝑠(𝜃)

𝑠𝑖𝑛2 (𝜃)

+ 𝑐44

(𝑞2

+ 𝑐𝑜𝑠 2 (𝜃)))

−(𝑐12 + 𝑐44 )𝑞 𝑠𝑖𝑛(𝜃)

−(𝑐12 + 𝑐44 )𝑞 𝑐𝑜𝑠(𝜃)
−(𝑐12 + 𝑐44 )𝑞 𝑠𝑖𝑛(𝜃)
𝜌𝑉 2 − (𝑐11 𝑞2 + 𝑐44 ) ]

(2 − 9)
and
𝐴𝑥
𝑀 ∙ [𝐴𝑦 ] = 0
𝐴𝑧

(2 − 10)

For a non-trivial solution of the three homogeneous equations, the determinant of must vanish
|𝑀| = 0
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(2 − 11)

This gives us a sixth order equation in 𝑞 with phase velocity 𝑉 and propagation direction 𝜃 as parameters,
which is known as the secular equation. Since the coefficients of the powers of 𝑞 are all real, there will
be, in general, three complex-conjugate roots. The roots lying in the lower half of the complex plane
will exponentially decrease into the bulk. The other three roots are disregarded as they do not satisfy the
condition that the displacements vanish into the bulk of the medium [22]. The three roots
𝑞𝑟 = 𝑞𝑟 (𝑉, 𝜃)

𝑟 = 1,2,3

(2 − 12)

are chosen, such that they give solutions that correspond to surface waves. For each 𝑞𝑟 , the phase
velocity is the same and is determined from the boundary conditions, as discussed later. A linear
combination of solutions is also a solution for a surface acoustic wave, which is
3

𝑢𝑖 = ∑ 𝐴i.r 𝑒 𝑗𝑞𝑘∥ 𝑧 𝑒 𝑗𝑘∥ (𝑐𝑜𝑠(𝜃)𝑥+𝑠𝑖𝑛(𝜃)𝑦−𝑉𝑡)

(2 − 13)

𝑟=1

As we’ve seen, there is no explicit formula in general for the solution of the wave equations, however,
there are explicit formulas for the velocities in terms of the elastic constants for the [100] and [110]
propagation direction, respectively [22]
2

2
𝑐44
𝑐11
𝑐12
𝑐11
𝑐11 (𝑉 −
) (𝑉 2 −
+
)
) = 𝑐44 𝑉 4 (𝑉 2 −
𝜌
𝜌
𝑐11 𝜌
𝜌
2

(2 − 14)

2

2
𝑐44
2𝑐44 + 𝑐12 + 𝑐11
𝑐12
2𝑐44 + 𝑐12 + 𝑐11
2
𝑐11 (𝑉 −
) (𝑉 −
+
)
) = 𝑐44 𝑉 4 (𝑉 2 −
𝜌
2𝜌
𝑐11 𝜌
2𝜌
2

(2 − 15)

The boundary equations for a free surface at 𝑧 = 0 are as follows

𝜕𝑢𝑧 𝜕𝑢𝑥
+
)=0
𝜕𝑥
𝜕𝑧

(2 − 16)

𝜕𝑢𝑧 𝜕𝑢𝑦
+
)=0
𝜕𝑦
𝜕𝑧

(2 − 17)

𝜕𝑢𝑥 𝜕𝑢𝑦
𝜕𝑢𝑧
+
=0
) + 𝑐11
𝜕𝑥
𝜕𝑦
𝜕𝑧

(2 − 18)

𝑇13 = 𝑐44 (
𝑇23 = 𝑐44 (
𝑇33 = 𝑐12 (

Substitung 𝑢𝑖 s of eq. 9 into equations 12 gives
3

∑(𝑐44 𝑐𝑜𝑠(𝜃)𝐴𝑧,𝑟 + 𝑐44 𝑞𝑟 𝐴𝑥,𝑟 ) = 0
𝑟=1
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(2 − 19)

3

∑(𝑐44 𝑠𝑖𝑛(𝜃)𝐴𝑧,𝑟 + 𝑐44 𝑞𝑟 𝐴𝑦,𝑟 ) = 0

(2 − 20)

𝑟=1
3

∑(𝑐12 𝑐𝑜𝑠(𝜃)𝐴𝑥,𝑟 + 𝑐12 𝑠𝑖𝑛(𝜃)𝐴𝑦,𝑟 + 𝑐11 𝑞𝑟 𝐴𝑧,𝑟 ) = 0

(2 − 21)

𝑟=1

Until now, we have six equations consisting of three equations from wave equations and three boundary
conditions. There are nine unknowns which are the amplitudes 𝐴𝑖,𝑟 . If we divide three wave equations
given in equation 7 by one of the amplitudes, e.g. 𝐴𝑧,𝑟 , in order to obtain amplitude ratios, then we can
find explicit expressions for these ratios by solving any two of those equations [17]. If we cast those two
equations in matrix form it looks like the following

[

(𝑐 + 𝑐44 )𝑞𝑟 𝑐𝑜𝑠(𝜃)
𝜌𝑉 2 − (𝑐11 𝑐𝑜𝑠 2 (𝜃) + 𝑐44 (𝑞𝑟2 + 𝑠𝑖𝑛2 (𝜃))) −(𝑐12 + 𝑐44 )𝑠𝑖𝑛(𝜃)𝑐𝑜𝑠(𝜃) 𝑋𝑟
] [ ] = [ 122
]
𝑌
2
2
𝜌𝑉
− (𝑐11 𝑞𝑟2 + 𝑐44 )
𝑟
(𝑐 + 𝑐 )𝑞 𝑐𝑜𝑠(𝜃)
(𝑐 + 𝑐 )𝑞 𝑠𝑖𝑛(𝜃)
12

44

𝑟

12

44

𝑟

(2 − 22)
with
𝑋𝑟 =

𝐴𝑥,𝑟
,
𝐴𝑧,𝑟

𝑌𝑟 =

𝐴𝑦,𝑟
𝐴𝑧,𝑟

(2 − 23)

The amplitude ratios 𝑋𝑟 and 𝑌𝑟 are dependent on velocity 𝑉 and direction 𝜃 and they determine the
polarization of the SAW as the wave vector rotates. If we substitute these amplitude rations back into
the boundary condition equations, we obtain
𝐴𝑧,1
𝐵 ∙ [𝐴𝑧,2 ] = 0
𝐴𝑧,3

(2 − 24)

Where

𝐵=[

𝑞1 𝑐44 𝑋1 + 𝑐44 𝑐𝑜𝑠(𝜃)
𝑞1 𝑐44 𝑌1 + 𝑐44 𝑠𝑖𝑛(𝜃)
𝑐12 𝑐𝑜𝑠(𝜃)𝑋1 + 𝑐12 𝑠𝑖𝑛(𝜃)𝑌1 + 𝑐11 𝑞1

𝑞2 𝑐44 𝑋2 + 𝑐44 𝑐𝑜𝑠(𝜃)
𝑞2 𝑐44 𝑌2 + 𝑐44 𝑠𝑖𝑛(𝜃)
𝑐12 𝑐𝑜𝑠(𝜃)𝑋2 + 𝑐12 𝑠𝑖𝑛(𝜃)𝑌2 + 𝑐11 𝑞2

𝑞3 𝑐44 𝑋3 + 𝑐44 𝑐𝑜𝑠(𝜃)
𝑞3 𝑐44 𝑌3 + 𝑐44 𝑠𝑖𝑛(𝜃)
]
𝑐12 𝑐𝑜𝑠(𝜃)𝑋3 + 𝑐12 𝑠𝑖𝑛(𝜃)𝑌3 + 𝑐11 𝑞3

(2 − 25)
Again for a non-trivial solution the determinant of 𝐵 must vanish. Since the amplitudes 𝐴𝑧,𝑟 can be
complex, the determinant is, in general also complex. Applying the zero determinant condition on 𝐵 and
𝑀 matrices gives us the allowed phase velocities for different propagation directions and for different
modes depending on the nature of the decay constants. Figure 2.7 shows the allowed phase velocities in
term of the direction.

16

Figure 2.7: Phase velocity for different modes versus the angle

Table IV. Characteristics and root behavior of bulk mode, SAW mode and leaky wave mode
Mode

root

characteristics

Bulk mode

𝑞=0

No decay into the bulk

Non-dispersive

Surface acoustic wave mode

𝐼𝑚{𝑞} < 0

Decays exponentially into the
medium with a characteristic
penetration depth of a
wavelength
Phase velocity lower than the
bulk velocities in that medium
The motion of the material is
in the sagittal plane; the
motion of individual atoms is
elliptical.

Decay in the direction
of propagation
Radiating of energy away
from the surface

Leaky wave mode

One root with 𝑅𝑒{𝑞} = 0
𝐼𝑚{𝑞} < 0

Higher velocity than the
lowest bulk wave velocity
These velocities only
correspond to very
approximate zeros of
the determinant
They will not exactly satisfy
the stress free boundary
conditions
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As can be seen from figure 2.7 Rayleigh waves have a phase velocity that is lower than the bulk
velocities in that medium, because the solid behaves less rigidly in the absence of material above the
surface [17]. Pseudosurface waves, also known as leaky surface waves, appear around 𝜃 = 22° and are
characterized by a decay in the propagation direction as well as into the bulk. As we reach 𝜃 = 45° , the
[110] direction, the leaky surface mode becomes a real surface wave, with a phase velocity of 2878 m/s.
While the real component of the decay constant was zero for this velocity, the imaginary component
remains very small but non zero. The surface wave solution found in the [110] direction is quite isolated
from other surface wave solutions on the (001) plane and it is the only surface wave on this plane with
a phase velocity higher than the lowest bulk wave velocity. This is very unique property and only occurs
in a very limited set of directions for particular anisotropic surfaces. Table IV summarizes some facts
about, bulk mode, SAW mode and leaky wave mode.
There is also another approach for determining the eigenmodes by rewriting the wave equation (eq.
(2-10)) as a generalized eigenvalue equation. The reason for doing this is that the numerical solution of
a generalized eigenvalue equation is simpler than the numerical solution of a secular equation that arises
from eq. (2-11) [23]. The generalized eigenvalue equation that arises from eq. (2-10) has the following
form [23]
𝐴1 (𝑉)𝑤 = 𝐴2 𝑞 2 𝑤

(2 − 26)

For a detailed description of this method, please refer to the appendix. Also the boundary conditions in
eq. (2-25) should be fulfilled, which can be verified by
𝑑𝑒𝑡[𝐵(𝑉)] = 0

(2 − 27)

Finding the solutions (𝑉, 𝑞1 , 𝑞2 , 𝑞3 ) to eq. (2-26) starts with a known solution, e.g., with 𝑉 from eq. (214) at θ = 0, and successive calculation of the solutions for increasing θ. This can be done by a
minimization routine.
First, at fixed θ > 0 the three solutions 𝑞12 , 𝑞22 and 𝑞32 to eq. (2-26) are calculated for the starting value
of V that is known at θ = 0. Two roots, 𝑞1 and 𝑞2 , are chosen with 𝐼𝑚{𝑞1 } < 0 and 𝐼𝑚{𝑞2 } < 0. For 𝑞3 ,
we take either the root with 𝐼𝑚{𝑞3 } < 0 or the root that minimizes the error of the boundary condition.
Next, in order to achieve a better approximation for 𝑉 we minimize |𝑑𝑒𝑡[𝐵(𝑉)]| for fixed 𝑞1 , 𝑞2 , and
𝑞3 , which is taken as a new starting value for 𝑉. We iterate this procedure until the errors to eq. (2-27)
are smaller than an adjustable tolerance. The root finding procedure must be done twice: first, starting
from θ = 0 to calculate the surface modes; next, starting form θ = π/4 to calculate pseudo surface modes
[23].

2.2.2 Propagation for cubic piezoelectric crystal
Now, we’re going to include the piezoelectric coupling. Inclusion of piezoelectricity for a given solid
has the following consequences [17]:
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Compared to a non-piezoelectric solid, the wave velocity is higher; this is the piezoelectric
stiffening.



The algebraic nature of the decay constants changes, where purely imaginary decay constants
turn into complex numbers, so that oscillatory particle displacement components may arise.



The wave velocity now depends upon piezoelectric and dielectric properties as well as elastic
properties.

The equations of motion and the boundary conditions are given by

𝜌

𝜕 2 𝑢𝑦 𝜕 2 𝑢𝑧
𝜕 2 𝑢𝑥
𝜕 2 𝑢𝑥
𝜕 2 𝑢𝑥 𝜕 2 𝑢𝑥
𝜕2𝜙
(𝑐
)
=
𝑐
+
𝑐
+
+
+
𝑐
+
+
2𝑒
(
)
(
)
11
44
12
44
14
𝜕𝑡 2
𝜕𝑥 2
𝜕𝑦 2
𝜕𝑧 2
𝜕𝑥𝜕𝑦 𝜕𝑥𝜕𝑧
𝜕𝑦𝜕𝑧
𝜀∇2 𝜙 = 2𝑒14 (

𝜕 2 𝑢𝑥 𝜕 2 𝑢𝑦 𝜕 2 𝑢𝑧
+
+
)
𝜕𝑦𝜕𝑧 𝜕𝑥𝜕𝑧 𝜕𝑥𝜕𝑦

(2 − 28)

(2 − 29)

And cyclic permutations for 𝑢𝑦 and 𝑢𝑧 . The boundary conditions can be written as follows
𝜕𝑢𝑧 𝜕𝑢𝑥
𝜕𝜙
𝑇13 = 𝑐44 (
+
) + 𝑒14
=0
𝜕𝑥
𝜕𝑧
𝜕𝑦

(2 − 30)

𝜕𝑢𝑧 𝜕𝑢𝑦
𝜕𝜙
+
=0
) + 𝑒14
𝜕𝑦
𝜕𝑧
𝜕𝑥

(2 − 31)

𝜕𝑢𝑥 𝜕𝑢𝑦
𝜕𝑢𝑧
+
=0
) + 𝑐11
𝜕𝑥
𝜕𝑦
𝜕𝑧

(2 − 32)

𝜕𝑢𝑥 𝜕𝑢𝑦
𝜕𝜙
+
+ 𝜀0 𝑘𝜙 = 0
)−𝜀
𝜕𝑦
𝜕𝑥
𝜕𝑧

(2 − 33)

𝑇23 = 𝑐44 (
𝑇33 = 𝑐12 (
𝑒14 (

As mentioned before, we’re going to apply a perturbative method for the calculations where the
piezoelectric effect is included. Due to the small value of piezoelectric coupling 𝑒14 , it follows from
eq.13 that 𝜙 will be order 𝑒14 smaller than mechanical displacement 𝑢 which means
𝜙~

𝑒14
𝑢
𝜀

(2 − 34)

2
This gives rise to additional terms in the wave equations that are of order 𝑒14
/𝜀~108 𝑁/𝑚2. The elastic
constants are 2–3 orders of magnitude bigger than this piezoelectric term, therefore, the wave equations
2
will be solved by the non-piezoelectric solution with corrections only at order 𝑒14
[17]-[21]
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2.3 Slowness surface
In an anisotropic medium the flow of vibrational energy is generally not parallel to the wavevector! This
important concept can be illustrated using the Huygens principle as shown in figure 2.8 [20].

(a)

(b)

Figure 2.8: Wavefronts emanating from a point source and a line source (a) in an isotropic medium, (b) in an
anisotropic medium. In this case, the wavevector 𝐾, which is perpendicular to the wavefront, is not parallel to
the energy flow, which is along the group-velocity direction 𝑉. Picture taken from [20].

Assuming a constant frequency 𝜔, the quantity 1/𝑣(𝜃) is defined as the slowness, and a polar plot of
𝑘(𝜃) as a function of 𝜃 is the slowness curve. Figure 2.9 shows a slowness surface for the (001) plane
of GaAs.

(a)

(b)

Figure 2.9: (a) Polar plot of the surface wave velocities (the red branch in figure 2.7) for all propagation
directions on the (001) plane (b) Slowness curve for the [001] plane of GaAs. Pure modes propagation, where
wave vector and direction of energy propagation are parallel, occur around 0○, 22.5○, 45○, 67.5○ and 90○. W
shows the Poynting vector.

The direction of the group velocity in any direction is parallel to the normal to the slowness surface,
because the group velocity is the gradient of the constant-frequency surface in k space 𝑽 = ∇𝑘 𝜔(𝒌) =
𝑑𝜔/𝑑𝒌.
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Figure 2.10: Geometrical relation between the wave (or constant-t) surface and the slowness (or constant-ω)
surface. Picture taken from [20].

Slowness surfaces provide qualitative information on focusing effects [22]. As explained before, in
anisotropic media the group velocity is in general not parallel to the wavevector; that is, the direction of
energy propagation is not normal to the wavefronts. In particular, waves that have quite different 𝐾
direction can have nearly the same 𝑉, so that along certain crystalline directions, the energy flux of those
waves bunches. This is the reason why phonon focusing is possible [20]. Focusing occurs in directions
around selected pure modes of elastic propagation, which can be found graphically by considering a
slowness surface. Only in a very few directions the energy flow and the propagation vector are collinear.
The high symmetry directions, [100], [110] and [010] are all pure modes. There are also pure modes
around 22.5○ and 67.5○. Based upon the nature of adjacent points on the slowness surface, pure modes
can be classified as concave or convex. If adjacent group velocities point inward toward the direction
associated with the pure mode it is called concave [22]. The pure mode around 22.5° in figure 2.9(b)
illustrates this. For convex pure modes the energy flow of adjacent directions diverges. The [110]
direction in Fig. 2.9(a) is a convex mode.

2.4 Piezoelectric coupling coefficient
The strength of piezoelectric coupling to surface waves is important for device application, e.g. for
designing acoustic wave transducers, as we will see in the next chapter. This can be calculated quite
elegantly quite elegantly from the change in velocity produced by eliminating the storage of electric
energy outside the solid [24]. This is done by using a massless perfectly conducting metallic film on the
surface, which causes the electric field outside the solid to vanish. For surface wave branch the coupling
coefficient cannot be expressed explicitly. The effective coupling constant for surface waves is given
by

𝐾2 = 2 (

𝑉𝑓 − 𝑉𝑚
)
𝑉𝑓

(2 − 35)

where 𝑉𝑓 is the SAW velocity on a free surface of the piezoelectric, and 𝑉𝑚 is the SAW velocity on a
surface covered with an infinitely thin perfectly conducting layer. This coefficient gives us the fractional
increase in the velocity due to the piezoelectric effect, where the velocity difference is a measure of the
coupling between the wave and electrical perturbations at the surface. The maximum value of 𝐾 2 is
unity.
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Figure 2.11: Measurement of the electromechanical coupling coefficient by measuring the SAW propagation
time between to transducers. Two cases are considered, first a free surface, second, a metalized surface. Picture
taken from [24].

For zinc-blende crystals like GaAs the maximum coupling of transverse acoustic waves is along the
[110] direction. For bulk waves, however, it can be calculated explicitly through the following formula
[24]:
2
𝐾[110]
=

2
𝑒14
𝜀0 𝜀𝑟 𝐶44

(2 − 36)

2
Which has the value of 𝐾[110]
= 3 ∙ 7×10−3 for GaAs. Due to the additional potential energy resulting
from the piezoelectric coupling, the medium behaves as if it were more stiff, and as a result of this
“piezoelectric stiffening”, the velocities are higher than without the coupling. The effective elastic
stiffness is increased to the value [24]

𝑐𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑒𝑑 = 𝑐(1 + 𝐾 2 )

(2 − 37)

The value of 𝐾 2 for some piezoelectric substrates at 𝑇 = 300 𝐾 is given in table V [16]. We will see
later that a high coupling coefficient can increase the value of coupling between the cavity and the
superconducting qubit resulting in a higher value of g-factor.
Table V. Piezoelectric coupling coefficient for some piezoelectric substrates [16]

Cut/Orientation
𝐾 2 [%]

LinNbO3
Y-Z
4.8

GaAs
{110}-<100>
0.07
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Quartz
ST-X
0.14

3. Acoustic wave generation
3.1 Interdigital transducer
In this chapter, we are going to focus on the generation of surface acoustic waves by interdigital
transducers (IDT). Moreover, we will discuss the effect of geometrical and material parameters on the
generation of SAW. These effects, such as diffraction and beam steering, could play an important role,
when we do quantum acoustics and use IDT as a qubit (see section 5.4).
IDTs are metallic thin film deposited on the surface of a piezoelectric crystal such as quartz or
Lithium-Niobate. These devices could be made easily and cheaply by lithographic techniques. The
advantage of SAW technology lies particularly in its ability to miniaturize the microwave devices.
Compared to optical technology, for a given frequency, a much smaller wavelength can be achieved
using SAW technology, therefore, GHz devices can be micron sized. Tangential electric field in the gaps
between the electrodes is regarded as the source of the waves [25]. Coupling can be done directly by
placing an IDT on the substrate or through a gap above the substrate.

(a)

(b)

Figure 3.1: (a) Direct coupling. Electric fields are the source of SAW [25] (b) coupling through a gap. Picture
taken from [19].

When the IDT is driven electrically at 𝑓0 = 𝑉𝑅 /𝜆, where 𝑉𝑅 is the Rayleigh velocity (it is in the order of
3000 m/s for most of piezoelectric materials) and 𝜆 is the finger spacing shown in figure 3.2 (a), the
SAWs emanating from all fingers add constructively. This results in the emission of strong acoustic
waves across the substrate surface, in the two directions perpendicular to the IDT fingers. Using
absorbers, we can suppress propagation in unwanted directions (see figure 3.2(b)). The surface acoustic
waves reflecting from the edges of a surface acoustic wave device are attenuated by placing an epoxy
resin or a powder-epoxy resin mixture near the edge of the surface acoustic wave device.

(a)

(b)

Figure 3.2: (a) Interdigital transducer (b)Surface wave devices. Picture taken from [19].
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3.1.1 Orientation of interdigital transducer
As we’ve seen in the previous chapter, the electromechanical coupling coefficient 𝐾 2 is the parameter
that shows the conversion efficiency between electrical and acoustic energy in piezoelectric materials,
which is direction dependent. It is essential to place the IDT in a direction, where the 𝐾 2 parameter is
maximum. For GaAs the highest coupling coefficient is in [110] direction. The results of misalignment
are auto-collimation and beam steering, which will be discussed later in this chapter.

3.1.2 Dimensional parameters of interdigital transducer
1- Finger spacing (pitch): As discussed before, the pitch is one wavelength.
2- Width of fingers: For most of the cases 𝜆/4 is a suitable choice.
3- Aperture width: Just like classical optics, the diffraction can be decreased by employing wider
acoustic apertures. Typical IDT apertures range from 10𝜆 to 100𝜆. Aperture widths above about
100𝜆 may often be limited by constraints on crystal size and other factors such as radiation
conductance and circuit factor limitations [24].
4- Number of finger pairs: The bandwidth of the transducer is determined by the number of fingers
𝑁𝑝 = 2𝑓0 /𝑁𝐵𝑊, where 𝑓0 is the center frequency, and NBW is the null bandwidth or fractional
frequency [16]. NBW is in the range of MHz.

3.1.3 Some relevant physical effects


Diffraction

Like an electromagnetic antenna, the radiation of an IDT can be divided into two regions, far-field
(Fraunhofer) and near-field (Fresnel) [24]. Near the transducer there is a ‘near-field’, or ‘Fresnel’, region
in which the beam propagates with relatively little distortion. In the ‘far-field’, or ‘Fraunhofer’, region,
the beam diverges with an angle determined by the transducer aperture and the wavelength.
Nevertheless, for good performance it is often necessary to assess diffraction and to compensate for it
in the device design.

(I)

(II)

Figure 3.3: (I) Comparison of optical and SAW diffraction (a) Optical diffraction by a slot, (b) SAW diffraction
by an IDT finger pair. Picture taken from [24] (II) Fresnel and Fraunhofer SAW amplitude profiles. Input and
output IDTs should be located within Fresnel regions for minimum diffraction degradation. Picture taken from
[24].
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In order to determine the radiation region, a dimensionless parameter 𝐹 = 𝜆𝐷/𝑊 2 is used, where 2𝑊
is the aperture width and 𝐷 is the distance from the IDT aperture to the point of evaluation. In the nearfield region 𝐹 < 1 and radiation pattern is essentially in the form of a parallel beam. In this situation,
most of the SAW energy is contained within a strip equal to that of the aperture. In many surface-wave
devices, the receiving transducer is placed in the near field of the launching transducer, in order to reduce
the distortions due to the diffraction. It is also important to consider energy losses due to diffraction
effects. Since 𝜆 = 𝑣/𝑓, diffraction losses are inversely proportional to frequency. As with classical
optics, the diffraction can be decreased by employing wider acoustic apertures. Aperture widths greater
than 100𝜆 are often limited by constraints on crystal size, radiation conductance and circuit factor
limitations.
The main distinctions between surface-wave diffraction and conventional optical diffraction arise
from the anisotropy of the materials. For instance, the variation of SAW velocity with propagation
direction can be such as to cause the beam spreading to increase or decrease. Autocollimation refers to
a decrease in beam spreading, which is usually a desirable phenomenon in SAW devices, where a small
fabricational misalignment of IDT with the desired SAW pure mode axis may not corrupt the filter
response. In certain ''focusing" directions, Lithium-Niobate shows such autocollimation properties. In
order to include anisotropic parameters, the diffraction parameter F takes the more general form
𝐹=

𝜆𝐷
(1 − 2𝐴𝑑 )
𝑊2

(3 − 1)

Where 𝐴𝑑 is called anisotropy parameter and can take on positive or negative values. When 𝑨𝒅 takes on
a positive value, a larger separation between input and output IDTs over the isotropic case is allowed
for a given Fresnel number F < 1. On the other hand, a negative value of 𝑨𝒅 results in decreased
allowable separation. For some SAW substrates, the values of 𝑨𝒅 are given in Table I. For LithiumNiobate, the anisotropic factor is positive, which means that, launching a SAW beam slightly off the
propagation (i.e. pure mode) axis, can be returned to that axis due to the autocollimation.
Table I. Anisotropy parameter 𝐴𝑑 for power flow on SAW substrates [24]
𝑨𝒅
0.54
-0.18
0.10
≅ 0: 𝑚𝑜𝑠𝑡 𝑢𝑠𝑒𝑓𝑢𝑙 𝑐𝑢𝑡

Substrate
YZ-lithium niobate
ST-quartz
YZ-lithium tantalate
*<001>, (110) Gallium arsenide
*<001> orientation with SAW propagation along (110) direction



Beam steering

Beam steering is essentially caused by fabricational alignment inaccuracies [19]. Additional insertion
loss can be added, if the IDTs are misaligned with respect to the desired crystal propagation axis due to
the fact that the receiving IDT does not intercept all of the incident SAW beam. Diffraction spreading
occurs for both isotropic and anisotropic materials. However, anisotropic materials can exhibit beam
steering, which causes the beam to propagate in a direction, which is not normal to the wavefronts. This
phenomenon can be significant in SAW devices even when the receiving transducer is in the near field
of the launching transducer. Beam steering losses are independent of frequency unlike the diffraction
losses but proportional to IDT width for a given substrate and degree of IDT misalignment. Figure 3. 4
illustrates the beam steering effect [19].
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Figure 3.4: Schematic diagram of beam steering. Picture taken from [19].



Finger reflections

In a two-transducer SAW device, unwanted multiple reflections could cause ripples in the amplitude
and phase of the frequency response of the device. When the unwanted reflected wave reaches the output
after three transit times it is called triple-Transit signal. Of course, there are also higher-order reflections
which are called multiple-transit signals. In order to remedy this problem, non-reflective transducers are
used (figure 3.5)

(I)

(II)

Figure 3.5 (I) Triple signal transit. (II) Internal reflections shown for (a) single electrode transducer. Taken from
[19] (b) Double electrode (non-reflective) transducer. Picture taken from [19].



Effect of bus bars

The acoustic wave field of IDT has a divergent feature due to bus-bar and diffraction effects. Several
methods, such as [26]
1.
2.
3.
4.

Increasing the distance between the bus-bar and the finger electrodes,
Changing the shapes of bus-bar,
Increasing the numerical aperture and
Increasing the electrode numbers,

can be employed to reduce these effects. Roughly parallel SAW beams can be generated by small curved
angle IDTs with concentric circular electrodes [26].
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(a)

(b)

Figure 3.6: Curved IDT and corresponding acoustic field distribution. (a) Curved IDT with concentric circular
fingers (not to scale). Taken from [26] (b) acoustic field distribution (the solid line is the contour line plot of the
calculated potential distribution and the dotted line is the acoustic field). Picture taken from [26].



Electromagnetic feedthrough (crosstalk)

Since the input and output IDTs effectively form a capacitor, the electromagnetic energy can be coupled
directly from input to output IDT [24]. The induced resultant signal into the output IDT is then a
composite of that due to the desired SAW signal and to the undesired feedthrough. This causes amplitude
and phase ripples across the passband.


Loss mechanisms

In addition to diffraction and beam steering losses, there is also surface-wave attenuation in a crystal
that may result from a number of different causes [24]-[27].
1.
2.

3.
4.
5.
6.
7.

lattice attenuation due to the intrinsic loss in the solid.
loss due to scattering of energy from an incident beam, as well as mode conversion to bulk
waves where there are changes in material properties, such as surface cracks, mass-loading of
the surface or discontinuities.
conversion of energy from fundamental to harmonic frequencies in a nonlinear medium;
electronic loss in a conducting or semiconducting crystal; this loss can be turned to gain if
drift field is applied.
loss associated with leaky surface waves.
loss due to viscous contaminants on the surface.
Ultrasonic losses are caused due to the coupling of ultrasonic energy to the surrounding
atmosphere. Since this atmosphere loading loss is only proportional to frequency, it can often
be ignored by compared to the 𝑓 2 dependence due to SAW scattering
TableII. acoustic attenuation of some substrates (With frequency F in GHz) [24].
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End effect

For electrodes near the ends of the transducer, the charge density is distorted. A simple practical
way is to include guard electrodes, with zero voltage, at the transducer ends as in figure 3.7 [19].

Figure 3.7: Transducer with regular electrodes. Using guard electrodes in order to reduce end effect. Picture
taken from [19].



Mismatch

How much acoustic power can be extracted from the electrical source? First of all, in order to maximize
the efficiency, the transducer must be electrically matched to the source [19]. According to the theorem
of maximum power transfer a conjugate matching can be done in order to maximize the available power,
which is the power a source is capable of delivering into its conjugate impedance. Half of the available
input power emerges as surface waves in each direction, which corresponds to a conversion loss of 3
dB. For a transducer receiving surface waves the same loss factor applies. Therefore, a two-transducer
device will have an insertion loss of 6 dB. The insertion loss is defined as the ratio of transmitted power
to available input power. Insertion loss is defined as
𝐼𝐿 = 20 𝑙𝑜𝑔|𝑆12 | 𝑑𝐵

(3 − 2)

where 𝑆12 is the scattering parameter. For the same matching, the reflection coefficient for a receiving
transducer is –6 dB. This result follows from reciprocity and power conservation.

3.1.4 Modelling of interdigital transducer
As mentioned before, electric fields are the source of SAW waves. Therefore, finding the charge
distribution is an essential step in order to determine the radiation behavior of a SAW launcher/receiver.
In the next chapter we’re going to determine the charge distribution over the IDT fingers using an
electrostatic Green’s function and method of moments. There are different ways for modelling an IDT.
Delta function model, Y-matrix, S-matrix, P-Matrix, Reflective Array Model (RAM) theory and
Coupling-of-Modes (COM) theory are common methods for IDT modelling. In the following delta
function model, Y-matrix and S-matrix models are introduced [19]. The P-matrix method is explained
in the next section.
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Figure 3.8: SAW launcher and receiver. Picture taken from [19].

For a delta-function model, we consider each electrode as a localized source of wave placed at the
electrode center that can be described mathematically as a delta-function source in the spatial-domain
[19]. The generated surface waves travel through the transducer with phase velocity 𝜈 and wavenumber
𝑘 = 𝜔/𝜈. We also choose the coordinate system, such that the wave leaves the transducer at x=0. The
generated wave by m-th electrode, located at xm has the following potential
𝜙𝑚 (𝜔) = 𝑉𝐸(𝜔)𝑃̂𝑚 𝑒 𝑗𝑘(𝑥−𝑥𝑚)

(3 − 3)

where 𝑉 is the voltage applied to the electrodes and E(ω) is called element factor. The element factor
represents the response of each individual electrode and it is closely related to the charge distribution
over the fingers. In order to determine the live electrodes, which are connected to the upper bus, the
polarity of the electrode is defined as
0
𝑃̂𝑚 = {
1

𝐸𝑙𝑒𝑐𝑡𝑟𝑜𝑑𝑒 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 𝑡𝑜 𝑔𝑟𝑜𝑢𝑛𝑑
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(3 − 4)

Due to linearity assumption we have
𝑀

𝜙𝑠 (𝜔) = ∑ 𝑉𝐸(𝜔)𝑃̂𝑚 𝑒 𝑗𝑘(𝑥−𝑥𝑚)

(3 − 5)

𝑚=1

Alternatively, one can employ an equivalent circuit for the analysis of SAW transducers, where the
admittance function 𝑌𝑡 (𝜔) is given by
𝑌𝑡 (𝜔) = 𝐺𝑎 (𝜔) + 𝑗𝐵𝑎 (𝜔) + 𝑗𝜔𝐶𝑡

(3 − 6)

A more detailed discussion about equivalent circuit comes in chapter 5, where the coupling rate of the
transmon qubit is calculated by using the equivalent circuit.
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Figure 3.9: (a) Equivalent circuit of IDT consisting of an acoustic conductance 𝐺𝑎 , the acoustic susceptance 𝐵𝑎
and the IDT capacatice 𝐶𝑡 . Taken from [19] (b) Frequency response of acoustic conductance and susceptance for
uniform transducer. Picture taken from [19].

A network analyzer, which is employed for IDT measurements, returns reflection 𝑆11 and transmission
𝑆12 coefficients, which are the elements of the scattering matrix. The relation between S-matrix elements
and Y-matrix elements is given by the following formulas [28]. Here 𝑌0 = 1/50Ω is the characteristic
admittance.
𝑆11 =

(𝑌0 − 𝑌11 )(𝑌0 + 𝑌22 ) + 𝑌12 𝑌21
(𝑌0 + 𝑌11 )(𝑌0 + 𝑌22 ) − 𝑌12 𝑌21

(3 − 7)

𝑆12 =

−2𝑌12 𝑌0
(𝑌0 + 𝑌11 )(𝑌0 + 𝑌22 ) − 𝑌12 𝑌21

(3 − 8)

3.2 Acoustic mirrors
In order to achieve a good reflection for acoustic waves, a distributed reflector is needed [19]. Usually
shorted metal electrodes can be used to form an acoustic mirror. Grooved arrays also behave as a strong
reflector at their Bragg frequency. When the periodicity equals half the wavelength, reflections from
individual strips add coherently. Strong reflections are obtained when 𝑁𝑟𝑠 > 1, where 𝑁 is the number
of strips and 𝑟𝑠 is the reflection coefficient of one strip [19].

Figure 3.10: Acoustic cavity using grooved arrays as acoustic mirrors. As can be seen SAW mirrors are not welllocalized and have an effective penetration distance. The effective cavity size is 𝐿𝑐 , 𝐷 is the distance between
two mirrors and |𝑅| is the total reflection coefficient. For each groove 𝑝 is the pitch, 𝑊 the width and h the
height of the grooves.
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Reflection coefficient of a single strip can be obtained by the following formula [17]
ℎ
𝜋𝑤
ℎ 2
𝜋𝑤
|𝑟𝑠 | = 𝐶1 𝑠𝑖𝑛 ( ) + 𝐶2 ( ) 𝑐𝑜𝑠 ( )
𝜆𝑐
𝑝
𝜆𝑐
𝑝

(3 − 9)

𝐶1 and 𝐶2 are material constants, ℎ is the height of the grooves, 𝑝 is the pitch, 𝑤 ist the width of each
groove and 𝜆𝑐 is the Bragg wavelength. The transmission coefficient is then given by t s = √1 − |rs |2
and the total reflection coefficient is |𝑅| = 𝑡𝑎𝑛ℎ(𝑁|𝑟𝑠 |). Unlike microwave and optical mirrors, SAW
mirrors are not well-localized. The effective penetration distance is given by

𝐿𝑝 =

𝑡𝑎𝑛ℎ[(𝑁 − 1)|𝑟𝑠 |]𝜆𝑐
𝜆𝑐
≈
(4|𝑟𝑠 |)
4|𝑟𝑠 |

(3 − 10)

Therefore, the effective cavity size is 𝐿𝑐 ≈ 𝐷 + 2𝐿𝑝 . Figure 3.11 shows the total reflection coefficient
as a function of normalized groove depth for N=100 and N=300 grooves.

Figure 3.11: Total reflection coefficient |R | as a function of the normalized groove depth h/λc for N = 100 (blue
dashed curve) and N = 300 (red solid curve). Here, w/p = 0.5, and material parameters for LiNbO3 are used.

Figure 3.12 shows the reflection coefficient of a grooved array versus the normalized wavelength. The
stopband corresponds to attenuation of the grating mode towards the end of the reflector. Because we
have assumed there are no losses, this attenuation means that the wave is getting reflected as it goes
towards the end of the mirror.
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Figure 3.12 Reflection of a grooved array. The P-matrix method is used. Number of grooves is 300 and width-topitch ratio is 0.5.

The total cavity linewidth is defined as 𝜅 = 𝜔𝑐 /𝑄 = 𝜅𝑔𝑑 + 𝜅𝑏𝑑 , where 𝜅𝑔𝑑 corresponds to desired
losses like leakage through the mirrors and 𝜅𝑏𝑑 to undesired losses like conversion into bulk modes and
other losses [17]. In order to calculate the total quality factor we’re going to discuss three different
regimes.
𝑸𝒓 regime: For very small groove depths ℎ/𝜆𝑐 < 2% , losses are dominated by coupling to SAW modes
outside of the cavity [17],

𝑄𝑟 =

2𝜋𝑁𝑒𝑓𝑓
(1 − |𝑅|2 )

(3 − 11)

where 𝑁𝑒𝑓𝑓 = 𝐿𝑐 /𝜆𝑐 .
𝑸𝒎 regime: For a sufficiently high number of grooves N, the quality factor Q can ultimately be limited
by internal losses (surface cracks, defects in the material, etc.)
𝑄𝑚 ×𝑓[𝐺𝐻𝑧] > 105

(3 − 12)

𝐐𝐛 regime: For very deep grooves, losses due to conversion into bulk modes become excessive

𝑄𝑏𝑘 =

2𝜋𝑁𝑒𝑓𝑓
ℎ 𝟐
[𝐶𝑏 ( ) ]
𝜆𝑐

(3 − 13)

With 𝐶𝑏 =8.7. With regard to applications in quantum information schemes, the Q r regime plays a special
role in that resonator phonons leaking out through the acoustic mirrors can be processed further by
guiding them in acoustic SAW waveguides [17]. The total Q-factor is given by
𝑄𝑡 −1 = 𝑄𝑚 −1 + 𝑄𝑟 −1 + 𝑄𝑏𝑘 −1
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(3 − 14)

Figure 3.13: Characterization of a groove-based SAW cavity. (a) Total quality factor 𝑄𝑡 for N = 100 (dashed
blue curve) and N = 300 (red solid curve) grooves as a function of the normalized grove depth ℎ/𝜆𝑐 . 𝑄𝑟 and 𝑄𝑏
are also shown for N=100 and N=300 grooves.

3.2.1 P-matrix method
Coupled mode theory, transmission line method and P-matrix method are three approaches for the
analysis of grooved arrays. Here we are going to discuss the P-matix method [19]. SAW transducers are
three port devices with two acoustic ports and one electrical port as shown in figure 3.14 (a). We define
𝐴𝑖 as the amplitudes of waves incident on the transducer, and 𝐴𝑡 as the amplitudes of waves leaving the
port [19]. The electrical port, with current 𝐼 and voltage 𝑉 is port 3. These variables are related by
𝑃11
𝐴𝑡1
[𝐴𝑡2 ] = [𝑃21
𝑃31
𝐼

𝑃12
𝑃22
𝑃32

𝑃13
𝐴𝑖1
𝑃23 ] ∙ [𝐴𝑖2 ]
𝑃33
𝑉

(3 − 16)

Here 𝑃33 is the transducer admittance, when no acoustic waves are incident. For reflecting gratings the
same matrix is valid, but the elements with 𝑖 or 𝑗 equal to 3 are not needed. They may be set to zero if
necessary.

(a)

(b)

Figure 3.14: (a) Definition of variables for P-matrix. Picture taken from [19] (b) Cascading of adjacent
components. Picture taken from [19].
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The elements of the P-matrix can be calculated using the reflection and transmission coefficients
𝑝11 = 𝑟𝑠 𝑒𝑥𝑝(−𝑗𝑘𝑒 𝑝)

(3 − 17)

𝑝12 = 𝑝21 = 𝑡𝑠 𝑒𝑥𝑝(−𝑗𝑘𝑒 𝑝)

(3 − 18)

𝑝22 = 𝑟𝑠 𝑒𝑥𝑝(−𝑗𝑘𝑒 𝑝)

(3 − 19)

Cascading of adjacent components results in the following modification of the elements of P-matrix
(figure 3.14b)
𝑎
𝐷 = 1 − 𝑃22 𝑃11

(3 − 20)

′
𝑃11
= 𝑃11 +

𝑎 2
𝑃11
𝑃12
𝐷

(3 − 21)

′
′
𝑃12
= 𝑃21
=

𝑎
𝑃12
𝑃12
𝐷

(3 − 22)

′
𝑎
𝑃22
= 𝑃22
+

𝑎 )2
𝑃22 (𝑃12
𝐷

(3 − 23)

3.2.2 Bandwidth and reflection coefficient enhancement
In this section we are going to introduce the idea of non-uniform distribution of grooves in order to
increase the bandwidth and reflection coefficient of grooved arrays. The calculations in this section are
based on the concept of cascading p-matrices introduced in the previous section. Figure 3.15 shows a
linear increase in the width of the grooves. First, we’re going to divide the whole structure into cells
with an equal length of p, where p is the pitch. Then we apply a linearly increasing width-to-pitch ratio
w/p to the grooves. Different types of width-to-pitch distributions can be tried in order to investigate
the reflection coefficient as well bandwidth behavior of the grooved array. Figure 3.16 compares the
reflection coefficient of different distributions versus the groove depth.

Figure 3.15: The width of the grooves increases linearly. This non-uniform distribution of grooves increases the
bandwidth as well as reflection coefficient of a grooved array

A simple linear non-uniform distribution results in 10% increase in bandwidth and reflection coefficient
as can be seen in figure 3.17. Suitable optimization procedures can be used in order to find an optimized
distribution for highest reflection coefficient and bandwidth. This part can be further explored as a future
work.
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Figure 3.16: Reflection for different distributions of the groove’s width.

Figure 3.17: Reflection coefficient for uniform and non-uniform distribution of the width of the grooves for
N=100 grooves.
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4. Green’s function and charge distribution
In this chapter we are going to calculate the charge distribution on IDT fingers by solving an integral
equation using Green’s function and Method of Moments (MOM). Note that if the piezoelectric coupling
is low, it can be assumed that the electric field is not significantly disturbed by the acoustic field.
Therefore, electric field can be computed independently. As we neglected the mass loading effect of the
electrodes, the only excitation source for the acoustic waves is the electric charge, the corresponding
charge distribution can then be regarded as the source of excitation of acoustic waves. Green’s function
𝐺(𝑥, 𝑦) can be written as a sum of three terms [26]
𝐺(𝑥, 𝑦) = 𝐺𝑒 (𝑥, 𝑦) + 𝐺𝑆𝐴𝑊 (𝑥, 𝑦) + 𝐺𝑟𝑒𝑠𝑡 (𝑥, 𝑦)

(4 − 1)

𝐺𝑒 (𝑥, 𝑦) is the electrostatic part of the Green’s function and GSAW (x. y) represents the SAW part. The
remaining part of Green’s function is composed of the bulk acoustic waves contribution and asymptotic
behavior at k → ∞, which is only available in the form of numerical data. The bulk wave effect can be
ignored if the directions of the substrate’s cut and the wave’s propagation are suitably selected for an
IDT operated near its center frequency. In the next section we are going to solve an integral equation
with charge distribution as the unknown variable.

4.1 Finding the charge distribution
First of all, we introduce the problem that we are going to solve, namely the following Fredholm integral
equation of the first kind, where the Green's function plays the role of the kernel [29]:
+∞

𝜙𝑒 (𝑥, 𝑧) = ∬ 𝐺𝑒 (𝑥 ′ − 𝑥, 𝑧 ′ − 𝑧)𝜌(𝑥 ′ , 𝑧 ′ )𝑑𝑥 ′ 𝑑𝑧 ′

(4 − 2)

−∞

This equation can be rewritten in operator form as
𝐿𝜌 = 𝜙𝑒

(4 − 3)

where L is an integral operator with unknown charge distribution 𝜌 and known potential 𝜙𝑒 on the
metalized region [29]. In order to solve this integral equation, the method of moments (MOM) is used.
The procedure of applying MOM to solve the integral equation usually involves the following four steps:
1. Derivation of the appropriate integral equation.
2. Discretization of the integral equation into a matrix equation using basis (or expansion)
functions and weighting (or testing) functions.
3. Evaluation of the matrix elements.
4. Solving the matrix equation and obtaining the parameters of interest.
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4.1.1 Method of weighted residuals
In the weighted residual method, the solution to eq. (4-1) is approximated using the expansion functions,
𝑢𝑛 ,i.e.
𝑁

𝜌̃ = ∑ 𝑎𝑛 𝑢𝑛

(4 − 4)

𝑛=1

where an are the expansion coefficients. Our goal is to make (eq. (4-2))
𝐿𝜌̃ ≈ 𝑔

(4 − 5)

Substituting the approximate solution in the operator equation results in a residual R, i.e.,
𝐿𝜌̃ = 𝑔 + 𝑅

(4 − 6)

𝑅 = 𝐿(𝜌̃ − 𝜌) = 𝐿𝜌̃ − 𝑔

(4 − 7)

In the method of weighted residual [29], the goal is to choose weighting functions 𝑤𝑚 , such that the
integral of a weighted residual of the approximation is zero, i.e.,

〈𝑤𝑚 , 𝑅〉 = ∫ 𝑤𝑚 𝑅 𝑑𝑣 = 0
〈𝑤𝑚 , 𝑅〉 = 〈𝑤𝑚 , 𝐿𝜌̃ − 𝑔〉 = 〈𝑤𝑚 , 𝐿𝜌̃〉 − 〈𝑤𝑚 , 𝑔〉 = 0

(4 − 8)
(4 − 9)

In general, weighting functions 𝑤𝑚 are not the same as the expansion functions 𝑢𝑛 . By choosing a set
of weighting functions {𝑤𝑚 } (also known as testing functions) and taking the inner product of eq. (4-4)
for each 𝑤𝑚 , we obtain
𝑁

𝑁

𝑁

〈𝑤𝑚 , 𝐿𝜌̃〉 = 〈𝑤𝑚 , 𝐿 ∑ 𝑎𝑛 𝑢𝑛 〉 = 〈𝑤𝑚 , ∑ 𝑎𝑛 𝐿𝑢𝑛 〉 = ∑ 𝑎𝑛 〈𝑤𝑚 , 𝐿𝑢𝑛 〉 = 〈𝑤𝑚 , 𝑔〉
𝑛=1

𝑛=1

𝑚 = 1,2, … , 𝑁

𝑛=1

(4 − 10)
The system of linear equations (4-10) can be cast into matrix form as
[𝐴][𝑋] = [𝐵]

(4 − 11)

where
𝐴𝑚𝑛 = 〈𝑤𝑚 , 𝐿𝑢𝑛 〉

(4 − 12, 𝑎)

𝐵𝑚 = 〈𝑤𝑚 , 𝑔〉

(4 − 12, 𝑏)

𝑋𝑛 = 𝑎𝑛

(4 − 12, 𝑐)
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Solving for [X] in eq. (4-11) and substituting for 𝑎𝑛 in eq. (4-3) gives the approximate solution to eq.
(4-2). The matrix equation can be usually solved via elimination, inversion or iterative techniques.
Different ways of choosing the weighting functions 𝑤𝑚 leads to the methods such as collocation (or
point-matching method), Galerkin method, subdomain method and least squares method. For example
choosing 𝑤𝑛 = 𝑢𝑛 leads to Galerkin’s method, while choosing 𝑤𝑛 = 𝛿(𝑧 − 𝑧𝑛 ) results in point
matching method. In point matching method the weighting functions are Dirac's delta function

𝑤𝑚 (𝑟) = 𝛿(𝑟 − 𝑟𝑚 ) = {

1,
0,

𝑟 = 𝑟𝑚
𝑟 ≠ 𝑟𝑚

(4 − 13)

Substituting eq.(4-13) into eq.(4-7) results in 𝑅(𝑟) = 0. Thus we select as many collocation (or
matching) points in the interval as there are unknown coefficients an and make the residual zero at those
points. This is equivalent to enforcing
𝑁

∑ 𝐿𝑎𝑛 𝑢𝑛 = 𝑔

(4 − 14)

𝑛=1

at discrete points in the region of interest, generally where boundary conditions must be met.

4.1.2 Calculation of charge distribution
As explained before method of moments (MOM) is a general procedure for solving eq. (4-2). The idea
of this method is to transform an integral equation to a system of algebraic linear equations by expanding
the unknown function in terms of some known basis functions. There are different kinds of basis
functions such as pulse-shaped and triangular-shaped basis functions. We’ve seen in the previous section
that the first step is to discretize the region of solution. In order to do this, Heaviside’s step function are
used as the basis function. Figure 4.1 shows discretization of an interdigital transducer [30].

Figure 4.1: 1D discretization of fingers [30].
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The discretization parameters are as follows

0 < 𝛼 < 1,
𝑙
ℎ1 + ⋯ + ℎ𝑛 = ;
2

ℎ𝑛 =

𝑙 1−𝛼
∙
2 1 − 𝛼𝑛

ℎ𝑖+1 = 𝛼ℎ𝑖 ;

(4 − 15)
𝑖 = 1 … 𝑛 − 1,

(4 − 16)

As can be seen from figure 4.1, a non-equidistant discretization of the metallic strips has been done. The
reason for a non-equidistant discretization is to take the charge singularity at finger edges into account
and to reduce computer resources (memory and time). For periodic structures it is enough to perform
the discretization only in the main period [31].
For the 2D case we have also a non-equidistant discretization [32]

Figure 4.2: Coordinates of the lth sub-square for 2D discretization of IDT fingers [33].

𝑥𝑙𝑏 , 𝑥𝑙𝑒 , 𝑧𝑙𝑏 and 𝑧𝑙𝑒 are the begin and end coordinates of the lth sub-square
𝑥𝑙𝑒 = (𝜉𝑙 + ∆𝜉𝑙 ),

𝑚

𝑥𝑙𝑏 = (𝜉𝑙 − ∆𝜉𝑙 )

𝑚

(4 − 14)

𝑧𝑙𝑒 = (𝜂𝑚
𝑙 + ∆𝜂𝑙 ),

𝑧𝑙𝑏 = (𝜂𝑚
𝑙 − ∆𝜂𝑙 )

(4 − 15)

Now the charge distribution is expanded in terms of Heaviside's step function 𝐻(𝑥)
𝑁

𝜌(𝑥, 𝑧) = 𝜌0 ∑ 𝜎𝑙 𝑓𝑙 (𝑥, 𝑧)

(4 − 16)

𝑙=1

𝑓𝑙 (𝑥, 𝑦) = [𝐻(𝑥 − 𝑥𝑙𝑏 ) − 𝐻(𝑥 − 𝑥𝑙𝑒 )] ∙ [𝐻(𝑧 − 𝑧𝑙𝑏 ) − 𝐻(𝑧 − 𝑧𝑙𝑒 )]

(4 − 17)

Where 𝜌0 is a normalization factor and 𝜎𝑙 is the unknown value of charge density on the lth sub-square.
The 2D Green’s function is given by [33]-[34].
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𝐺𝑒 (𝑥, 𝑧) =

Γ
1
∙
2
2𝜋 √𝑥 2 + 𝑧 2 + √𝛼𝑧 2 − 2𝛽𝑥𝑧 + 𝛾𝑥 2

(4 − 18)

2
2
Where 𝛼 = 𝜀11 𝜀22 − 𝜀12
, 𝛽 = 𝜀13 𝜀22 − 𝜀12 𝜀23 , 𝛾 = 𝜀22 𝜀33 − 𝜀23
and Γ = 1/𝜀0. The potential 𝜙𝑒 (𝑥, 𝑧) and
charge density 𝜌(𝑥, 𝑧) are related through a convolution relation involving a Green’s function 𝐺𝑒 (𝑥, 𝑧),
which is given by

+∞

𝜙𝑒 (𝑥, 𝑧) = ∬ 𝐺𝑒 (𝑥 ′ − 𝑥, 𝑧 ′ − 𝑧)𝜌(𝑥 ′ , 𝑧 ′ )𝑑𝑥 ′ 𝑑𝑧 ′ + 𝐶

(4 − 19)

−∞

The constant C is called the system mismatch parameter [32]. If we choose a reference transducer with
certain symmetry properties, the constant 𝐶 will be exactly zero [32]. Potential values on metalized
regions on the interface are given. We use the mean value of the potetntial on the lth substrip. Now
substitute the Green's function in eq. (4-18) and charge distribution in eq. (4-16) into the eq. (4-19) to
obtain the matrix equation. From a computational point of view it is more efficient to regard the charge
integrals 𝜎𝑙 ∆𝜉𝑙 ∆𝜂𝑙 as the unknowns rather than the charge values themselves [35], which results in a
better condition of the resulting matrix. That is due to the fact that we have used a non-equidistant
discretization of the fingers. The higher the charge value on a sub-square, the smaller the area of the
latter must be chosen to achieve values, of approximately the same order for the charge integrals. As
can be seen from figure 4.3, the charge density has a 1/√𝑥 dependence near each electrode edge, so that
it is infinite at the edge [19]. The 2D charge distribution is shown in figure 4.4.

Figure 4.3: 1D charge distribution on IDT fingers
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Figure 4.4: 2D charge distribution on IDT fingers

A very handy formula for the Green’s function in polar coordinates is as follows [36]

𝐺𝑒 (𝑟, 𝜗) =

1
𝜋
2𝜋𝑟𝜀𝑒𝑓𝑓,∞ (𝜗 + 2 )

(4 − 20)

As can be seen the electrostatic Green’s function decays with the inverse of the distance. The anisotropy
𝜋

properties of the substrate appear in 𝜀𝑒𝑓𝑓,∞ (𝜗 + 2 ) factor. The effective permittivity is defined as
follows [26]

2
2
𝜀𝑒𝑓𝑓,∞ (𝜃) = 𝜀0 + 𝜀33 √𝜀𝑟1
∙ 𝑐𝑜𝑠 2 (𝜃) + 2𝜀𝑟12 𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃) + 𝜀𝑟2
∙ 𝑠𝑖𝑛2 (𝜃)

2
𝜀𝑟1
=

𝜀𝑟12 =

2
𝜀11 𝜀33 − 𝜀13
.
2
𝜀33

𝜀12 𝜀33 − 𝜀13 𝜀33
.
2
𝜀33

2
𝜀𝑟2
=

2
𝜀22 𝜀33 − 𝜀23
.
2
𝜀33

41

(4 − 21)

4.2 SAW Green's function
We’ve seen that the total Green’s function consists of three parts. As explained before, the 𝐺𝑟𝑒𝑠𝑡 can be
neglected. Since the electrostatic Green’s function decays faster than the surface wave, in those regions
departed far from the electrodes we have
𝐺𝑒 (𝑥, 𝑦) ≪ 𝐺𝑆𝐴𝑊 (𝑥, 𝑦)
The potential is then given by
𝜙(𝑥, 𝑧) = 𝜙𝑒 (𝑥, 𝑧) + 𝜙𝑆𝐴𝑊 (𝑥, 𝑧)

(4 − 22)

where
+∞

𝜙𝑒 (𝑥, 𝑧) = ∬ 𝐺𝑒 (𝑥 ′ − 𝑥, 𝑧 ′ − 𝑧)𝜌(𝑥 ′ , 𝑧 ′ )𝑑𝑥 ′ 𝑑𝑧 ′

(4 − 23)

−∞
+∞

𝜙𝑆𝐴𝑊 (𝑥, 𝑧) = ∬ 𝐺𝑆𝐴𝑊 (𝑥 ′ − 𝑥, 𝑧 ′ − 𝑧)𝜌(𝑥 ′ , 𝑧 ′ )𝑑𝑥 ′ 𝑑𝑧 ′

(4 − 24)

−∞

The SAW part of the 2D interface Green’s function is given by [26]

̅
(𝑘, 𝜃) = 2𝐺𝑆̅ (𝜃) ∙
𝐺𝑆𝐴𝑊

𝑘0 (𝜃)
𝑘 2 − 𝑘02 (𝜃)

(4 − 25)

where
𝑣𝑚 − 𝑣0
𝐺𝑆̅ (𝜃) = [
]
𝑣0 𝜀𝑒𝑓𝑓,∞

𝜃

and
𝑘0 (𝜃) =

𝜔
𝑣𝑆𝐴𝑊(𝜃)

As introduced in chapter two, 𝑣𝑚 and 𝑣0 are SAW velocity on the metallized surface and free surface
respectively. We’ve also seen the calculation procedure for 𝑣𝑆𝐴𝑊(𝜃) in chapter two. The polar angle 𝜃
in the equation is referred to the x-axis and 𝜔 is the angular frequency. There are poles at 𝑘 = ±𝑘0 (𝜃).
The residue at these poles determine the amplitude of the excited wave in spatial domain. In the
following figure we see the Green's function for three different angles for the frequency of 100 MHz
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Figure 4.5: GSAW for three different angles. The unequal heights at the poles is due to the steps taken in Matlab
software (heights are infinite).

̅
(𝑘, 𝜃)
Using eq. (25) and applying Cauchy’s residue theorem, we obtained the inverse transform of 𝐺𝑆𝐴𝑊
as [26]

𝐺𝑆𝐴𝑊 (𝑟, 𝜗) =

𝑗 𝜋
∫ 𝐺̅ (𝜃)𝑒 𝑘0 (𝜃)𝑟|𝑐𝑜𝑠(𝜃−𝜗)| 𝑑𝜃
2𝜋 0 𝑆

(4 − 26)

The potential is then given by [26]
1 2 𝜋 +∞
′
′
̅
(𝑘, 𝜃) 𝜌̅ (𝑘, 𝜃)𝑒 −𝑗𝑘𝑥 𝑐𝑜𝑠𝜃 𝑒 −𝑗𝑘𝑦 𝑠𝑖𝑛𝜃
𝜙(𝑥 ′ , 𝑦 ′ ) = ( ) ∫ ∫ 𝑑𝑘𝑑𝜃 𝑘𝐺𝑆𝐴𝑊
2𝜋
0 −∞

(4 − 27)

It is also worth to note that there is a closed formula for SAW Green’s function for the isotropic case
that is given by [37]

𝑖𝑠𝑜 (𝑟)
𝐺𝑆𝐴𝑊
=𝑗

𝐺𝑠 𝑘0
2 ∞
[𝐻0 (𝑘0 𝑟) + 𝑗 ∫ 𝑒 −𝑘0 𝑟𝑠𝑖𝑛ℎ𝑡 𝑑𝑡]
2
𝜋 0

(4 − 28)

where the Hankel function 𝐻0 (𝑘0 𝑟) = 𝐽0 (𝑘0 𝑟) + 𝑗𝑌0 (𝑘0 𝑟) is defined in terms of Bessel's function of
the first and second kind.
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Figure 4.6: Normalized amplitude of the isotropic SAW Green’s function

Figure 4.7: Phase of the normalized isotropic SAW Green’s function

We’ve seen, how we can find the potential by finding the charge distribution using the method of
moments under the condition that the Green’s function of the structure is known. Applying this method
to IDT-like structures is straightforward, however, applying this method to more complicated structures
is not as straightforward as applying it to IDT-like structures. Therefore, we’ve decided to use the
COMSOL commercial software for our calculations, since the proposed spiral structure in the next
chapter is geometrically and therefore computationally more complicated than IDT structures.
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In the following table the 1D and 2D electrostatic and SAW Green’s functions are summarized

1𝐷

Green's
function
𝐺𝑒

𝐺𝑒 (𝑦) = −
𝛼𝑒 =

2𝐷
𝛼𝑒
𝜋

𝑙𝑛|𝑦|

𝐺𝑒 (𝑥, 𝑦) =

1

Γ
1
∙
2𝜋2 √𝑥2 + 𝑦2 + √𝛼𝑦2 − 2𝛽𝑥𝑦 + 𝛾𝑥2
2
𝛼 = 𝜀11 𝜀22 − 𝜀12
𝛽 = 𝜀13 𝜀22 − 𝜀12 𝜀23
2
𝛾 = 𝜀22 𝜀33 − 𝜀23

𝜀0 (1 + 𝜀𝑝 )

2
𝜀𝑝 = √𝜀22 𝜀33 − 𝜀23

Γ = 1/𝜀0

𝐺𝑆𝐴𝑊

𝐺𝑆𝐴𝑊 (𝑦) = −𝑗𝐺𝑠 𝑒 −𝑗𝑘0 |𝑦|

𝐺𝑆𝐴𝑊 (𝑟, 𝜗) =

𝑗 𝜋
∫ 𝐺̅ (𝜃)𝑒 𝑘0(𝜃)𝑟|𝑐𝑜𝑠(𝜃−𝜗)| 𝑑𝜃
2𝜋 0 𝑆

Where
𝐺𝑆̅ (𝜃) = [

𝑣𝑚 −𝑣0

𝑣0 𝜀𝑒𝑓𝑓,∞

] ,
𝜃

𝑘0 (𝜃) =

𝜔
𝑣0 (𝜃)

2
2
𝜀𝑒𝑓𝑓,∞ (𝜃) = 𝜀0 + 𝜀33 √𝜀𝑟1
∙ 𝑐𝑜𝑠 2 (𝜃) + 𝜀𝑟12 𝑠𝑖𝑛(2𝜃) + 𝜀𝑟2
∙ 𝑠𝑖𝑛2 (𝜃)
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5. Spiral transducer
5.1 Motivation
As explained in chapter 3, an interdigital transducer (IDT) can be used to generate surface acoustic
waves, where these waves propagate in two directions perpendicular to the IDT’s fingers. In this chapter,
I’m going to propose and investigate a novel type of transducer, which I call it a spiral transducer (SPT).
In the following I explain how I came up with the idea of a spiral transducer.
As explained in chapter 1, in order to do useful things with qubits, they must be able to communicate
with each other. For doing this, both short range as well as long range couplings are necessary, where
SAW is one of the candidates for long range coupling. By using SAWs generated by an IDT, it is
possible to couple quantum dots on the sides of an IDT. A SPT, however, is capable of doing this in
four directions as shown in figure 5.1. This property enables us to extend the coupling from a line to a
surface.

(a)

(b)

Figure 5.1: (a) An IDT launches SAWs in two directions. (b) A spiral transducer launches SAWs in four
directions. A spiral transducer can be utilized for coupling of quantum dots in four directions. The voltage source
is connected across the red and black electrodes.

Unlike an IDT, a SPT can have two different pitches 𝜆1 and 𝜆2 as in figure 5.2 (b), where 𝜆1 and 𝜆2 are
determined by the corresponding phase velocities in x- and y-direction, respectively. Due to the crystal
symmetry in GaAs both pitches are equal.

(a)

(b)

Figure 5.2: (a) Pitch of an IDT is 𝜆 (b) 𝜆1 and 𝜆2 are the pitches of SPT in two directions
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Like an IDT, the SPT should also be oriented such that the piezoelectric coupling coefficient 𝐾 2 is a
maximum. Again, due to the crystal symmetry in GaAs, the coupling coefficient in perpendicular
directions are the same. Figure 5.3 shows the application of SPT for long range coupling of quantum
dots to its four neighbors.

Figure 5.3: A spiral tranducer can be used to move quantum dots in four directions.

In addition to long-range coupling of quantum dots, SPT can also be employed as a transmon qubit. IDT
and SPT form a capacitance, where this capacitance can be shunted with a Josephson junction in order
to make a transmon qubit [16]. As we will see later the geometry of SPT allows us to couple it
simultaneously to two acoustic cavities (figure 5.16), where the coupling between each cavity and the
qubit could be different, e.g. due to the different SAW phase velocities. This will be further explained
in this and the next chapter.
In the next section I’m going to verify my speculations about the spiral transducer by looking at
simulation results by COMSOL software.

5.2 Simulation
5.2.1 Introduction
As discussed in chapter 2, wave propagation in a piezoelectric material can be modelled mathematically
with a system of coupled partial differential equations. In order to solve these coupled equations, either
a way must be found to decouple them and obtain an analytical solution or they can be solved by
numerical methods such as FEM (Finite Element Method).
Using the semi-analytical method of Green’s functions and the method of moments (MoM) discussed
in chapter 4, it is possible to determine the charge distribution on the electrodes, where this charge
distribution can be used to obtain the radiation behavior of the transducer. This can be done more
accurately and efficiently by using full-wave simulators like COMSOL. At this point we are going to
give a brief explanation of coupled simulations by COMSOL software.
In order to achieve more accurate insight into the behavior of a system, it is necessary to include all
the relevant contributions of different physical phenomena. In some cases, these different phenomena
are strongly coupled, e.g. the coupling between acoustic waves and electric waves in a piezoelectric
material. There are two methods for simulating these coupled phenomena. First, it is possible to couple
two dedicated softwares, e.g. JMAG and Fluent, through a third party software like MpCCI. In the
second method used by COMSOL, all the necessary simulators are embedded as modules in a single
47

software and the coupling can be implemented conveniently by calling and coupling those modules.
Figure 5.4 shows coupled structural mechanics and electrostatics modules and the variables that they
exchange during solving a coupled problem.

Figure 5.4: The exchanged variables between Structural Mechanics and Electrostatics modules in COMSOL.

In the following we’re going to answer two questions. First, for which variables does the COMSOL
software solve the piezoelectric equations? Second, how can other field variables be derived from the
obtained solutions? First, we define two types of variables
- Irreducible field variables: These are field quantities from which all other field variables can be
derived. In linear theory of piezoelectricity under the quasi-static approximation, the irreducible
variables are the scalar electric potential 𝜑 and the mechanical displacement vector 𝑢
⃗ [38].
- Derived field variables: These variables can generally be obtained by a linear combination of spatial
⃗,
derivatives of the irreducible variables. These variables are electric field 𝐸⃗ , electric displacement 𝐷
⃗ shown in figure 5.5 [38].
strain 𝑆 and stress 𝑇
Figure 5.5 shows how irreducible field variables and derived field variables are related through
⃗ 𝑎𝑛𝑑 ∇
̿ 1 and also material properties.
differential operators −∇

Figure 5.5: Relation between irreducible field variables and derived field variables. 𝑒, 𝐶 and 𝜀̿ are piezoelectric,
stiffness and permittivity tensors respectively.

1

⃗ = 𝑛1 𝜕𝑥 + 𝑛2 𝜕𝑦 + 𝑛3 𝜕𝑧 , ∇
̿= 𝑁1 𝜕𝑥 + 𝑁2 𝜕𝑦 + 𝑁3 𝜕𝑧 , where the 𝑛𝑖 s
The differential operators are defined as ∇
are normal vectors and 𝑁𝑖 s are 6×3 matrices.
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The material tensors 𝑒, 𝐶 and 𝜀̿ were explained in chapter 2. After solving the governing equations and
obtaining 𝑢
⃗ and 𝜑, other field variables can be derived by constitutive equations.

Governing equations

Constitutive equations

2

̿𝑡 𝑇
⃗ =𝜌
∇

𝜕 𝑢
⃗
2
𝜕𝑡

⃗ = 𝐶𝑆 − 𝑒𝐸⃗ = 𝐶∇
̿𝑢
𝑇
⃗ + 𝑒𝜑
⃗
⃗ = 𝑒 𝑡 𝑆 + 𝜀̿𝐸⃗ = 𝑒 𝑡 ∇
̿𝑢
𝐷
⃗ − 𝜀̿⃗∇𝜑

⃗∇𝑡 𝐷
⃗ =0

In COMSOL, piezoelectric devices user interface combines structural mechanics and electrostatics for
modeling piezoelectric devices [39]. The interface solves for the mechanical displacement and the
electric potential. Other field variables can be derived in the same manner as explained.

5.2.2 Setting up the simulation
Substrate- For our simulations we use a (001)-cut GaAs substrate with <110> direction, meaning the
[001] crystal direction is parallel to the surface normal vector and propagation occurs along the [110]
crystal direction. This material can be selected form the library for piezoelectric materials.
Physical parameters of IDT- As the next step, we need to define the geometry of our problem in
COMSOL. Figure 5.6 (a) shows the definition of a square spiral, where two consecutive arms have the
same lengths. Figure 5.6 (b) shows the complete structure, where a potential difference is applied across
the red and black arms. Figure 5.7 shows the structure in COMSOL.

(a)

(b)

Figure 5.6: (a) Geometrical definition of a square spiral. (b) Spiral transducer. A potential difference is
applied across the red and black arms.
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Figure 5.7: The geometry of a spiral transducer in COMSOL.

Table I shows the parameters used to design a spiral transducer. The Rayleigh wave velocity for [110]
propagation direction was calculated in chapter 2. We have also simulated an IDT in order to visualize
that it launches waves in two directions.
Table I. Parameters used to design a spiral and interdigital transducer.

Parameters/ Transducer

IDT and SPT

Rayleigh wave velocity
in [110] direction 𝑣𝑅

2878 m/s

Target frequency 𝑓0

433 MHz

Target wavelength 𝜆0 = 𝑣𝑅 /𝑓0

6.65 μm

Electrode width
𝑊0 = 𝜆0 /4

1.66 μm

Electrode length ℎ0

For IDT
ℎ0 = 5𝜆0 = 33.23 μm
It is not constant for SPT

Pitch of electrodes
4𝑊0

26.58 μm

Input voltage magnitude

1V
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Meshing- The meshing determines the accuracy of the solutions, the finer the meshes, the more accurate
the solutions. For our simulations we’ve used physics-controlled mesh with mesh size of either extra
fine or extremely fine. It is also possible to define user-controlled mesh, which gives us more control
over the meshing of the structure. For example, we can make the element size smaller where the
transducer is located and make it bigger, where we’re far from the transducer. Moreover, we can define
curved elements to achieve higher accuracies.
Study- COMSOL offers several types of studies such as time dependent, frequency domain,
eigenfrequency etc. First, we’re going to have a time dependent study in order to observe whether the
spiral transducer launches waves in four directions. We should also note that it is important to choose
suitable time steps corresponding to the time-scales of the physical system.

5.2.3 Simulation results
In this section we present the results of COMSOL simulations to show that a spiral transducer launches
waves in four directions as predicted. Figure 5.8 shows a snapshot of SAW propagation in IDT and SPT.
As can be seen, an IDT launches acoustic waves in two directions, whereas a SPT launches waves in
four directions.

(a)

(b)

Figure 5.8: COMSOL simulations (a) An IDT launches acoustic waves in two direction (b) SPT launches waves
in four directions.

At this point, it is insightful to investigate the dependence of different parameters of a spiral transducer,
such as capacitance, response function and input admittance, on the number of its arms. I want to
compare the results of the simulations with the transmon qubit of Delsing’s group [16], therefore I have
designed the SPT such that 𝜔𝐼𝐷𝑇 = 4.8 GHz, which is the resonance frequency of the Delsing’s transmon
qubit. The SAW velocity for GaAs is 𝜈𝑜 = 2878 𝑚/𝑠 and the wavelength is 𝜆0 = 599 𝑛𝑚. In terms of
orders of magnitude, there is a very good agreement between the calculated results with COMSOL and
the results of Delsing’s group. In the following, frequency-domain analysis is used by COMSOL. Figure
5.9 shows transducers with different number of arms.
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(a)

(b)

(c)

(d)

(e)
Figure 5.9: Geometry of spiral transducer in COMSOL with different number of arms. (a) N=10 (b) N=18 (c)
N=26 (d) N=34 (e) N=42

Table II and figure 5.10 show the values of capacitances for SPTs with different number of arms.
Table II. Dependence of transducer capacitance on the number of arms

Number of arms

Aperture’s dimension

Capacitance (fF)

10

3𝜆0

0.35

18

5𝜆0

1.00

26

7𝜆0

1.99

34

9𝜆0

3.25

42

11𝜆0

4.89
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Figure 5.10: Capacitance of spiral transducer versus the number of arms.

This behavior can be described as follows. As the number of arms increases, the effective length of the
added arms also increases (effective length is the length where the positive and negative electrodes
overlap). Therefore, the capacitance increases faster and faster as we increase the number of arms. For
an IDT, the capacitance scales linearly with number of fingers.
The next paramter that we’re going to investigate is the response function 𝜇, which is defined as
follows [16]
𝜙𝑒𝑚 = 𝜇𝑉𝑡

(5 − 1)

where 𝜙𝑒𝑚 is the amplitude of the emitted surface wave and 𝑉𝑡 is the applied voltage across the
transducer. We also need to consider the effect of radiation in directions other than the four desired
directions. Increasing the number of arms increases the power, which is lost in undesired directions.
Figure 5.11 shows the response function of a spiral transducer in terms of number of arms.

Figure 5.11: Response function of spiral transducer versus number of arms
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Regarding the response function of SPT, we should note that it launches waves in four directions,
therefore the amplitude of the launched wave is ¼ (for the symmetrical case), for the case of the IDT it
is ½ .
We’ve seen in chapter 3 that admittance of a transducer is a frequency-dependent complex number,
where electrical dissipation represents conversion to SAWs. Figure 5.12 shows the acoustic admittance
at resonance, which is the acoustic conductance. As can be seen, the acoustic conductance increases
linearly with the number of arms.

Figure 5.12: Input admittance of spiral transducer versus number of arms

We have drawn a comparison between the IDT and spiral in table III, 𝑁𝑝 is the number of finger pairs
of IDT and 𝑁 is number of arms of SPT.
Table III. Comparison between various parameters dependence for IDT and SPT

Transducer
Paramter

IDT

Spiral

Acoustic conductance

𝐺𝐼𝐷𝑇 ∝ 𝑁𝑝2

𝐺𝑠𝑝𝑖𝑟𝑎𝑙 ∝ 𝑁

Capacitance

𝐶𝐼𝐷𝑇 ∝ 𝑁𝑝

𝐶𝑠𝑝𝑖𝑟𝑎𝑙 ∝ 𝑁 2

Response function

𝜇𝐼𝐷𝑇 ∝ 𝑁𝑝

𝜇𝑠𝑝𝑖𝑟𝑎𝑙 ∝ 𝑁 𝛼

0< 𝛼<1

In the next chapter, we will see how these simulated parameters can be used to calculate the coupling
rate of a superconducting qubit with a SAW transducer.
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5.3 Analysis of SPT
5.3.1 P-matrix representation of SPT
As explained in chapter 3, the P-matrix can be used to describe a multi-port acoustoelectric device. A
spiral transducer has five ports, consisting of four acoustic ports and one electric port. Figure 5.13 shows
five ports of a SPT. We define 𝐴𝑖 as the amplitudes of waves incident on the transducer, and 𝐴𝑡 as the
amplitudes of waves leaving the port [19]. The electrical port, with current 𝐼 and voltage 𝑉 is the port 5.

Figure 5.13: Spiral transducer as a five-port network.

These variables are related by
𝑃11
𝐴𝑡1
𝑃21
𝐴𝑡2
𝐴𝑡3 = 𝑃31
𝑃41
𝐴𝑡4
[ 𝐼 ] [𝑃51

𝑃12
𝑃22
𝑃32
𝑃42
𝑃52

𝑃13
𝑃23
𝑃33
𝑃43
𝑃53

𝑃14
𝑃24
𝑃34
𝑃44
𝑃54

𝑃15 𝐴𝑖1
𝑃25 𝐴𝑖2
𝑃35 𝐴𝑖3
𝑃45 𝐴𝑖4
𝑃55 ] [ 𝑉 ]

(5 − 2)

The advantage of P-matrix representation is that it simplifies the design, particularly when we want to
cascade various subsystems, where the P-matrix of the whole system is obtained by matrix product of
P-matrices of subsystems.

5.3.2 Delta function model of SPT
Now, we are going to model the SPT with delta function model, which was explained in chapter 3. The
wave potential leaving a port, due to the voltage on electrode n only, is
𝜙𝑠1 = 𝑗Γ𝑠 𝑉𝑡 𝜌̅𝑓 (𝑘) exp(−𝑗𝑘𝑥𝑛 )
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(5 − 3)

where Γ𝑠 = 𝐾 2 /𝜀∞ (𝐾 2 𝑎𝑛𝑑 𝜀∞ are defined in chapter 2), 𝜌̅𝑓 (𝑘) is the Fourier transform of the charge
distribution on the electrode, 𝑉𝑡 is the applied voltage to the electrode and 𝑥𝑛 is the coordinate of the nth electrode as shown in figure 5.14. The average value of wave potential for an electrode with length
𝑢𝑛 over the aperture 𝑊 of the unapodized transducer, is 〈𝜑𝑠1 〉 = 𝜑𝑠1 𝑢𝑛 /𝑊. We now sum over all the
electrodes in transducer, using superposition.
𝑁

〈𝜙𝑠1 〉 = 𝑗Γ𝑠 𝑉𝑡 𝜌̅𝑓 (𝑘) ∑
𝑛=1

𝑢𝑛
exp(−𝑗𝑘𝑥𝑛 )
𝑊

(5 − 4)

In order to model the spiral transducer, we assume that each arm generates a wave that travels in a
direction perpendicular to the arm. Therefore, the arms parallel to Y-axis (X-axis) generate waves in Xdirection (Y-direction). First, the set of electrodes parallel to Y-axis are analyzed, then the ones parallel
to X-axis can be treated in the same way, because they are a 90○ rotation of those parallel to Y-axis.
Generally, because of the anisotropy, the material coefficients could be different for X and Y
propagation directions, however, in GaAs it is the same due to the crystal symmetry. The coordinate
system is chosen such that the origin coincides with the port from which the surface wave is launched
(figure 5.14 (b)).

(a)

(b)

Figure 5.14: (a) spiral transducer, the coordinate system is chosen such that the origin coincides with the port
from which the surface wave is launched (b) First, we analyze the wave generation for electrodes parallel to Yaxis, the dimensions are shown.

𝑢𝑛 is the length of each of the arms and 𝑊 is the length of the longest one. For the spiral shown in figure
5.13 (b), if 𝑊 = 9 units and the spiral arms increase by one units in each step we have:
𝑁

1
〈𝜙𝑠𝑝𝑖𝑟𝑎𝑙 〉 = 𝑗Γ𝑠 𝑉𝑡 𝜌̅𝑓 (𝑘) ∑ (8 𝑒 −𝑗𝑘𝑝 + 6𝑒 −𝑗𝑘2𝑝 + 4𝑒 −𝑗𝑘3𝑝 + 2𝑒 −𝑗𝑘4𝑝 + 3𝑒 −𝑗𝑘6𝑝 + 5𝑒 −𝑗𝑘7𝑝
9
𝑛=1

+ 7𝑒 −𝑗𝑘8𝑝 + 9𝑒 −𝑗𝑘9𝑝 )

(5 − 5)

As explained before, the wave propagation in Y-direction due to the electrodes along X-direction is just
the same, since the whole structure undergoes a 90○ rotation.
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5.4 Transmon qubit with SPT
IDT has a capacitance, which can be shunted with a Josephson junction (or SQUID to tune the resonant
frequency) in order to create a transmon qubit [16], the same thing can be applied to SPT. Transmon
qubits have transition frequencies at microwave frequencies around 5 GHz. Frequencies in the
microwave range are appropriate for most of the solid-state quantum devices including superconducting
qubits. These frequencies are high enough for the standard cryogenic techniques to be used, yet low
enough that makes fabrication of circuits much smaller than the electrical wavelength feasible [16]. It
was shown experimentally that Q-values above 105 at millikelvin temperatures for SAWs confined in
acoustic cavities are possible [12]. The SPT has the advantage that it can be coupled simultaneously to
two cavities, which is possible due to its geometry. Figure 5.15 shows the coupling of a transmon qubit
with SPT to two acoustic cavities. Figure 5.16 shows an array of transmon qubits, where each transmon
qubit can be coupled to its neighbors. By making the acoustic mirrors lossy, the adjacent qubits can also
get entangled.

Figure 5.15: Transmon qubit coupled to two acoustic cavities. Grooved arrays can be used as acoustic mirrors
and they can be designed to achieve the desired resonant frequency.

Figure 5.16: An array of transmon qubits, which can be coupled to their neighbors through lossy cavities.
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There is also a dual configuration of the proposed system in figure 5.16, where the spiral can serve as a
mirror and a transmon qubit with IDT can be used. Some calculations about the coupling rate and the gfactor of IDT and SPT is presented in the next chapter.
By coupling to two cavities interesting things can happen, which could also be implemented in SAW
transmon qubits. For example, figure 5.17 (a) shows a classically driven superconducting qubit with
time-dependent frequency, which is coupled to two microwave fields in two separated cavities. With
this setup it is possible to generate entangled microwave photon states of two modes using
superconducting qubit [40]. Figure 5.17 (b) shows three atoms (artificial atoms) in the middle of a
crossed-mode double cavity [41]. The two horizontal and vertical modes are slightly detuned from one
another, and far detuned from the atomic transitions, therefore, the cavity-atom interaction is dispersive.
The two modes are driven simultaneously with pulsed coherent radiation with a frequency in between
of the two cavity modes and the parity information is extracted by a homodyne measurement of the
reflected field [41].

Figure 5.17: A driven qubit, which is coupled to two single-mode microwave fields of two separated cavities.
The first (second) cavity field has the frequency ω1 (ω2). The coupling strength is g1 (g2) between the qubit
and the first (second) cavity field. The qubit is driven by a classical field with the frequency 𝜔
̃ and Rabi
frequency Ω. [40] (b) A possible physical realization of the three-qubit parity measurement [41].

In figure 5.18 a transmon qubit is coupled to two cavities, storage cavity and read-out cavity and a
protocol for parity measurement of the storage cavity field is proposed [42].

Figure 5.18: A transmon qubit located in a trench coupled to two waveguide cavities. The low-frequency cavity,
(with ωs/2π = 7.216 GHz), is used to store and manipulate quantum states. The high-frequency cavity (with
ωm/2π = 8.174 GHz) is used for fast read-out of the qubit. (b) The protocol for measuring the parity of the
storage cavity field [42]
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6. Quantum acoustics
6.1 Phonons coupled to artificial atoms
We’ve seen in chapter 1 that high power SAWs are suitable for transporting electrons and holes in
semiconductors [13]. In order to focus on the quantum nature of the phonons, we need to work in a
regime, where SAWs have low power [43].
We can talk to an artificial atom by exciting it acoustically and listening to its SAW emission, where
the phonons generated via piezoelectric coupling propagate freely over long distances, before and after
interacting with an atom in their path [43]. Figure 6.1 and 6.2 show experimental setups for
communicating with an artificial atom. In figure 6.1 the left IDT is used for electroacoustic conversions.
This IDT is a reflective array with a narrow bandwidth, which is necessary to achieve strong electroacoustic power conversion. For drive and read-out, the IDT is coupled to a low-noise cryogenic HEMT
amplifier via circulator and isolator. The circulator is responsible for separating the launch-mode and
receive-mode of the IDT. The experimental setup is cooled down to 𝑇 = 20𝑚𝐾 by a dilution refrigerator
such that 𝑘𝐵 𝑇 ≪ ℏ𝜔𝐼𝐷𝑇 . At this low temperature, the Bose-Einstein distribution gives a very small
population of thermal phonons per mode around 𝜔𝐼𝐷𝑇 and the charge carriers in the substrate are fully
frozen out [43].
The anharmonic energy spectrum is the characteristic for an atom and it can be generated by the
nonlinear Josephson inductance 𝐿𝐽 = ℏ2 /4𝑒 2 𝐸𝐽 , where the Josephson energy 𝐸𝐽 can be tuned by a
magnetic flux. The IDT on the right side in figure 6.1 has a large geometric capacitance 𝐶𝑡𝑟 with
charging energy 𝐸 = 𝑒 2 /2𝐶𝑡𝑟 shunted by a Quantum Interference Device (SQUID) and forms a
superconducting qubit of the transmon type.
The resonance frequency of the IDT and the transmon qubit is 𝜔𝑡𝑟 = 𝜔𝐼𝐷𝑇 = 4.8 GHz [43]. The
number of finger pairs of the left IDT is 𝑁𝐼𝐷𝑇 = 125 and the finger structure of the qubit has 𝑁𝑡𝑟 = 20
period, where each period of the qubit consists of four fingers. Therefore, qubit has a much wider
acoustic bandwidth than the IDT (~250 MHz). This non-reflective configuration, which minimizes
reflection, was discussed in chapter 3.
In addition to the strong coupling to SAWs, the qubit couples weakly to an RF gate through a
capacitance 𝐶𝑔𝑎𝑡𝑒 , where the gate, unlike the IDT, has a high bandwidth (figure 6.1). This coupling
enables excitation of qubit transitions away from ω𝐼𝐷𝑇 as well as applying RF pulses.

Figure 6.1: Experimental setup for communicating with a transmon qubit [43].
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Figure 6.2: Three different experiments. (a) Acoustic reflection. An acoustic wave is launched and the acoustic
reflection is measured (b) Listening. The qubit is excited through the gate either by a continuous or pulsed RF
signal and the emission is measured (c) Two-tone spectroscopy. The acoustic reflection is measured while
irradiating the qubit with microwaves through the gate. Picture taken from [43].

6.2 Calculation of coupling rate using semi-classical model
The equivalent circuit of an IDT was presented in chapter 3. This equivalent circuit is used for the IDT
on the left side in figure 6.3. The qubit is approximated as a harmonic oscillator, therefore, the model is
not valid for qubit states beyond the first excited state. If 𝐿𝐽 is adjusted such that the transition frequency
𝜔10 between 0 and 1 is in resonance with 𝜔𝐼𝐷𝑇 , then 𝑌𝑎.𝑡𝑟 becomes real-valued and the coupling strength
can be calculated as the power loss rate of the parallel RLC circuit.

Figure 6.3: Semi-classical circuit model for the qubit. 𝐶𝑡𝑟 and 𝐶𝐼𝐷𝑇 are the geometric capacitances of the finger
structure. 𝐶𝑡𝑟 is shunted by a SQUID and makes a transmon qubit. 𝑌𝑎.𝑡𝑟 is the acoustic admittance which can pick
up SAWs from the IDT (red arrow) to produce electrical excitation in the qubit, and re-generate SAWs with a
phase shift (blue arrow). Picture taken from [43].

Coupling of the qubit Γ10 , which is the rate at which energy stored in the LC resonator converts into
SAWs by dissipating in 𝐺𝑎 , can be estimated using this semi-classical model. This is given by the
damping ratio 𝜁𝑅𝐿𝐶 of the RLC circuit [43]
Γ10 = 𝜔𝐼𝐷𝑇 𝜁𝑅𝐿𝐶 = 𝜔𝐼𝐷𝑇

60

𝐺𝑎 𝐿𝐽
√
2 𝐶𝑡𝑟

(6 − 1)

with
𝐿𝐽 =

1

(6 − 2)

2
𝜔𝐼𝐷𝑇
𝐶𝑡

The inverse of the coupling rate 1/Γ10 is the average time it takes for the relaxation of the qubit from the
first excited state 1 to the ground state 0 by emitting an acoustic phonon at the transition frequency.
Therefore, the rate at which the qubit reflects phonons from the incoming coherent beam is limited by
the coupling rate Γ10 . Moreover, we assume that the propagation time along the qubit is short compared
with the inverse coupling frequency (𝑁𝑡𝑟 𝜆/𝜈0 ≪ 1/Γ10). This means that each emitted phonon leaves
the qubit entirely before the next one is emitted [43].

6.2.1 Non-linear behavior of reflection coefficient
The nonlinear dependence of the reflection coefficient on the power of the applied coherent tone is a
key characteristic of reflection against an atom in one dimension [43]. The flux of incoming phonons
𝑃𝑆𝐴𝑊 /ℏ𝜔 must be much lower than 1/interaction time Γ10 , for the qubit to produce full reflection. By
increasing the power, the excited state of the qubit becomes partly populated, which reduces its ability
to reflect phonons of frequency 𝜔10 . This power-dependent saturation is shown in figure 6.4, which
implies full reflection from the qubit in the low-power limit. |S11| is the change in total reflection
coefficient caused by the qubit.

Figure 6.4: Flux modulation of | S11 | versus power applied to the IDT. The acoustic reflection coefficient of
the qubit vanishes for 𝑃𝑆𝐴𝑊 /ℏ𝜔𝐼𝐷𝑇 ≫ Γ10 , and the flux modulation disappears. This saturation at the singlephonon level shows the two-level nature of the qubit. Picture taken from [43].

6.3 Calculation of coupling rate for spiral transdcuer
The coupling rate can be calculated as follows:

Γ10 = 𝜔𝐼𝐷𝑇 𝜁𝑅𝐿𝐶 = 𝜔𝐼𝐷𝑇
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𝐺𝑎 𝐿𝐽
𝐺𝑎
√
=
2 𝐶𝑡𝑟 2𝐶𝑡𝑟

(6 − 3)

As can be seen from eq. (6-3), the coupling rate is proportional to the inverse of the time constant of an
RC-circuit. It is possible to find the coupling rate by finding the time constant with the aid of a time
domain simulation. We apply a pulse and then wait until the applied energy relaxes through the
conductance of the IDT (figure 6.5) and then the time constant can be calculated from the exponential
curve.

Figure 6.5: (a) Transient response of an IDT calculated by COMSOL. IDT is excited by a voltage pulse. An
exponential decay can be seen in the response, where the time constant is the product of IDT capacitance and its
acoustic conductance.

For SPT, we have already calculated the conductance and the transducer capacitance for different
number of arms in chapter 5. Figure 6.6 shows the coupling rate of the SPT versus the number of arms.

Figure 6.6: Coupling rate of spiral trasndcuer versus number of arms.

In terms of order of magnitude there is a very good agreement between the results of Chalmers group
and the calculated results with COMSOL. As can be seen from figure 6.8, the coupling rate is limited
by the capacitance of the SPT. Increasing the number of arms, increases both the capacitance and
conductance of the SPT (see figure 5.9 and 5.11), however, the capacitance increases more rapidly than
the conductance, which eventually limits the coupling rate.
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6.4 SAW-based circuit QED
Cavity quantum electrodynamics (cavity QED) provides a means for studying interaction between light
and matter, where it can be defined as the physics of a spin and an oscillator in interaction [45]. The idea
is to separate an atom efficiently from the external world by isolating it in a cavity with highly reflecting
walls. As figure 6.7 shows, a cavity QED system comprises of a two-level system with spontaneous
decay rate γ, coupled to a single mode of the electromagnetic field in a cavity with decay rate κ. The
coupling strength of atom-cavity system is g.

Figure 6.7: A two-level atom in a resonant cavity. The cavity is characterized by three parameters: g, κ, and γ
which, respectively quantify the atom–cavity coupling, the photon decay rate from the cavity, and the nonresonant decay rate. 𝑡𝑡𝑟𝑎𝑛𝑠𝑖𝑡 shows the cavity transit time. Picture taken from [46].

Cavity QED has been developed both for optical radiation interacting with ordinary atoms and
microwaves interacting with Rydberg atoms. The on-chip version of cavity QED is known as circuit
QED, where transmission line resonators or acoustic mirrors act as a cavity and artificial atoms replace
natural atoms. The two-level system in cavity QED can be used as a qubit. Read-out and coherent control
of the qubit can be realized by microwave irradiation of the cavity [46]. The read-out is realized in the
so-called dispersive regime by irradiating the cavity with microwaves and probing the transmitted
photons. Figure 6.8 shows the state dependent transmission spectrum of the cavity.

Figure 6.8: Transmission spectrum of the cavity, which is dependent on the state of the qubit. Here Ω represents
the transition frequency, 𝜔𝑟 the resonance frequency of the cavity, ∆= Ω − 𝜔𝑟 the detuning, 𝑔 the coupling
strength and 𝜅 is decay rate of the cavity. In the dispersive regime, qubit and resonator are far detuned from each
other with 𝑔/Δ ≪ 1. Picture taken from [46].
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The group at Chalmers university has shown that a superconducting transmon qubit can be coupled
strongly to propagating SAWs, where the SAWs can be confined in high-Q resonators [16]. These
results promise for realization of strong coupling SAW-based circuit QED, which indicates that
experiments conceived for quantum optics with photons can now be implemented in quantum acoustics
using SAW phonons [16]. Beyond such a basic realization, there are several experiments that can
highlight differences between SAW resonators and conventional circuit QED as explained in chapter 1
(section 1.3).
At this point we want to consider atom sizes in traditional cavity QED and SAW-based circuit QED.
In traditional cavity QED with optical light, the wavelength is 𝜆 ≈ 10−7 − 10−6 𝑚 and the natural
atoms have a radius of the order 𝑟 ≈ 10−10 𝑚. Therefore, the size of the atom is small compared to the
wavelength of the light and the light field can be assumed as constant over the atom. Table II compares
length scales for different cavity QED systems.
Table II. Atom sizes in different cavity QED systems discussed in [43]

Type of atom,
Interacting field

𝑟 𝑜𝑟 𝑙
𝑟 = 𝑟𝑎𝑑𝑖𝑢𝑠
𝑙 = 𝑙𝑒𝑛𝑔𝑡ℎ

𝜆

𝑟
𝑙
𝑜𝑟 ( )
𝜆
𝜆

Natural atom,
optical light

𝑟 ≈ 10−10 𝑚

10−7 − 10−6 𝑚

10−4 − 10−3

Rydberg atom,
microwaves

𝑟 ≈ 10−8 − 10−7 𝑚

10−3 − 10−1 𝑚

10−7 − 10−4

Transmon,
microwaves

𝑙 ≈ 10−5 − 10−3 𝑚

10−3 − 10−1 𝑚

10−4 − 1

Transmon,
SAW

𝑙 ≈ 10−5 − 10−4 𝑚

10−6 − 10−5 𝑚

1 − 100

Length scale

A transmon qubit coupled to a SAW is called a giant atom, where the size of the atom is comparable to
the wavelength (see table II) [43]. Figure 6.9 shows a giant atom. Due to the multiple coupling points,
strong interference effects arise, which causes the relaxation rate and the lamb shift to be frequency
dependent. Utilizing this interference effect in giant atoms, enables us to design the relaxation rate,
Lamb shift and anharmonicity [43]. We should also note that in a giant atom an additional time scale
must be introduced, which is the travel time across the atom (𝑥𝑛 − 𝑥1 )/𝑣. However, we work in the
limit where this is negligible compared to 1/Γ.

64

Figure 6.9: Coupling of a multilevel atom to a bosonic field with right- and left-travelling mode at the points
x1,..., xN. Coupling points can have a distance on the order of wavelengths λ = 2πv/ω1,0, where ω1,0 is the first
transition frequency of the atom and v is the velocity of the bosonic modes. Picture taken from [44].

6.5 Calculation of equation containing g
Our approach to find the g-factor is as follows. First, we find the time response of the IDT’s terminal
voltage, where the transient response comes from an initial condition due to the IDT’s voltage or the
shunt inductor’s current. In the next step we try to synthesize the equivalent circuit by matching the
values of the elements in the equivalent circuit to the poles and residues of the response. After circuit
synthesis, we find the Hamiltonian of the equivalent circuit and from this the g-factor can be obtained.
Now, we describe this procedure step-by-step.

6.5.1 Time response of transmon qubit in a cavity
COMSOL software is used to find the time response of the coupled qubit-cavity system. In this
simulation, a 2D model is investigated by considering the cross section of an IDT structure in an acoustic
cavity. It is also possible to use a 3D model, however, compared to 2D case, it takes much more time to
simulate such a structure without bringing much more information about the general behavior of the
time response. Figure 6.10 shows SAW propagation from qubit towards and from the cavity boundaries.
The IDT in figure 6.10 has a small number of fingers, therefore the oscillations decay very fast.

Figure 6.10: COMSOL simulation results for (a) transmon qubit launching SAW towards mirrors (reflective
boundary) (b) reflected SAW from boundaries travels towards the transmon qubit.
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Figure 6.11 and 6.12 show the time response of the IDT’s terminal voltage simulated by COMSOL.

Figure 6.11: Transient response of transmon qubit in an acoustic cavity. (a) Applied pulse voltage decays and a
surface acoustic wave is created. (b) SAW travels toward the mirrors, get reflected and travels back towards the
IDT (c) The response created in the IDT after the first round trip in the cavity

Figure 6.12: Transient response of transmon qubit in an acoustic cavity with a shorter length compared to the
cavity of figure 6.11.
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6.5.2 Extracting the equivalent circuit of coupled qubit-cavity system
In this section, we want to find the elements of an equivalent circuit to match its response to the
simulated time domain response. There are various methods for realization of one-port networks. Foster,
Cauer and Brune realizations are the most well-known circuit synthesis methods. Our synthesis is
somehow similar to Foster’s method, therefore, we will shortly explain it to clarify our approach. The
aim of the Foster’s method is to realize the driving-point impedance, which is a rational function of the
form
𝑍(𝑠) =

𝑃(𝑠)
𝑄(𝑠)

(6 − 4)

where 𝑃(𝑠) and 𝑄(𝑠) are polynomials with real, positive coefficients and s is the Laplace transform
variable. The s variable is also called complex frequency (𝑠 = 𝜎 + 𝑗𝜔), where 𝑠 becomes purely
imaginary for sinusoidal steady state. Foster has proved that the poles and zeors of an impedance
function 𝑍(𝑠) alternate along the jω-axis [47]. This is known as the separation property. Therefore, the
pole and zero frequencies are related by
0 ≤ 𝜔𝑧1 < 𝜔𝑝1 < 𝜔𝑧2 < 𝜔𝑝2 < ⋯

(6 − 5)

Where 𝜔𝑧𝑖 is the i-th zero frequency and 𝜔𝑝𝑖 is the i-th pole frequency. Figure 6.13 shows the first and
the second Foster canonical forms. The j-th pole of the impedance occurs at the frequency of the j-th
collective mode 𝜔𝑗 = 1/√𝐿𝑗 𝐶𝑗 . Basically, we do the same thing by matching the time response to the
poles of our equivalent circuit (figure 6.15 (b))

Figure 6-13. (a) The first Foster canonical form (b) The second Foster canonical form [48].

As explained before, cavity QED is the physics of coupled oscillators. Figure 6.14 (a) shows the qubit
and cavity as oscillators, which are coupled through a coupling capacitor 𝐶𝑐 [48]. We’ve also seen that
a transmon coupled to SAW acts as a giant atom, where its interaction with cavity can be modeled by
including several cavity modes, each mode represented as an LC oscillator. This is shown in figure 6.14
(b).
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(a)

(b)

Figure 6.14: (a) A qubit coupled to a single mode cavity (b) Equivalent circuit of a qubit coupled to a multimode
cavity (an acoustic cavity in our case).

The equivalent circuit can be simulated by common circuit analysis softwares such as LTSPICE, ADS
or even COMSOL, which is shown in figure 6.15. The losses due to the qubit (e.g. diffraction losses)
and the cavity (e.g. material losses and mirror losses) are included in the shunt resistances of the tank
circuits (compare to figure 6.14 (b)) and can be calculated with the aid of formulas or simulations.
However, the resistances here do not correspond to actual losses of the system, they’re just there to show
that how we can reconstruct the oscillations decay. Moreover, for our case we do not need to include
dissipations, since we want to calculate the g-factor. Figure 6.16 shows the time response of the
equivalent circuit with an initial condition on the qubit’s inductance current. Figure 6.17 shows the
response without shunt resistances. We should also note that, including dissipations quantum
mechanically can be done by employing the modified Lagrange formalism [49].

Figure 6.15: The extracted equivalent circuit simulated by LTSPICE or ADS.
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Figure 6.16: The time-response of the extracted equivalent circuit.

Figure 6.17: The time-response of the extracted equivalent circuit without dissipations (without shunt
resistances).

By adding more modes, i.e. more LC resonators, it is possible to achieve a more accurate time response.
In the next step, we’re going to quantize this equivalent circuit and derive its Hamiltonian, where the gfactor can be found by looking at the corresponding coefficients in the Hamiltonian.
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6.5.3 Quantum LC oscillator
An electrical oscillator consisting of an inductor L and a capacitor C is analogous to a mass and spring
mechanical oscillator, where the position coordinate of the mass is taken to be the charge on the capacitor
and the flux through the inductor plays the role of the momentum [48]. The idea of the circuit
quantization is straightforward, we derive a Hamiltonian for the circuit and cast it in a form which
resembles the Hamiltonian of a quantum harmonic oscillator. Then, we look for the variables which play
the role of position and momentum. After this, we can treat it as a quantum harmonic oscillator by
defining commutation relations, lowering and raising operators etc.
In the next section we will derive the Hamiltonian step-by-step from the Lagrangian. We assume that
the Hamiltonian of an LC oscillator has the following form
𝐻=

1 2 𝜑2
𝑄 +
2𝐶
2𝐿

(6 − 6)

where 𝐶 and 𝐿 are capacitance and inductance of the circuit, 𝑄 is the charge on the capacitor plates and
𝜑 is the flux through the inductor. The coordinate Φ and its conjugate momentum 𝑄 can be promoted
to quantum operators obeying the canonical commutation relation [48]
̂ ] = −𝑖ℏ
[𝑄̂ , Φ

(6 − 7)

and we can write the Hamiltonian

𝐻=

ℏΩ ϯ
1
{𝑎 𝑎 + 𝑎𝑎ϯ } = ℏΩ {𝑎ϯ 𝑎 + }
2
2

(6 − 8)

in terms of raising and lowering operators

𝑎 = +𝑖
𝑎ϯ = −𝑖

1
√2𝐿ℏΩ
1
√2𝐿ℏΩ

̂+
Φ
̂+
Φ

1
√2𝐶ℏΩ
1
√2𝐶ℏΩ

𝑄̂

(6 − 9)

𝑄̂

(6 − 10)

which obeys
[𝑎, 𝑎ϯ ] = 1

(6 − 11)

The charge and flux operators can be expressed in terms of the raising and lowering operators as
𝑄̂ = −𝑖𝑄𝑍𝑃𝐹 (𝑎 − 𝑎ϯ )

(6 − 12)

̂ = −𝑖Φ𝑍𝑃𝐹 (𝑎 + 𝑎ϯ )
Φ

(6 − 13)
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where
𝐶ℏΩ
ℏ
𝑄𝑍𝑃𝐹 = √
=√
2
2𝑍

(6 − 14)

𝐿ℏΩ
ℏ𝑍
Φ𝑍𝑃𝐹 = √
=√
2
2

(6 − 15)

and Z is the characteristic impedance of LC circuit

𝐿
𝑍=√
𝐶

(6 − 16)

The ZPF subscript in equations 6-12 and 6-13 is called Zero Point Fluctuation, where the quantum
ground state uncertainties in charge and flux are given by

2
⟨0|𝑄̂ 2 |0⟩ = 𝑄𝑍𝑃𝐹

(6 − 17)

2
̂ 2 |0⟩ = Φ𝑍𝑃𝐹
⟨0|Φ

(6 − 18)

6.5.4 Derivation of equivalent circuit’s Hamiltonian
The topology of the circuit in figure 6.14 (b) suggests that the nodal analysis is the appropriate method.
The voltage of each node, which is equal to the time derivative of the inductor’s flux connected to that
node, is the unknown variable. We choose the flux of inductors as the coordinate, the Lagrangian of the
equivalent circuit can be written as
𝑛

1
𝜑𝑖2
ℒ = ∑ (𝐶𝑖 𝜑̇ 𝑖2 −
+ 𝐶𝑐𝑖 (𝜑̇ 1 − 𝜑̇ 𝑖 )2 )
2
𝐿4

(6 − 19)

𝑖=1

It is convenient to use matrix notation
1
1
ℒ = Φ̇𝐶Φ̇ − Φ𝐿−1 Φ
2
2

where the capacitance matrix is given by
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(6 − 20)

𝐶1 + 𝐶𝑐1 + 𝐶𝑐2 + 𝐶𝑐3
−𝐶𝑐1
𝐶=[
−𝐶𝑐2
−𝐶𝑐3

−𝐶𝑐1
𝐶2 + 𝐶𝑐1
0
0

−𝐶𝑐2
0
𝐶3 + 𝐶𝑐2
0

−𝐶𝑐3
0
]
0
𝐶4 + 𝐶𝑐3

(6 − 21)

and the inductance matrix is+

𝐿−1

1/𝐿1
0
=[
0
0

0
1/𝐿2
0
0

0
0
1/𝐿3
0

0
0
]
0
1/𝐿4

(6 − 22)

This equivalent circuit has the nice property that the inductance and capacitance matrices can be found
easily by inspection. The i-th diagonal element of the capacitance matrix is sum of the capacitances
connected to the i-th nodes. For non-diagonal elements, the entry is minus the capacitance between i-th
and j-th node. Now, we’re going to find the Hamiltonian. The canonical momenta are given by

𝑄𝑖 =

𝜕ℒ
𝜕𝜑̇ 𝑖

(6 − 23)

In terms of the inverse capacitance matrix we obtain
Φ̇ = 𝐶 −1 𝑄

(6 − 24)

1
𝐻 = ∑ 𝑄𝑖 𝜑̇ 𝑖 − ℒ = (𝑄𝐶 −1 𝑄 + Φ𝐿−1 Φ)
2

(6 − 25)

The Hamiltonian is

𝑖

Rewriting the above Hamiltonian gives

𝑛

𝐶𝑖𝑖−1 2 𝜑𝑖2
𝐻=∑
𝑄 +
+ ∑ 𝐶𝑖𝑗−1 𝑄𝑖 𝑄𝑗
2 𝑖 2𝐿𝑖
𝑖=1

(6 − 26)

𝑖,𝑗=𝑖+1

with
ϯ

𝑄𝑖 = −𝑖𝑄𝑍𝑃𝐹,𝑖 (𝑎𝑖 − 𝑎𝑖 )
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(6 − 27)

ℏ
𝑄𝑍𝑃𝐹,𝑖 = √
2𝑍𝑖

(6 − 28)

where

𝐿𝑖
𝑍𝑖 = √
𝐶𝑖

(6 − 29)

as explained is section 6.5.3. The resonant frequency of each resonant mode is Ω𝑖 given by

Ω𝑖 =

1

(6 − 30)

√𝐿𝑖 𝐶𝑖

The g-factor can be found by looking at the coefficients of 𝑄𝑖 𝑄𝑗 terms in the Hamiltonian given in eq.
6.26

𝐶𝑖𝑗−1 𝑄𝑖 𝑄𝑗 = −𝐶𝑖𝑗−1 𝑄𝑍𝑃𝐹,𝑖 𝑄𝑍𝑃𝐹,𝑗 (𝑎𝑖 − 𝑎𝑖† )(𝑎𝑗 − 𝑎𝑗† ) = −ℏ

𝐶𝑖𝑗−1
Ω𝑖 Ω𝑗
†
†
√ −1 −1 (𝑎𝑖 − 𝑎𝑖 )(𝑎𝑗 − 𝑎𝑗 )
2 𝐶𝑖 𝐶𝑗

(6 − 31)

where

𝑔𝑖𝑗 =

𝐶−1
𝑖𝑗
2

√

Ω𝑖 Ω𝑗

−1
𝐶−1
𝑖 𝐶𝑗

(6 − 32)

Is called the g-factor of the system and it has the same dimension as angular frequency. The values of
𝑔𝑖𝑗 for the system with a time response shown in figure 6.12 are given in table III. Note that, this system
is not a high-Q system and the oscillations damp fairly quickly since we have only 6 electrodes.

Table III. Values of 𝑔𝑖𝑗 for the equivalent circuit of figure 6.15.

g-factor
𝑔12
𝑔13
𝑔14
𝑔23
𝑔24
𝑔34

Value (MHz)
25.86
5.25
1.56
0.31
0.09
0.02

The 𝑔𝑖𝑗 represents the interaction frequency between i-th and j-th part of the circuit whereas 𝑔𝑖𝑖 gives
the resonant frequency of each tank circuit shown in table IV.
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Table IV. Values of central frequency of each resonator for the equivalent circuit of figure 6.15.

Central frequency of each
resonator
𝑔11
𝑔22
𝑔33
𝑔44

Value (MHz)
919.33
976.57
972.17
968.25

Now we want to obtain an explicit formula for g-factor in terms of the elements of the equivalent circuit
by inverting the capacitance matrix using a Taylor expansion. This can be done if the capacitance of a
tank circuit connected to a node is much bigger than the sum of the coupling capacitances connected to
that node.
−1

𝐶 −1 = (𝐶0 + 𝛿𝐶)−1 = ((𝐼 + 𝛿𝐶 ∙ 𝐶0−1 )𝐶0 )

= 𝐶0−1 (𝐼 + 𝛿𝐶 ∙ 𝐶0−1 )−1 ≈ 𝐶0−1 (𝐼 − 𝛿𝐶 ∙ 𝐶0−1 )

= 𝐶0−1 − 𝐶0−1 ∙ 𝛿𝐶 ∙ 𝐶0−1

(6 − 33)

The 𝐶0 is a diagonal matrix with capacitance of each tank circuit on its diagonal
𝐶1
0
𝐶0 = [
0
0

0
𝐶2
0
0

0
0
𝐶3
0

0
0
]
0
𝐶4

(6 − 34)

Using eq. (6-33) we obtain

𝐶

−1

1 𝐶𝑐1 + 𝐶𝑐2 + 𝐶𝑐3
−
𝐶1
𝐶12
𝐶𝑐1
𝐶2 𝐶1
=
𝐶𝑐2
𝐶3 𝐶1
𝐶𝑐3
[
𝐶4 𝐶1

𝐶𝑐1
𝐶1 𝐶2
1 𝐶𝑐1
−
𝐶2 𝐶22
0
0

𝐶𝑐2
𝐶1 𝐶3

𝐶𝑐3
𝐶1 𝐶4

0

0
(6 − 35)

1 𝐶𝑐2
−
𝐶3 𝐶32
0

0
1 𝐶𝑐3
−
𝐶4 𝐶42

]

Plugging the elements of matrix in eq. (6-35) in eq. (6-32) gives us an explicit formula for different gfactors. Here we see the g-factors of the qubit coupled to three cavity modes

𝑔12

1/4
1
≈
(
)
2√𝐶1 𝐶2 𝐿1 𝐶1 𝐿2 𝐶2

(6 − 36)

𝑔13

1/4
1
≈
(
)
2√𝐶1 𝐶3 𝐿1 𝐶1 𝐿3 𝐶3

(6 − 37)

𝐶𝑐1

𝐶𝑐2
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𝑔14 ≈

1/4
1
(
)
2√𝐶1 𝐶4 𝐿1 𝐶1 𝐿4 𝐶4

𝐶𝑐3

(6 − 38)

Note that these formulas are valid when the condition mentioned for the Taylor expansion is satisfied.
As can be seen, increasing the coupling capacitance between two resonators results in increased coupling
frequency between those modes, but under condition that they’re still much smaller than the capacitance
of each tank circuit. Moreover, the coupling frequency is also proportional to the resonant frequency of
each tank circuit.
For a spiral coupled to two orthogonal cavities the same concept can be used, where the modes of the
second cavity is also coupled to the qubit. Figure 6.18 shows the equivalent circuit for the spiral coupled
to two cavities.

Figure 6.18: Equivalent circuit of a transmon qubit with spiral coupled to two cavities.
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Conclusions and outlook
One of the results presented over the course of this thesis, was to improve the means for
connecting quantum dot qubits at a distance by prop
osing the spiral transducer. Various calculations and simulations have been done in order to
investigate the properties of the spiral transducer such as its radiation, capacitance, input
admittance, response function and coupling rate (as a transmon qubit). According to COMSOL
simulations, the spiral transducer launches waves in four directions just as predicted. Compared
to an IDT, this could improve the connection between quantum dots.
I’ve also shown that by using a non-uniform distribution for grooves width, it is possible to
improve the bandwidth and reflection coefficient of a grooved array. It was shown that a simple
linear distribution on grooves improves the bandwidth as well as reflection coefficient by 10%.
As a possible future work, one can try to find the optimized groove distribution to achieve
maximum bandwidth and/or reflection coefficient.
The spiral transducer can also be used as a transmon qubit, where the spiral is connected in
parallel with a Josephson junction. The coupling rate of the spiral transducer has been calculated
using the semi-classical model for transmon qubit. The interesting thing about this transmon
qubit is that it might be simultaneously coupled to two cavities.
Moreover, I’ve calculated the transmon-phonon coupling by utilizing COMSOL timedomain simulations and extracting the equivalent circuit, where the coupling is calculated by
deriving the Hamiltonian of the equivalent circuit. In terms of order of magnitude, the results
of my calculations are in very good agreement with those of the Delsing’s group. This method
can easily be extended to calculate the coupling of a spiral transmon coupled to two cavities.
Further work could explore the combination of large atoms with additional large atoms or
other systems, and also the regime where the traveling time across the large atom is no longer
negligible compared to the relaxation time of the atom. Also, calculations regarding the
entanglement of neighboring qubits in the proposed architecture based on spiral transducer
could be of interest,
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Appendix
The surface mode solutions of a cut in (0,0,1) plane
In this section we’re going to present a detailed description of the generalized eigenvalue method that
was explained in chapter two by eq. (2-26) and (2-27).
We want to solve the wave equation 𝜌(𝜕 2 𝑢𝑖 /𝜕𝑡 2 ) = 𝑐𝑖𝑗𝑘𝑙 (𝜕 2 𝑢𝑘 /𝜕𝑥𝑖 𝜕𝑥𝑙 ) with the boundary
conditions 𝑇3𝑗 = 𝑐3𝑗𝑘𝑙 𝜕𝑢𝑘 /𝜕𝑥𝑙 = 0 at 𝑧 = 0. The ansatz for a wave that solves the wave equation and
propagates in the direction θ away from the [1, 0, 0] crystal is [23]
𝐴𝑥
𝒖 = (𝐴𝑦 ) 𝑒 −𝑘𝑞𝑧 𝑒 𝑖{𝑘[𝑙𝑥+𝑚𝑦]−𝑉𝑡}
𝐴𝑧

(𝐴 − 1)

with 𝑙 = 𝑐𝑜𝑠(𝜃) and 𝑚 = 𝑠𝑖𝑛(𝜃). Plugging eq. (A-1) into wave equation gives

𝑙2 +

(

𝑐44 2
(𝑚 − 𝑞 2 ) − 𝑋
𝑐11
𝑐12 + 𝑐44
𝑙𝑚
𝑐11
𝑐12 + 𝑐44
𝑙𝑞
𝑐11

𝑙𝑚

𝑐12 + 𝑐44
𝑐11

𝑐44 2
(𝑙 − 𝑞 2 ) − 𝑋
𝑐11
𝑐12 + 𝑐44
𝑚𝑞
𝑐11

𝑚2 +

𝑐12 + 𝑐44
𝑐11
𝐴𝑥
𝑐12 + 𝑐44
𝑚𝑞
(𝐴𝑦 ) = 0
𝑐11
𝐴𝑧
𝑐
44
2
𝑞 −
+𝑋
𝑐11
)
𝑙𝑞

(𝐴 − 2)

with 𝑋 = 𝜌𝑉 2 /𝑐11, where 𝑉 is the phase velocity. The first matrix in eq. (A-2) is called 𝐴(𝑞, 𝑋). To
fulfill the three boundary conditions, an ansatz that contains three solutions to eq. (A-2) (with the decay
𝑇

constants 𝑞𝑟 and the vectors (𝐴𝑥,𝑟 , 𝐴𝑦,𝑟 , 𝐴𝑧,𝑟 ) (r = 1, 2, 3)] is chosen in the form
𝐴𝑥,𝑟
(𝑢𝑥 , 𝑢𝑦 , 𝑢𝑧 ) = ∑ 𝐾𝑟 (𝐴𝑦,𝑟 ) 𝑒 −𝑘𝑞𝑟 𝑧 𝑒 𝑖{𝑘[𝑙𝑥+𝑚𝑦]−𝑉𝑡}
𝐴𝑧,𝑟
𝑟=1.2.3

(𝐴 − 3)

𝑇

(𝐴𝑥,𝑟 , 𝐴𝑦,𝑟 , 𝐴𝑧,𝑟 ) is determined by eq. (A-2) for a given 𝑞𝑖 = 𝑞𝑖 (𝑉, 𝜃), and the constants 𝐾𝑟 are
determined by the boundary conditions. The ratios of the amplitudes are calculated as follows [17]

𝐾𝑟 =

𝑈𝑟
𝑉𝑟
𝑖𝑊𝑟
=
=
𝐴𝑥,𝑟 𝐴𝑦,𝑟 𝐴𝑧,𝑟
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(𝐴 − 4)

Plugging eq. (A-3) into the equations for boundary condition gives

(𝑖𝐴𝑧,1 )𝑙 − 𝐴𝑦,1 𝑞1
(𝑖𝐴𝑧,1 )𝑚 − 𝐴𝑦,1 𝑞1
𝑐12
(𝑖𝐴𝑧,1 )𝑞1 +
(𝐴 𝑙 + 𝐴𝑦,1 𝑚)
𝑐11 𝑥,1
(

(𝑖𝐴𝑧,2 )𝑙 − 𝐴𝑦,2 𝑞2
(𝑖𝐴𝑧,3 )𝑙 − 𝐴𝑦,3 𝑞3
𝐾1
(𝑖𝐴𝑧,2 )𝑚 − 𝐴𝑦,2 𝑞2
(𝑖𝐴𝑧,3 )𝑚 − 𝐴𝑦,3 𝑞3
(𝐾2 ) = 0
𝑐12
𝑐12
𝐾3
(𝑖𝐴𝑧,2 )𝑞2 +
(𝐴 𝑙 + 𝐴𝑦,2 𝑚) (𝑖𝐴𝑧,3 )𝑞3 +
(𝐴 𝑙 + 𝐴𝑦,3 𝑚)
𝑐11 𝑥,2
𝑐11 𝑥,3
)

(𝐴 − 5)
𝑇

The first matrix in eq. (A-5) is called 𝐵(𝑋). For a fixed 𝑞𝑖 , the vector (𝐴𝑥,𝑟 , 𝐴𝑦,𝑟 , 𝐴𝑧,𝑟 ) is determined
by eq. (A-2). This equation is fulfilled, e.g., by the components
𝑐44 2
(𝑙 − 𝑞 2 ) − 𝑋
𝑐11
𝑐12 + 𝑐44
𝑚𝑞
𝑐11

𝑐12 + 𝑐44
𝑐11
𝑐
44
𝑞2 −
+𝑋
𝑐11
)

𝑚2 +
𝐴𝑥,𝑟 = 𝑑𝑒𝑡
(

𝑐12 + 𝑐44
𝑐11
= −𝑑𝑒𝑡
𝑐12 + 𝑐44
𝑙𝑞
𝑐11
(

𝑐12 + 𝑐44
𝑐11
𝑐
44
𝑞2 −
+𝑋
𝑐11
)

𝑙𝑚

𝐴𝑦,𝑟

(

(𝐴 − 6)

𝑚𝑞

𝑐12 + 𝑐44
−𝑋
𝑐11
𝑐12 + 𝑐44
𝑙𝑞
𝑐11

𝑙𝑚
𝑖𝐴𝑧,𝑟 = 𝑑𝑒𝑡

𝑚𝑞

(𝐴 − 7)

𝑐44 2
(𝑙 − 𝑞 2 ) − 𝑋
𝑐11
𝑐12 + 𝑐44
𝑚𝑞
𝑐11
)

𝑚2 +

(𝐴 − 8)

Using 𝑑𝑒𝑡[𝐴(0)] = 0 the velocities of the bulk modes can be obtained from eq. (A-2). The surface
modes with 𝑞 ≠ 0 need to fulfill eq. (A-2) and eq. (A-5). It is useful to rewrite eq. (A-2) to a generalized
eigenvalue equation
𝑙 2 𝛼 + 𝑚2 𝛽 + 2𝑙 2 𝑚2 𝛾 − 𝑋
[((𝑙 2 − 𝑚2 )𝑙𝑚𝛾 + 𝑙𝑚(𝛽 − 𝛼)
𝛾

(𝑙 2 − 𝑚2 )𝑙𝑚𝛾 + 𝑙𝑚(𝛽 − 𝛼)
𝑙 2 𝛽 + 𝑚2 𝛼 − 2𝑙 2 𝑚2 𝛾 − 𝑋
0

0
𝛿
0 ) − (0
0
−𝛿 + 𝑋

0
𝛿
0

𝑙𝑈 + 𝑚𝑉
−𝛾
0 ) 𝑞 2 ] (−𝑚𝑈 + 𝑙𝑉 ) = 0
𝑖𝑊/𝑞
−1

(𝐴 − 9)
The above equation can be written as
[𝐴1 (𝑋) − 𝐴2 𝑞2 ]𝒘 = 0
and
𝐴1 (𝑋)𝒘 = 𝐴2 𝑞2 𝒘
𝑐

𝑐

With 𝛼 = 𝑙 2 + 𝑚2 𝑐44 , 𝛽 = 𝑚2 + 𝑙 2 𝑐44 , 𝛾 =
11

11

(𝑐12 +𝑐44 )
𝑐11

explained in chapter 2 (see eq. (2-26) and eq. (2-27) ).
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(𝐴 − 10)
𝑐

, 𝛿 = 𝑐44 . The solution of eq. (A-10) was
11
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